Theory of Computation — CSE 105

Half-Language

Solution for Problem 1.42

ldea: SinelL is regular, LetM = (Q, X, 4, qo, A) be a DFA recognizind.. The idea for recognizing
%L is the following: We are given a string and we need to check if there is a stripgf equal length as
such thatey € L. We want to make transitions (according to DFA) on z while at the same time keeping
track of all possible ‘backward’ steps we could take from one of accepting stalds ©hus, if we run the
‘forward’ and the ‘backward’ transitions in synchrony, these transitions can meet at the same state if there
is an equal length string such thatry € L. We use the cartesian product construction to carry out the
‘parallel’ simulation required to implement our strategy.

Construction: We will now design a machinéM =(Q', 2,0, 50, A"y where@Q' = Q x Q U {so}, spisa
new start state distinct from the stateggnandA’ = {(p,p)|p € Q}. ¢’ is defined as follows:

We create transitions from the start stajdo every pair of states such that the first state is the start state
qo of M and the second state in the pair is an accepting staté.of

For everyp € A, §'(s0,€) = (qo,p)-

For every pair of statef(p, q), (p,¢')), and input symbob € X, we create a transition frorp, ¢) to
(p', ¢") on the symbob if the following condition holds:

d(p,0) = p’ and3o’ € ¥ such thav(¢',0’) = q.

In other words, we create a transition between a pair of states on an input symbol if there is a forward
transition between the corresponding first states of the pair on the input symbol and there is a ‘backward’
transition between the second states on some input symbol.

This completes the description of the machgfd for recognizing%L.

Justification: We now want to argue that the NF%AM does indeed recognizBaL.

Consider any string € %L. Sincex € %L, there exists g of equal length as such thatzy € L. Let
TY = Uy - UgUgyl - - - Ugg Wherew; € . Letqo, g1, gk, Q115 - - - , 21 D€ the sequence of states traversed
by the machinel/ when the inputzy is presented.qs;, must be an accepting state &f. Based on our
construction of%M , itis clear that%M when presented with can traverse thru the following sequence of
states:so, (¢o, g2k (41, q2k—1)s - - - » (@1, Gk+1), (qk, q&)- Thusz will be accepted by M.

In the other direction, consider any strimgiccepted b%M. Letso, (90, q2k), (q15G2k-1)s - -+ > (Qe—1, Qkr1), (Tks GK)
be an accepting sequence of states traverseﬂiby%M . By our constructiong,;, must be an accepting
state. Also input: will traverse thru the stateg, g1, . .. ¢, in M. Lety be the string that causéd to tra-
verse through the stateg, i+ 1, - - - g2x. Such a sequence must exists by our construction and moreover the
length ofy is the same as that af Thus the sequence of staigsqu, - - ., ¢k, gk+1, - - - g2k IS @n accepting
sequence of states fay in M. Thuszy € L.



