
Theory of Computation — CSE 105

Computability Theory
Solutionsto SelectedProblems

Turing Machine Design

1. Problem 3.8 (a), Page148. Give animplementation-level descriptionof a Turing machinethatdecides��������� �
containsanequalnumberof 0sand1s 	 .

Solution: Theideato solve this problemis thatfor each0 or 1 we seeat theinput tape,we shouldlook for
amatching1 or 0, respectively, andcrossbothsymbols.If therespective symbolis not found(whichmeans
thestringcontainsaunequalnumberof 0sand1s),thenwereject.If all 0sand1sarematched(whichmeans
thecontainsannumberof 0sand1s),thenwe accept.

So,aninformal definitionfor theTuringmachine
 wouldbethefollowing:

T � = “Givenastring,s,

1. Readnext inputsymboldifferentfrom � .

2. If it’s a0, thencrossit andkeepreadingevery symbolto theright until eithera1 or 
 is found. If it’s
a1, thencrossit too. If it’s a 
 , thenreject.

3. If it’s a1, thencrossit andkeepreadingevery symbolto theright until eithera0 or 
 is found. If it’s
a0, thencrossit too. If it’s a 
 , thenreject.

4. If it’sa 
 , thenaccept.

5. Movebackto thebeginningof thetapeandgo to step1.”

A formaldescriptionof 
 �����������������������������! � ����#"%$'&)(
, where:

* �+�+�����,��� � ����-,����./����0������! � ����#"1$2& 	 ,
* � �+��34��5 	 ,
* �6�+��34��5,� � � 
7	 , and

* � is givenwith thestatediagramin figure1.
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Figure1: Statediagramfor Turingmachine


ClosureProperties

2. Problem3.15(part a),Page149.Show thatthecollectionof recursively enumerable(Turing-recognizable)
languagesis closedundertheunionoperation.

Solution: Given two recursively enumerablelanguages,A and B, we would like to show that A 8 B is
recursively enumerable.

BecauseA is recursively enumerable,thereis aTuringmachine,T 9 , whichwill acceptastrings if andonly
if s: A. Similarly, thereis amachineT ; whichwill acceptastrings if andonly if s: B. (T 9 andT ; will not
necessarilyhalt any input.) ConstructaTuringmachineT 9=< ; asfollows:

T 9>< ; = “Givena string,s,

1. Startacounter, i, at1.

2. SimulateT 9 for i stepsons. If T 9 accepts,accept.

3. SimulateT ; for i stepson s. If T ; accepts,accept.

4. Incrementi, andreturnto step2.”

Claim: T 9>< ; acceptsastrings if andonly if s is in thelanguageA 8 B.
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Proof: If T 9=< ; acceptss, thens musthave eitherbeenacceptedby T 9 in step2, or by T ; in step3. Thus
s: A or s: B. Thus,s:@?A8CB
Conversely, if s: A 8 B thens: A or s: B. If s: A thenA acceptss aftera certainnumberof steps.Call this
numberk. ThenT 9=< ; acceptss wheni=k in step2. Similarly, if s: B thenB acceptss aftersomenumber
of steps,k. ThusT 9=< ; acceptsswheni=k in step3.

Becausewe have constructeda Turing machinewhich acceptsA 8 B, thelanguageA 8 B is recursively enu-
merable.

3. Problem 3.15(b), Page149. Show that thecollectionof recursively enumerable(Turing-recognizable)
languagesis closedundertheconcatenationoperation.

Solution: Givenrecursively enumerablelanguages,A andB, wewishto show thatAB (thelanguage
�
w � w -

: w ��: A, w
- : B 	 ) is recursively enumerable.

BecauseA is recursively enumerable,thereis aTuringmachine,T 9 , whichwill acceptastrings if andonly
if s: A. Similarly, thereis amachineT ; whichwill acceptastrings if andonly if s: B. (T 9 andT ; will not
necessarilyhalt any input.) ConstructanondeterministicTuringmachineT 9 ; asfollows:

T 9 ; = “Givena string,s,

1. Guessanumbern between0 and
�
s
�
.

Comment: Let w � representthefirst n charactersof s,w
-

representtheremaining
�
s
�
-n characters.

2. Startacounter, i, at0.

3. RunT 9 onw � for i steps.

4. RunT 9 onw
-

for i steps.

5. If T 9 acceptedw � in step3 andT 9 acceptedw
-

in step4, accept.

6. Incrementi andreturnto step3.”

Claim: T 9 ; acceptsastrings if andonly if s: AB.

Proof: If T 9 ; acceptss thentheremusthave beena partitionof S into two parts,w � andw
-
, suchthatT 9

acceptedw � andT ; acceptedw
-
. Thens=w� w - wherew �D: A andw

- : B. Thens: AB.

If s: AB thenthereis a partitionof s into two parts,w � w - suchthatw �#: A andw
- : B. ThenT 9 acceptsw �

aftersomenumberof steps,k � . And T ; acceptsw
-

aftersomenumberof steps,k
-
. ThenT 9 ; will accept

swhen

* thecorrectpartitionw � w - is guessedin step1, and

* i=max(k� ,k- ) (in step5)

Becausewehaveconstructedamachinewhichwill acceptAB, thelanguageAB mustbeTuring-recognizable
(i.e. recursively enumerable).
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4. Problem 3.15(c), Page149. Show that thecollectionof recursively enumerable(Turing-recognizable)
languagesis closedunderthestaroperation.

Solution: Givenanrecursively enumerablelanguageA, wewish to show thatA E is recursively enumerable.
BecauseA is recursively enumerable,thereis a Turing machineT 9 which acceptsa strings if andonly if
s: A.

ConstructT 9GF asfollows:

T 9 F = “Givenastring,s,

1. If s=e(theemptystring),accept.

2. Guessanumbern between1 and
�
s
�
.

3. Guessn distinctnumbersbetween0 and
�
s
�
.

Comment: This givesapartitionof s into n parts.Thatis, s=w� w - ...wH , wherew IJ:@K E .
4. Startacounter, j, at0.

5. Startanothercounter, k, at 0.

6. Repeatfor every substringw I , wherei : � 1..n	
(a) RunT 9 onw I for j steps.

(b) If T 9 accepts,incrementk.

7. If k=n (i.e. if T 9 acceptedw I for every i : � 1..n	 ) thenaccept.

8. Incrementj andreturnto step5.”

Claim: T 9GF acceptsastrings if andonly if s:L? E .
Proof: If s: A E thenthereis anumber, n, suchthat

* n M � NO�
* Therearestringsw � ,w - ,...wH , suchthat

– s=w� w - ...wH
– w IP: A for eachi : � 1..n	

(Theverificationof this factis left to thereader.)

Becauseeachw I : A, T 9 musthalt on input w I after somenumberof steps,k I . ThenT 9>F will acceptthe
stringswhen:

* Thenumbern is guessedcorrectlyin step2.

* Thestringsw � ..wH areguessedcorrectlyin step3.
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* j=max(k� ,k- ,...kH ) in step7.

Conversely, if T 9 acceptsa strings thens musthave beencomposedof substringswhich wereall accepted
by T 9 aftersomenumberof steps.Thuss:L? E .
Becausewe have constructeda machinewhich acceptsa string s if andonly if s: A E , the languageA E is
Turing-recognizable.(i.e. A E is recursively enumerable.)

5. Problem 4, page131Show that thea languageis decidableif andonly if thereis someenumeratorthat
enumeratesthelanguagein lexicographicorder.

Solution: Sincewe areproving an“if andonly if ” statement,we divide theproof into two parts.Onepart
for the“if ” andtheotherpartfor the“only if ”.

* Part 1: If a languageis decidablethen thereexists an enumeratorthat enumeratesthe languagein
lexicographicorder:suchanenumeratorworkslike this:

Q
= “

1. Determinewhichstringcomesnext lexicographicallyin
� E .

2. Run R 9 on thisstring. If R 9 accepts,print this stringout.
3. Go to step1.”

Comment: R>9 is theTuring machinethatdecidesthegivenlanguage.

* Part 2: If thereexists an enumeratorthat enumeratesa languagein lexicographicorder, then the
languageis decidable.

To prove this statement,we would like to constructa Turingmachinewhich,on input � , simulatethe
enumeratorandsimplywaitsintil either � is printedoutor � is passedlexicographically. If theformer
case,themachineshouldaccept� . In thelattercase,themachineshouldreject � .

Thereis onefurther consideration.What happensif our enumeratorgetscaughtin a loop beforeit
reaches� ? In suchacase,thelanguageis finite (sincetheenumeratoronly enumeratedstringswhich
werelexicographicallylessthan � ). So,clearlythelanguageis decidable.

PROOFDETAILS

If thereis anenumerator
Q

thatenumeratesalanguage
�

in lexicographicorder, thenoneof two cases
canoccur.

– Case1:
�

is finite. In thiscase,
�

is decidablesinceany finite languageis decidable.

– Case2:
�

is infinite. In thiscase,weconstructaTuringmachine
 whichdecides
�

asfollows:


 = “Givena string, � ,
1. Run

Q
2. Let

�
bethenext stringprintedoutby

Q
.

3. If � �S� , accept.
4. If

�
is greaterthanin lexicographicorder, thenreject.

5. Returnto step2.”

Comment: Because
�

is infinite, thestringsthat
Q

printsout mustsupercede� lexicographi-
cally at somepoint. Hencethismachinewill alwayseitheracceptor rejectaninput � . Hence

�
is decidable.
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Undecidability

6. Problem 5.13,page195. A useless state in a Turing machineis onethat is never enteredon any input
string. Considerthe problemof testingwhethera Turing machinehasany uselessstates.Formulatethis
problemasa languageandshow thatit is undecidable.

Solution: This problemcanbeformulatedasthefollowing languageT �VUWU 
YX ��� X �,� is a stateof 
 such
thatfor any

N : �Z� 
 (
, 
 doesnot reach

�
on input

N 	 .
To be even more formal, we may wish to define“reach

�
on input

N
”. The definition is as follows: Let[ � � [ -,�#\#\#\�� [^] �#\#\#\ betheconfigurationsof aTuringmachine
 on input � . Then 
 “reachs

�
on input

N
”

meansthat
�

appearsin
[ I for some_ .

To prove that T is undecidable,we will proceedby contradiction.Assumethat T is decidable.Let Ra` be
a TM thatdecidesT . We will now show that theundecidablehalting language

�cbd�e�fU R � �>X � R haltson
input

� 	 is decidableto obtainthedesiredcontradiction.With thehelpof Ra` , we will now designa Turing
machineR b to decide

�^b
. Thedescriptionof R b is givenbelow.

T
b

= “Givenastring,
N
,

1. Checkif
N

is of theform
U R � �GX for someTM R andinput �@:gK E .

2. If not, rejectandhalt.

3. If true,constructthedescriptionof aTM R � given R and � suchthat

RJ� = “Givenastring, h ,
(a) RJ� erasesits input andwrites � on theblanktape.

(b) Simulate(or run) R on �
(c) if R haltson � , then Ri� entersanew state,

�#j �!k l
.”

4. Run Ra` on
UWU 
YX ����j �!k l X .

5. If Ra` accepts,thenaccept.

6. If Ra` rejects,thenreject.”

Claim: T
b

decidesthelanguage
�^b

=
�mU R � �GX : R haltson �n	 .

Proof: Wewill show that R b will acceptfor inputs �@: �cb andwill rejectfor inputs �po: �^b .

* If
N : �cb , then

Nq�dU R � �GX , and R haltson � . Then RJ� reachesthestate
��j �!k l

in step3. So Ra` acceptsU RJ�rX in step4. So R b accepts
N

in step5.

* If
N o: �cb , theneither

N
is notof theform

U R � �>X or
N

is of theform
U R � �>X , and R doesnothalt on � .

In thefirst case,
N

is rejectedin step1. In thesecondcase,R � doesn’t reachthestate
�#j �!k l

in step3.
Thus, Ra` accepts

U Ri�rX in step4. Thus R b rejectsin step6.
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Thus, R b decides
�^b

. This is a contradictionto thefactthat
�cb

is undecidable.Hence,T is undecidable.

7. Show thatthelanguage
��$�sutrlwvx���fU R � X �/�Z� RJ� (��zy 	 is undecidable.

Solution: We will proceedby contradiction. Assumethat
��${sut�lwv

is recursive. Let R $�sutrlwv be a Turing
machinethatdecides

� ${sut�lwv
. We will now show that theundecidablehalting language

� b �|�fU R � �>X � R
haltson input �a	 is decidableto obtainthedesiredcontradiction.

With thehelpof R $�sutrlwv , we will now designa Turing machineR b to decide
�^b

. Thedescriptionof R b is
givenbelow.

T
b

= “Givenastring,
N
,

1. Checkif
N

is of theform
U R � �GX for someTM R andinput �@:gK E .

2. If not, rejectandhalt.

3. If true,constructthedescriptionof aTM RJ� given R and � suchthat

T � = “Givena string, h ,
(a) Simulate(or run) R on �
(b) Accept h if andonly if R haltson � .”

Comment: Thedescriptionof Ri� dependson R and � which in turn dependon
N
. Also observe that�}� Ri� (~� K E if R haltson � and

�}� Ri� (~��y
if R doesnot halt on � . Also noticethat R b is only

constructingthedescriptionof Ri� ratherthanrunningit.

4. Run R $�sutrlwv on
U Ri�rX .

5. If R $�sutrlwv accepts,reject.

6. If R $�sutrlwv rejects,accept.”

Claim: T
b

decidesthelanguage
� b

=
�mU R � �GX : R haltson �n	 .

Proof: Wewill show that R b will acceptfor inputs �@: �cb andwill rejectfor inputs �po: �^b .

* If
N : �cb , thens=

U R � �GX , and R haltson � . Then
�Z� RJ� (7� K E����y

. So R $�sutrlwv rejects
U RJ�rX in step4.

So R b accepts
N

in step6.

* If
N o: �cb , theneither

N
is notof theform

U R � �>X or
N

is of theform
U R � �>X , and R doesnothalt on � .

In thefirst case,
N

is rejectedin step1. In thesecondcase,
�}� Ri� (��Yy

. Thus, R ${sut�lwv accepts
U RJ�rX in

step4. Thus R b rejectsin step5.

Thus, R b decides
�cb

. This is acontradictionto thefactthat
�^b

is undecidable.Hence,
��$�sutrlwv

is undecid-
able.
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8. Show thatthefollowing problemis unsolvable.Giventwo TuringmachineT � andT
-
, is L(T � ) � L(T

-
)=
y
?

Solution: In orderto show that this is unsolvable,we will show that if therewereanalgorithmfor solving
this problem,thentherewould beanalgorithmfor solvingtheunsolvablehaltingproblem(”Given

U 
 � �>X ,
does
 halt on � ?”). Thiswill provide a contradiction.

PROOFDETAILS

Assumefor the sake of contradiction,that the problemstatedabove is solvable. Then thereis a Turing
machinewhich decidesthe languageI =

�fU
T � ,T - X : L(T � ) � L(T

-
)=
y 	 . Call this machineT � . (T � haltson

any input,andacceptsastring,s, if andonly if s: I.)

In whatfollows,edenotestheemptystring.

WeconstructamachineT
b

asfollows:

T
b

= ”Givenastring,s,

1. If s is notof theform
U
M, x X , whereM is aTuringmachineandx :gK E , reject.

2. Constructtheencodingsfor two Turingmachines,M � andM
-
, where

M � = ’On input y,

(a) If y �� e reject.

(b) RunM on x.

(c) If M haltsonx, accept.’

M
-

= ’On input y,

(a) If y �� e reject.

(b) RunM on x.

(c) If M haltsonx, accept.’

Comment: L(M � ) =
�
e	 if M haltsons. L(M � ) =

y
otherwise.L(M

-
) is thesameasL(M � ).

3. RunT � on
U
M � ,M - X .

4. If T � accepts,reject.

5. If T � rejects,accept.”

Claim: T
b

decidesthelanguageH =
�xU

M, x X : M haltson x 	 . Thatis, if s: H, T
b

acceptss. If s o: H, T
b

rejectss.

Proof: If s: H, thens=
U
M,x X , andM haltsonx. ThenL(M � ) =

�
e	 andL(M

-
) =

�
e	 . ThenL(M � ) � L(M

-
)

=
�
e	 . ThenL(M � ) � L(M

-
) ���y . So RG� rejects

U
M � ,M - X in step3. SoT

b
acceptss in step5.

If s o: H, theneithers is notof theform
U
M,x X or s is of theform

U
M,x X , andM doesnothalt onx. In thefirst

case,s is rejectedin step1. In thesecondcase,L(M � )=L(M
-
)=
y
. So,L(M � ) � L(M

-
)=
y
. Thus,T � accepts

in step3. ThusT
b

rejectsin step5.
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Wehaveconstructedamachinewhichdecidesthehaltinglanguage.Becausethehaltinglanguageis known
to be undecidable,this is a contradiction. Thusour assumptionthat therewasa machineM decidingL
musthave beenincorrect. Thereis no machinedecidingL. L is not recursive. So, the problemstatedis
undecidable.

9. Problem 5.12,page195. Let � ���fU 
dX : 
 is a Turing machinesuchthat for any string,
�

, that 

accepts,it alsoaccepts

� ` 	 . Show that � is undecidable.

Solution: We show thatif S weredecidablethentheundecidablehaltinglanguage,H, would bedecidable.
(H =

�xU
M, x X : M haltsonx 	 )

PROOFDETAILS

AssumeS is decidable.Thenthereis amachine,T � whichdecidesS.

ConstructT
b

asfollows:

T
b

= “On input,s

1. If s is notof theform
U
M, x X whereM is aTuringmachineandx :JK E , reject.

2. Constructamachine,N, whichactsasfollows:

N = “On inputy,

(a) If y=0x̀ 1, accept.

(b) If y=1x0,runM onx. If M halts,accept.

(c) If y is neitherof thesestrings,reject.”

3. RunT � on
U
N X .

4. If T � accepts,accept.

5. If T � rejects,reject.”

Claim: T
b

decidesthehaltinglanguage,H. Thatis, if s: H, T
b

acceptss. And if s o: H, T
b

rejectss.

Proof: If s: H thens is of the form
U
M, x X , whereM haltson x. ThenN will accept1x0. N alsoaccepts

0x̀ 1. Thesearetheonly stringswhichN accepts.Notethat(1x0)̀ =(0x̀ 1). So,N hasthepropertythatfor
any string,w, thatN accepts,it alsoacceptsw ` . ThusT � accepts

U
N X . ThusT

b
acceptss.

If s o: H theneithers is not of the form
U
M,x X , or s is of the form

U
M,x X , but M doesnot halt on x. In the

first case,s is rejectedin step1. In thesecondcase,whenwe constructN in step2, N will acceptthestring
0x̀ 1, but not1x0. ThusN will berejectedby T � in step4. Thusswill berejectedin step5.

Wehave constructeda Turing machinewhich decidestheundecidablelanguage,H. This is a contradiction.
Therefore,ourassumptionthatSwasdecidablemusthave beenwrong.S is notdecidable.
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10. Prove thatno virus testercanbebothsafeandcorrect.

Solution: We usea diagonalizationargumentsimilar to the one that was usedto prove that the halting
problemwasunsolvable.

Considerthelist of programs,P1,P2,P3,... andthelist of programdescriptions,
U
P1X U P2X U P3Xi������� N

Eachoneof theseprogramseitherwill or will notbesafeoneachof thedescriptions.Wecanthusmake the
following chart,wherethei,j entryin thechartis ”yes” if programPI is safeon input

U
P��X .

<P1> <P2> <P3> . . . <D>

P1 yes no no . . .
P2 no no yes . . .
P3 no no no . . .
.
.
.
D ???

We will write a program,D with thefollowing property: If PI is safeon input
U
PI X thenD will not besafe

on inputPI . And if PI is not safeon input
U
PI X thenD will besafeon inputPI .

By usingthis construction,D will differ from eachof theprogramsP� , P
-
, ...., andhencecannotbeplaced

in theabove list.

PROOFDETAILS

Assumethatsucha virus testerexists.Thevirus testerwill becalledIsSafe.It reports”yes” if a programis
safeon agiveninput,and”no” otherwise.

Write aprogram,D. D will work asfollows:

D = “Givenaninput,x,

1. If x is not thedescriptionof someprogram,P, say”no”.

2. RunIsSafeon
U
PX U PX

3. If IsSafereports”yes”, thenaltertheoperatingsystem.

4. If IsSafereports”no”, thendon’t altertheoperatingsystem”

Whathappenswhenwe run IsSafeon
U
D X , U D X ?

If IsSafereports”yes”, thenD is safeon input D.

However, if we runD on input
U
D X , D will altertheoperatingsystemin step(c).
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ThusD is not safeon input D.

Similarly, if IsSafereports”no”, thenD will not alter theoperatingsystem.But thenD is safe. But then
IsSafeshouldnothave said”no”.

Becauseof this logicalcontradiction,theoriginalassumptionmusthavebeenincorrect.No suchvirustester
canexist.

Note that theabove conclusionswould not bevalid if we hadnot requiredthat IsSafebe safe. (Thevirus
testermustbebothsafeandcorrect.)
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