CSE105Homework 2 Solutions

Problem 1. ShawthatL = {z1#zo# ... #zx | k > 1, eachz; € {a.b}*, andfor some; andj, z; = =7}
is contet-free.

Solution: In orderto prove L is a contet-free languagewe will provide a context-free grammarthat
generated.. To do so,we canthink of ary stringin L ascontaining5 partsAW BW"C', whereW" is the
reverseof W. A canbeary stringin {a, b, #}* endingwith # or justanemptystring,e. Similarly, C can
beary stringin {a, b, #}* startingwith # or juste. B canbeary stringstartingandendingwith # ora orb
or ¢, wherethe latterthreecaseglealwith thecasewherei = j(z; = z7). Basedonthisidea,thefollowing
grammawill generatall stringsin L.

S - ASC

A — U#|e

C — #U|e

U = aU|bU|#U|e
S — aSa|bS'b| 5"
S" = #U#|#|alble

Problem 2. LetL = {z#vy | z,y € {0,1}* andz # y}. Shav that L is a contet-freelanguaggCFL).

Solution: In orderto shaw that L is a CFL, it' s sufficient to provide a CFGthatgenerate#. To doso,we
canusethefactthatthe setof CFLsis closedunderunion andseparateur solutioninto two caseswhen
| # |y| andwhen|z| = [y].

In orderto dealwith thefirst casewhere|z| # |y|, we canfirst createa variableT" thatgeneratesin
arbitrary string of equallengthsides(wherea variable X generates single arbitrary symbol) and, then,
createanothervariableU thatgeneratesn arbitrary string of sizeat least1 and contatenatehis string to
eitherthebeginning (|z| > |y|) ortheend(|z| < |y|) of thestringgeneratedy X.

In orderto dealwith the secondcasewhere|z| = |y|, atleastonesymbolon the left mustmismatch
thecorrespondingymbolontheright. However, if we try to only generatestringsof equallengthsides,we
won't beableto do it becausghelanguage

{z#y | z,y € {0,1}* andz # y and|z| = |y|}

itself is nota CFL (it's a goodexerciseto prove that!). Therefore we shouldmake useof alittle trick and
alsoallow the generationof stringsof unequallength sides. Becauseall suchstringsalsobelongto the
languagethe final resultwill still be correct. Then,we first do the casewherea 0 on the left mismatches
a 1l ontheright. We cando so by usingtwo variablesA and B. Variable A generategn equalnumber
of symbolsto eitherside of itself andthenbecomesa 0, followed by an arbitrarystring, followed by a #.
Variable B generates 1 followed by an arbitrary string. Becausdhe distancebetweenthe symbol1 and
the # is the sameof thatbetweerthe 0 andthe beginning of thestring,we arethez cannotbeequalto y. A
productionSe — AB would thenallow dervationsof theform

Sy = AB S X'AX'B S X'0(ary)# X 1(ary).



Thecasewherea 1 ontheleft mismatches 0 ontheright canbe generatedn a similar fashion.Then,
theentiregrammairs:

S
S1

S1 152 1S3

TU |UT casel: unequalengthsides

XTX |#

XU |X

01

AB case2: 0 onleft mismatched onright
XAX |0E+#

XE |e

1E

PQ case3: 1 onleft mismatche® onright
XPX |1E#

0FE

A N A

QORI ERNIN

Problem 3. Constructa PDA for thelanguageof all non-palindromesver {a, b}.

Solution:  We canusethe PDA for thelanguageof all palindromesver {a, b}, givenin the samplesolu-
tions, to createa PDA for thislanguage To changethe PDA acceptingall palindromesnto onethataccepts
all non-palidromesye simply insistin thenewvw machinethatthereis at least one inconsistency betweerthe
first and secondhalf of input stringw. Sothe nev PDA canessentiallybe the sameexceptwhenwe are
poppingsymbolsoff the stackandmatchingthemwith inputs,we mustmalke surethatthereis at leastone
awherethereshouldhave beenab or vice versa.Figurel shavs the PDA.

0, 0—¢
1, 1—c¢
1,0 —=¢
0,1 —=¢

0,e—0 0, 0—c¢
1,e—=1 1,1—¢
1,0 —¢
0,1 —c¢

Figurel: PDA for thelanguageof all non-palindromesver{a, b}

We first mark the bottomof the stackwith a $, pushthe first half of the string (exceptingthe middle
symbolif thestringhasoddlength)ontothestackin ¢;, guessiondeterministicallyvherethe middle of the
stringis andswitchto stateg,. If w® # w, thenatsomepointtherewill bea mismatchbetweenwhatis on
the stackandin theinput; whenthis is true, the machinecantake the transitionfrom ¢, to g3. Otherwise,
ary matchor mismatchof inputssymbolsto symbolson the stackis allowed. Finally, the machineaccepts
whenl) theinputis exhaustedand?) the stackis empty



Problem 4. Usethepumpinglemmato shav thatthe following languages not contet free:

L = {z1#x2#...#xk|k > 2,each z; € {a,b}",and for some i # j,z; = z;}

Solution:  Assumethat L is CFL. Let p be the pumpinglength given by the pumpinglemmaand let
s = aPbP#aPbP. Obviously, s € L. Becausehe lengthof s is graterthanp we cansplit s into uvzyz
satisfyingthefollowing conditions:

1. for eachi > 0, uvia:yiz €L
2. Jvy| >0
3. jvzy| <p

For corveniencewewill write s asL# R, whereL andR standfor thestringsto theleft andto theright
of #, respectiely.

First of all, notethatvy cannotcontain4, sinceuv’zy°z would containno # which would contradict
thefactthatk > 2 (from thedefinitionof L).

Thentherearethefollowing threecasedor vy:

e vy containsmoresymbolsfrom L thanfrom R. In thiscaseuv?zy?z = L'#R', where|L'| > |R/|.
e vy containsmoresymbolsfrom R thanfrom L. In this caseuv?zy?z = L'#R', where|L'| < |R/|.

e yy containsequalnumberof symbolsfrom both L and R. In this case,becauseof conditions2
and3 of the pumpinglemma,v = ¥ andw = o’ for somej suchthat1 < j < p/2. Therefore
uv?zy?z = aPbPHI#aPHIBP whichis notin thelanguage.

Becauseve have foundaword whichis in L andwhich cannotbe “pumped”the assumptiorthat L is CFL
mustbefalse.



