Theory of Computation — CSE 105

Computability Theory
Solutionsto SelectedProblems

Turing Machine Design

1. Problem 3.8 (a), Page 148. Give animplementation-teel descriptionof a Turing machinethatdecides
L = {w|w containsanequalnumberof Osand1s}.

Solution: Theideato solve this problemis thatfor eachO or 1 we seeattheinputtape,we shouldlook for
amatchingl or 0, respectrely, andcrosshothsymbols.If therespectre symbolis notfound (which means
thestringcontainsaunequahumberof Osandls),thenwereject.If all 0sand1lsarematchedwhichmeans
the containsannumberof Osandls),thenwe accept.

So,aninformal definitionfor the Turing machineM would bethefollowing:

T, =“Givenastring,s,

1. Readnext input symboldifferentfrom .

2. If it'sa0, thencrossit andkeepreadingevery symbolto theright until eithera 1 or LI is found.If it's
al,thencrossit too. If it'saLll, thenrgject.

3. If it'sal, thencrossit andkeepreadingevery symbolto theright until eithera O or LI is found.If it's
a0, thencrossit too. If it'saLl, thenrgject.

4. If it'sa L, thenaccept.

5. Move backto the beginning of thetapeandgoto stepl”

A formaldescriptionof M = (Q, >, T, 6, 90, Gacc, grej), Where:

® Q = {q07q17q?aQ3aQ4aQaCCaQrej};
e > ={0,1},
e I'={0,1,z,U}, and

¢ { is givenwith the statediagramin figure 1.



Figurel: Statediagramfor Turing machineM

Closure Properties

2. Problem3.15(part a), Page149. Shav thatthecollectionof recursvely enumerabl€Turing-recognizable
languagess closedunderthe unionoperation.

Solution: Given two recursively enumerabldanguagesA and B, we would like to shav that AUB is
recursvely enumerable.

Becaus@ is recursvely enumerablethereis a Turingmachine,T 4, whichwill acceptastringsif andonly
if scA. Similarly, thereis amachineT g whichwill acceptastringsif andonly if seB. (T 4 andT g will not
necessarihhaltary input.) Constructa Turing machineT 4 g asfollows:

T aup = “Givenastring,s,

1. Startacounteryi, at1.
2. SimulateT 4 for i stepsons. If T4 acceptsaccept.
3. SimulateT g for i stepsons. If Tg acceptsaccept.

4. Increment, andreturnto step2.”

Claim: T 4up acceptsastringsif andonly if sisin thelanguageAUB.



Proof: If T 4up acceptss, thens musthave eitherbeenacceptedy T4 in step2, or by Ty in step3. Thus
scA orseB. Thus,sc AUB

Corversely if scAUB thenscA or seB. If scA thenA acceptss aftera certainnumberof steps.Call this
numberk. ThenT 4up accepts wheni=k in step2. Similarly, if scB thenB acceptss aftersomenumber
of stepsk. ThusT 4 p acceptswheni=k in step3.

Becauseve have constructeda Turing machinewhich acceptsAUB, thelanguageAUB is recursvely enu-
merable.

3. Problem 3.15(b), Page 149. Shaw thatthe collectionof recursively enumerabléTuring-recognizable
languagess closedunderthe concatenatiommperation.

Solution: Givenrecursvely enumerabléanguagesi andB, wewishto shav thatAB (thelanguage w;wo
: w1 €A, WoeB}) isrecursvely enumerable.

Because is recursvely enumerablethereis a Turingmachine,T 4, whichwill accepta stringsif andonly
if scA. Similarly, thereis amachineT g whichwill acceptastringsif andonlyif seB. (T 4 andT g will not
necessarihhalt ary input.) Constructa nondeterministi@uring machineT 4 g asfollows:

Tap ="“Givenastring,s,

1. Guessanumbem betweerD and|g|.
Comment: Letw; representhefirst n charactersf s, w, representheremaining|s|-n characters.

Starta counteryi, atO.
RunT 4 onw; fori steps.
RunT 4 onws, for i steps.

If T4 acceptedv; in step3 andT 4 acceptedvy in step4, accept.

S e

Increment andreturnto step3.”

Claim: T4 acceptastringsif andonly if scAB.

Proof. If T 4 acceptssthentheremusthave beena partitionof Sinto two parts,w; andws, suchthatT 4
acceptedv; andT g acceptedv,. Thens=wywy wherew; €A andw,eB. ThenscAB.

If scAB thenthereis a partitionof sinto two parts,w;ws, suchthatw; €A andw,eB. ThenT 4 acceptswv,
aftersomenumberof stepsk;. And T acceptswvy aftersomenumberof stepsks. ThenT 45 will accept
swhen

e thecorrectpartitionw;ws, is guessedn stepl, and

e i=max(k; ,ks) (in stepb)

Becauseve have constructedmachinewvhichwill acceptAB, thelanguageAB mustbeTuring-recognizable
(i.e. recursvely enumerable).



4. Problem 3.15(c), Page 149. Shav thatthe collectionof recursvely enumerabléTuring-recognizable
languagess closedunderthe staroperation.

Solution: Givenanrecursvely enumerabléanguaged, we wishto shav thatA* is recursvely enumerable.
Becaus#A is recursvely enumerablethereis a Turing machineT 4 which acceptsa string s if andonly if
SeA.

ConstrucfT 4 asfollows:

T 4+ ="Givenastring,s,

1. If s=e(theemptystring),accept.
2. Guessanumbem betweenl and|s|.

3. Guess distinctnumbersetweerD and|s|.
Comment: This givesa partitionof sinto n parts.Thatis, s=w;ws...W,, wherew; € X*.

4. Startacounteyj, atO.
5. Startanothercounterk, atO.
6. Repeafor every substringw;, whereie{1..n}

(a) RunT 4 onw; for j steps.
(b) If T4 acceptsincrementk.

7. If k=n(i.e.if T4 acceptedv; for everyie{1..n}) thenaccept.

8. Incremeni andreturnto step5.”

Claim: T4« acceptsastringsif andonly if s A*.

Proof: If scA* thenthereis anumbern, suchthat

e N< |s]
e Therearestringswy,Wo,...W,, suchthat
— S=W Wa...Wj,
— w;€A for eachie{1..n}
(Theverificationof this factis left to thereadey)
Becauseeachw; €A, T 4 musthalt on input w; after somenumberof stepsk;. ThenT 4« will acceptthe
stringswhen:
e Thenumbem is guessedorrectlyin step2.

e Thestringsw;..w,, areguessedorrectlyin step3.



o j=max(k,ke,...k,) in step?.

Corversely if T 4 acceptsa stringsthens musthave beencomposedf substringsvhich wereall accepted
by T 4 aftersomenumberof steps.Thusse A*.

Becausewe have constructeda machinewhich acceptsa string s if andonly if scA*, the languageA* is
Turing-recognizable(i.e. A* is recursvely enumerable.)

5. Problem 4, page131 Shaw thatthealanguagds decidablgf andonly if thereis someenumeratothat
enumeratethelanguagen lexicographicorder

Solution: Sincewe areproving an*“if andonly if” statementye divide the proofinto two parts. Onepart
for the“if ” andtheotherpartfor the“only if”.

e Partl: If alanguageis decidablethenthereexists an enumeratothat enumerateshe languagen
lexicographicorder: suchanenumeratoworkslik e this:

E = 1]
1. Determinewhich stringcomesnext lexicographicallyin >-*.
2. RunT4 onthisstring. If T4 acceptsprint this stringout.
3. Gotostepl’”

Comment: T4 is the Turing machinethatdecidegshe givenlanguage.

e Part 2: If thereexists an enumeratoithat enumerates languagein lexicographicorder thenthe
languages decidable.

To prove this statementye would lik e to constructa Turing machinewhich, oninput xz, simulatethe
enumeratoandsimply waitsintil eitherz is printedoutor x is passedexicographically If theformer
casethemachineshouldacceptz. In thelattercase the machineshouldrejectz.

Thereis onefurther consideration.What happensf our enumeratogetscaughtin a loop beforeit
reachex? In suchacasethelanguagss finite (sincetheenumeratoonly enumeratedtringswhich
werelexicographicallylessthanz). So,clearlythelanguages decidable.

PROOFDETAILS

If thereis anenumerato# thatenumeratealanguagéd. in lexicographicorder thenoneof two cases
canoccur

— Casel: L isfinite. In this case,L is decidablesinceary finite languages decidable.
— Case2: Lisinfinite. In thiscasewe constructa TuringmachineM whichdecidesl asfollows:
M ="Givenastring,z,
1. RunkE

2. Letw bethenext stringprintedout by E.
3. If z = w, accept.
4. If w is greatetthanin lexicographicorder thenreject.

5. Returnto step2”
Comment: Becausedl. is infinite, the stringsthat E prints out mustsupercede: lexicographi-

cally at somepoint. Hencethis machinewill alwayseitheracceptor rejectaninputz. HenceL
is decidable.



Undecidability

6. Problem 5.13,page 195. A usdless state in a Turing machineis onethatis never enteredon ary input
string. Considerthe problemof testingwhethera Turing machinehasary uselessstates. Formulatethis
problemasalanguageandshaw thatit is undecidable.

Solution: This problemcanbeformulatedasthefollowing languageR = ((M), q)| q is astateof M such
thatfor ary s € L(M), M doesnotreachg oninputs}.

To be even more formal, we may wish to define“reach¢ oninput s”. The definitionis asfollows: Let
C1,Cy,...,CY, ... betheconfigurationsof a Turing machineM oninputz. ThenM “reachsg oninputs”
meanghatq appearsn C; for some;.

To prove that R is undecidableye will proceedby contradiction.Assumethat R is decidable.Let T be
aTM thatdecidesR. We will now shav thatthe undecidablénaltinglanguageL g = {(T,z)| T" haltson
inputw} is decidableto obtainthe desiredcontradiction. With the helpof Tz, we will now designa Turing
machinel’y to decideL . Thedescriptionof T is givenbelow.

Ty ="“Givenastring, s,

=

. Checkif s is of theform (T, z) for someTM T andinputz € £*.
2. If not,rejectandhalt.
3. If true,constructhedescriptionof aTM T3 givenT andz suchthat
Ty =“Givenastring,y,

(a) Ty erasests inputandwritesz ontheblanktape.

(b) Simulate(or run)T onzx
(c) if T haltsonz, thenT; entersanew stategnai;.’

4. RunTR on <<M>7 Qhalt>'
5. If Ty acceptsthenaccept.

6. If Tk rejectsthenreject.”

Claim: Ty decidegshelanguagel g = { (T, z) : T haltsonz}.

Proof: We will shav thatTy will accepffor inputsz € Ly andwill rejectfor inputsz ¢ L.

e If s € Ly, thens = (T, z), andT haltsonz. ThenT} reacheshestateg,,;; in step3. SoTk accepts
(Ty) in step4. SoTy accepts in step5.

e If s ¢ Ly, theneithers is notof theform (T, z) or s is of theform (T, z), andT doesnothalton z.
In thefirst case,s is rejectedin stepl. In the secondcase,T doesnt reachthe stategy; in step3.
Thus,Tr acceptgTy) in step4. ThusTy rejectsin step6.



Thus, Ty decidesL gy . Thisis acontradictiornto thefactthat L g is undecidableHence,R is undecidable.

7. Shaw thatthelanguag€lempty = {(T’,)| L(T1) = 0} is undecidable.

Solution: We will proceedby contradiction. Assumethat Lempty IS recursve. Let Teypy be a Turing
machinethatdecidesLempty. We will now shav thatthe undecidablenalting languageLy = {(T,z)| T
haltsoninputz} is decidableo obtainthe desiredcontradiction.

With the help of T pty, We will now designa Turing machinel’y to decideL ;. Thedescriptionof T is
givenbelow.

Ty ="“Givenastring,s,

1. Checkif s is of theform (T, z) for someTM T andinputz € ¥*.

2. If not, rejectandhalt.

3. If true,constructhedescriptionof aTM T3 givenT andz suchthat
T, ="“Givenastring,y,

(a) Simulate(or run)7T onzx
(b) Accepty if andonly if T haltsonz.”

Comment: Thedescriptionof 71 dependn T andz whichin turn dependon s. Also obsenre that
L(Ty) = ¥*if T haltsonz andL(Ty) = 0 if T doesnot halt on z. Also noticethatTy is only
constructinghedescriptionof T ratherthanrunningit.

4. RunNTempiy on (T7).
5. If Tempty acceptsreject.

6. If Tempty rejects,accept.”

Claim: Ty decideshelanguagely = { (T, z) : T haltsonz}.

Proof: Wewill shaw thatT will accepfor inputsz € Ly andwill rejectfor inputsz ¢ L.

o If s € Ly, thens=(T', z), andT haltsonz. ThenL(T1) = £* # (. SOTempty rejects(11) in step4.
SoTy acceptss in step6.

e If s ¢ Ly, theneithers is notof theform (T, z) or s is of theform (T, z), andT doesnothaltonz.
In thefirst case s is rejectedin stepl. In thesecondcase,L(T1) = 0. Thus, Tempty accepty7y) in
step4. ThusTy rejectsin stepb.

Thus, Ty decidesLy. Thisis acontradictiorto thefactthat L i is undecidableHence,Lempty iS undecid-
able.



8. Shaw thatthefollowing problemis unsohable. Giventwo TuringmachineT; andTs, is L(T1)NL(Ty)=0?

Solution: In orderto shav thatthis is unsohable,we will shav thatif therewereanalgorithmfor solving
this problem,thentherewould be analgorithmfor solvingthe unsohablehalting problem("Given (M, ),
doesM haltonz?”). Thiswill provide acontradiction.

PROOFDETAILS

Assumefor the sale of contradiction,that the problemstatedabove is sohable. Thenthereis a Turing
machinewhich decideshe languagd = {(T1,Ts) : L(T1)N L(T2)=0}. Call this machineT,. (T haltson
ary input,andacceptsstring, s, if andonly if scl.)

In whatfollows, e denoteshe emptystring.
We constructamachineT g asfollows:

Ty ="Givenastring,s,

1. If sis notof theform (M, x), whereM is a Turing machineandxe ¥*, reject.
2. Constructtheencodingdor two Turing machinesM; andM,, where

M1 ='Oninputy,

(a) If y£ergect.
(b) RunM onx.
(c) If M haltsonx, accept.

My ='On inputy,

(a) If y£ergect.
(b) RunM onx.
(c) If M haltsonx, accept.

Comment: L(M;) = {e} if M haltsons. L(M1) = 0 otherwise.L(M3) is thesameasL(M ).
3. RunT; 0n< Ml,M2>.
4. If Tr acceptsreect.
5. If T rejects,accept.”
Claim: Ty decideghelanguageH = { ( M, x ) : M haltsonx }. Thatis, if scH, Ty accepts. If s¢H, Ty
rejectss.

Proof: If seH, thens={ M,x ), andM haltsonx. ThenL(M) = {e} andL(M2) = {e}. ThenL(M1)NL(My)
={e}. ThenL(M1)NL(M3) # 0. SoT; rejects( M1,Ms ) in step3. So Ty acceptsin step5.

If s¢H, theneithersis notof theform (M,x) or sis of theform (M,x), andM doesnothaltonx. In thefirst
casesis rejectedin stepl. In thesecondcase L(M1)=L(M3)=0. So,L(M{)NL(M3)=0. Thus,T; accepts
in step3. ThusT g rejectsin step5.



We have constructech machinewhich decideghehaltinglanguage Becauséhe haltinglanguagés known
to be undecidablethis is a contradiction. Thus our assumptiorthat therewas a machineM decidingL
musthave beenincorrect. Thereis no machinedecidingL. L is not recursve. So, the problemstatedis
undecidable.

9. Problem5.12,page195. Let S = {(M) : M is a Turing machinesuchthatfor ary string,w, that M
acceptsit alsoacceptav}. Shawv that S is undecidable.

Solution: We shaw thatif Sweredecidableéhenthe undecidabléhaltinglanguageH, would bedecidable.
(H={ (M, x): M haltsonx })

PROOFDETAILS

AssumeS is decidable Thenthereis amachine,T ¢ which decidesS.

ConstrucfT g asfollows:

Ty ="“Oninput,s

1. If sis notof theform (M, x) whereM is a Turing machineandxeX*, reject.
2. ConstructamachineN, which actsasfollows:

N =*"On inputy,
(a) If y=0xP1, accept.
(b) If y=1x0,runM onx. If M halts,accept.
(c) If yis neitherof thesestrings,reject.”

3. RunTg on(N).
4. If Tg acceptsaccept.

5. If Tg rejectsreject.”

Claim: Ty decideghehaltinglanguageH. Thatis, if seH, Ty accepts. And if s¢H, Ty rejectss.

Proof: If seH thensis of theform (M, x), whereM haltson x. ThenN will acceptlx0. N alsoaccepts
0xf1. Thesearetheonly stringswhich N acceptsNotethat(1x0)?=(0x%1). So,N hasthe propertythatfor
ary string,w, thatN acceptsit alsoacceptsv?. ThusTs acceptgN). ThusTz accepts.

If s¢H theneithersis not of the form (M,x), or sis of the form (M,x), but M doesnot halton x. In the
first casesis rejectedn stepl. In thesecondcase whenwe constructN in step2, N will accepthe string
0xf1, but not 1x0. ThusN will berejectedby T in step4. Thusswill berejectedn step5.

We have constructeda Turing machinewhich decideghe undecidabldanguageH. This is a contradiction.
Therefore pur assumptionthat S wasdecidablenusthave beenwrong. Sis notdecidable.



10. Prove thatno virus testercanbeboth safeandcorrect.

Solution: We usea diagonalizationargumentsimilar to the one that was usedto prove that the halting
problemwasunsohable.

Considerthelist of programsP1,P2,P3,... andthelist of programdescriptions{P1) (P2 (P3) ldots

Eachoneof theseprogramseitherwill or will notbe safeon eachof thedescriptionsWe canthusmale the
following chart,wherethei,j entryin thechartis "yes” if programP; is safeon input (P;).

<P1> <P2> <P3> . . . <D>

Pl vyes no no .
P2 no no yes .

P3 no no no
D ???

We will write a program,D with the following property: If P; is safeoninput (P;) thenD will not be safe
oninputP;. Andif P; is notsafeoninput (P;) thenD will besafeoninputP;.

By usingthis constructionD will differ from eachof the programsP;, P, ....,andhencecannotbe placed
in theabove list.
PROOFDETAILS

Assumethatsucha virus testerexists. Thevirustesterwill becalledisSafe.lt reports’yes” if aprogramis
safeonagiveninput,and’no” otherwise.

Write aprogram,D. D will work asfollows:

D ="Givenaninput,X,

1. If xis notthedescriptionof someprogram,P, say’no”.

2. RunlsSafeon (P) (P)

3. If IsSafereports’yes”, thenalterthe operatingsystem.

4. If IsSafereports’no”, thendon't alterthe operatingsystem”

Whathappensvhenwe run IsSafeon (D),(D)?
If IsSafereports’yes”, thenD is safeoninputD.

However, if werunD oninput (D), D will altertheoperatingsystemin step(c).
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ThusD is notsafeoninputD.

Similarly, if IsSafereports’no”, thenD will not alterthe operatingsystem.But thenD is safe. But then
IsSafeshouldnot have said”no”.

Becausef thislogical contradictiontheoriginalassumptioomusthave beenincorrect.No suchvirustester
canexist.

Note thatthe abore conclusionsnvould not be valid if we hadnot requiredthat IsSafebe safe. (Thevirus
testermustbe bothsafeandcorrect.)
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