
CSE105Homework 2 Solutions

Problem 1. Show that
���������
	����	������
	������������

, each
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, andfor some& and ' ,
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is context-free.

Solution: In order to prove
�

is a context-free language,we will provide a context-free grammarthat
generates

�
. To do so,we canthink of any stringin

�
ascontaining5 parts -/.102. +%3

, where . +
is the

reverseof . . - canbeany stringin
� �(45!�46	7#%$

endingwith
	

or just anemptystring, 8 . Similarly,
3

can
beany stringin

� ��45!�46	7#%$
startingwith

	
or just 8 . 0 canbeany stringstartingandendingwith

	
or

�
or

!
or 8 , wherethelatterthreecasesdealwith thecasewhere& � '�9 �(�)�*� +��:

. Basedon this idea,thefollowing
grammarwill generateall stringsin

�
.
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Problem 2. Let
�C�1� �D	�E7���F4GEH��� IJ4��@# $

and
�LK�*E�#

. Show that
�

is acontext-freelanguage(CFL).

Solution: In orderto show that
�

is aCFL, it’s sufficient to provide aCFGthatgeneratesit. To do so,we
canusethe fact that thesetof CFLs is closedunderunionandseparateour solutioninto two cases:when� �M�NK�O� ED�

andwhen
� �M�P�O� E��

.
In orderto dealwith the first casewhere

� �Q�RK�S� ED�
, we canfirst createa variable T that generatesan

arbitrarystring of equallengthsides(wherea variable U generatesa singlearbitrarysymbol)and, then,
createanothervariable

>
that generatesan arbitrarystring of sizeat least1 andcontatenatethis string to

eitherthebeginning 9 � �M�WVX� ED� :
or theend 9 � �M�JY�� ED� :

of thestringgeneratedby U .
In orderto dealwith the secondcasewhere

� �Q�)�Z� E��
, at leastonesymbolon the left mustmismatch

thecorrespondingsymbolon theright. However, if we try to only generatestringsof equallengthsides,we
won’t beableto do it becausethelanguage

���D	�E7���)4GEH�[� IJ4��@# $
and

�\K�*E
and

� �Q�P�O� E��"#

itself is not a CFL (it’s a goodexerciseto prove that!). Therefore,we shouldmake useof a little trick and
alsoallow the generationof stringsof unequallengthsides. Becauseall suchstringsalsobelongto the
language,thefinal resultwill still becorrect. Then,we first do thecasewherea 0 on the left mismatches
a 1 on the right. We cando so by usingtwo variables- and 0 . Variable - generatesan equalnumber
of symbolsto eithersideof itself andthenbecomesa 0, followed by anarbitrarystring, followedby a

	
.

Variable 0 generatesa 1 followed by an arbitrarystring. Becausethedistancebetweenthesymbol1 and
the

	
is thesameof thatbetweenthe0 andthebeginningof thestring,wearethe

�
cannotbeequalto

E
. A

production
; � < -A0 would thenallow derivationsof theform

; �^] -_0 $] U
�
-AU

�
0 $] U

� I 9 any
: 	 U

� � 9 any
: �
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Thecasewherea 1 on theleft mismatchesa 0 on theright canbegeneratedin a similar fashion.Then,
theentiregrammaris:

; < ; �^� ; �_� ;N`
; � < T > � > T case1: unequallengthsides
T < UaTAU �b	
> < U > � U
U < Ic�d�
; � < -_0 case2: 0 on left mismatches1 onright
- < Ue-AU � Igfh	
f < U fi� 8
0 < ��f
;N`j< kml

case3: 1 on left mismatches0 onrightk < U k U �d��f�	
l < Igf

Problem 3. ConstructaPDA for thelanguageof all non-palindromesover
� ��45!�#

.

Solution: We canusethePDA for thelanguageof all palindromesover
� ��45! #

, givenin thesamplesolu-
tions,to createaPDA for this language.To changethePDA acceptingall palindromesinto onethataccepts
all non-palidromes,we simply insistin thenew machinethatthereis at least one inconsistency betweenthe
first andsecondhalf of input string n . So thenew PDA canessentiallybe thesame,exceptwhenwe are
poppingsymbolsoff thestackandmatchingthemwith inputs,we mustmake surethat thereis at leastone
awherethereshouldhave beenab or viceversa.Figure1 shows thePDA.
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Figure1: PDA for thelanguageof all non-palindromesover
� �(45! #

We first mark the bottomof the stackwith a $, pushthe first half of the string (exceptingthe middle
symbolif thestringhasoddlength)ontothestackin o � , guessnondeterministicallywherethemiddleof the
stringis andswitchto stateo � . If nqp K� n , thenatsomepoint therewill beamismatchbetweenwhatis on
thestackandin the input; whenthis is true, themachinecantake thetransitionfrom o � to o ` . Otherwise,
any matchor mismatchof inputssymbolsto symbolson thestackis allowed. Finally, themachineaccepts
when1) theinput is exhaustedand2) thestackis empty.
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Problem 4. Usethepumpinglemmato show thatthefollowing languageis notcontext free:

���1��� � 	�� � 	��r�r�s	���J� ���*tW4Gu�vgw5x�� � �[� ��45!�#�yg4zvg{}|c~��g���G�P�cu & K� ' 4G� � ��� , #

Solution: Assumethat
�

is CFL. Let � be the pumping length given by the pumping lemmaand let� �����g!���	h�@��!��
. Obviously, � ���

. Becausethe lengthof � is graterthan � we cansplit � into �(� �(EJ�
satisfyingthefollowing conditions:

1. for each& ��I
, �(�

� ��E � �2���
2.

� � ED�J��I
3.

� � �(E��W� �
For convenience,wewill write � as

�R	h�
, where

�
and

�
standfor thestringsto theleft andto theright

of
	

, respectively.
First of all, notethat � E cannotcontain

	
, since �(�W� �(E � � would containno

	
which would contradict

thefactthat
����t

(from thedefinitionof
�

).
Thentherearethefollowing threecasesfor � E :

� � E containsmoresymbolsfrom
�

thanfrom
�

. In this case,�(�
� �(E � �h��� = 	h� =

, where
� � = �WV�� � = �

.

� � E containsmoresymbolsfrom
�

thanfrom
�

. In this case,�(�
� �(E � �h��� = 	h� =

, where
� � = �WY�� � = �

.

� � E containsequalnumberof symbolsfrom both
�

and
�

. In this case,becauseof conditions2
and3 of the pumpinglemma, � ��! ,

and n ��� ,
for some' suchthat

��� ' � �N� t . Therefore
���

� ��E � ����� � ! � � , 	h� � � , ! �
which is not in thelanguage.

Becausewe have foundaword which is in
�

andwhichcannotbe“pumped”theassumptionthat
�

is CFL
mustbefalse.

3


