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Abstract
Data
ow analysescan havemutual ly bene�cial interactions.

Previous e�orts to exploit these interactions have either
(1) iteratively performed each individual analysis until no
further improvementsare discovered or (2) developed \super-
analyses" that manually combine conceptually separate anal-
yses. We have devised a new approach that allows anal-
yses to be de�ned independently while stil l enabling them
to be combined automatically and pro�tably. Our approach
avoids the loss of precision associated with iterating indi-
vidual analysesand the implementation di�culties of man-
ually writing a super-analysis. The key to our approach
is a novel method of implicit communication between the
individual components of a super-analysis based on graph
transformations. In this paper, we precisely de�ne our ap-
proach; we demonstrate that it is sound and it terminates;
�nal ly we give experimental results showing that in practice
(1) our framework produces results at least as precise as iter-
ating the individual analyseswhile compiling at least 5 times
faster, and (2) our framework achievesthe sameprecision as
a manually written super-analysis while incurring a compile-
time overhead of less than 20%.

1. INTR ODUCTION
Data
o w analysescan interact in mutually bene�cial ways,

with the solution to one analysis providing information that
improves the solution of another, and vice versa. A classic
example is constant propagation and unreachable code elim-
ination: performing constant propagation and folding may
replace branch predicates with constant boolean values, en-
abling more code to be identi�ed asunreachable; conversely,
eliminating unreachable code can remove non-constant as-
signments to variables thus improving the precision of con-
stant propagation. Many other combinations of data
o w
analysesexhibit similar mutually bene�cial interactions.

The possibility of mutually bene�cial interactions between
analysesis one sourceof the ubiquitous phaseordering prob-
lem in optimizing compiler design. If two or more analyses
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are mutually bene�cial, then any ordering of the analyses
in which each is run only once may yield sub-optimal re-
sults. The most common partial solution used today is
to selectively repeat analyses in carefully tuned sequences
that striv e to enable \most" of the mutually bene�cial in-
teractions without performing \to o much" uselesswork. At
high optimization levels, somecompilers even iterativ ely ap-
ply a sequenceof analysesuntil none of the analysis results
change. Unfortunately , in the presenceof loops, even this
iterativ e application of analysescan yield solutions that are
strictly worse than a combined super-analysis that simulta-
neously performs all the analyses. When analyzing a loop,
optimistic initial assumptions must be made simultaneously
for all mutually bene�cial analyses to reach the best solu-
tion; performing the analysesseparately in e�ect makespes-
simistic assumptions about the solutions of all other analy-
ses,from which it is not possible to recover simply by iter-
ating the separate analyses.

By solving all problems simultaneously, super-analyses
avoid the phaseordering problem (there is only one phase).
However, all previous de�nitions of super-analyseshave re-
quired designing and implementing special versions of the
analyseswith explicit code to exploit the bene�cial interac-
tions. For example, each of Wegman and Zadeck's condi-
tional constant propagation algorithms [29, 30] is a special-
purp osemonolithic super-analysis that simultaneously per-
forms constant propagation and unreachable code elimina-
tion. Click and Cooper [9] provide a lattice-theoretic ex-
planation of conditional constant propagation with special

o w functions de�ned over the composed domain. Pioli
and Hind [25] developed a monolithic analysis that com-
bines constant propagation and pointer analysis using spe-
cial combined 
o w functions. Chambers and Ungar manu-
ally combined class analysis, splitting, and inlining [7]. In
all these cases,the analyses had to be combined manually
in order for them to interact in mutually bene�cial ways. In
fact, Cousot and Cousot discussedproduct domains in ab-
stract interpretation, and proved that special 
o w functions
need to be used in order for the combination to produce
results better than the analyses performed separately [11].
This is unfortunate, becauseit seemsto demonstrate that
it is not possible to simultaneously write data
o w analy-
sesin a modular, reusable, replaceable fashion and achieve
the best solutions for analysesthat have mutually bene�cial
interactions.

We present an approach for de�ning data
o w analysesin
a modular way, while also allowing analysesto be automat-
ically combined and interact in mutually bene�cial ways.



This is achieved by changing the way that optimizations are
speci�ed. Traditionally , an optimization is de�ned in two
separate parts: (1) an analysis which produces data
o w in-
formation and (2) rules for transforming the program repre-
sentation once the analysis has been solved. Merging these
two speci�cations into one allows our framework to auto-
matically processanalyses in novel ways, and in particular
it allows our framework to combine modular analysesprof-
itably . The two speci�cations are combined by extending the
de�nition of 
o w functions: whereas traditional 
o w func-
tions only return data
o w values,our 
o w functions can also
return a sub-graph with which to replace the current state-
ment. Such replacement graphs are used by our framework
in two ways:

� Replacement graphs are used to compute the data
o w
information at the program point after the current state-
ment. This is achieved by recursively analyzing the
replacement graph in place of the original statement:
the input edgesof the replacement graph are initial-
ized with the data
o w values 
o wing into the original
statement, and then iterativ e data
o w analysis is per-
formed on the replacement graph. When this recursive
analysis reachesa �xed point, the valueson the output
edgesof the replacement graph are propagated to the
program point after the original statement. Once this
is done, the replacement graph can be thrown away; the
original statement remains unchanged. If the original
statement is analyzed again (with more conservativ e
inputs), the 
o w function can choose another (more
conservativ e) graph transformation, or no transforma-
tion at all. Thus, during analysis, graph replacements
are used as a convenient way of specifying what might
otherwise be a complicated 
o w function.

� Replacement graphs indicate what �nal transforma-
tions the analysis wants to do. Once a sound �xed
point has been reached, the last set of transformations
selectedduring analysis can be applied, yielding an op-
timized program.

Our new method for specifying optimizations imposesno
extra design e�ort, since the writer of an analysis needs to
specify graph transformations anyway to perform changes
to the intermediate representation. However, by changing
the way in which optimizations are speci�ed, our framework
can automatically processanalysesin novel ways:

� Because
o w functions are allowed to return graph re-
placements, our framework can automatically simulate
transformations during analysis, and therefore reach a
better solution. For example, using simple and straight-
forward 
o w functions de�ned in our framework, an
analysis writer can achieve the samee�ect as Wegman
and Zadeck's more complicated conditional constant
propagation algorithms [29, 30] (as will be shown in
section 2).

� Our way of de�ning 
o w functions allows modular anal-
yses to be automatically combined and achieve mutu-
ally bene�cial interactions. When one component anal-
ysis of a super-analysis selects a transformation, our
framework recursively analyzes the replacement graph
using the super-analysis, not just the component anal-
ysis that selected the transformation. As a result, all
other analysesimmediately seethe transformation, and
can bene�t from it. This key insight allows analyses

that are composedin our framework to implicitly com-
municate through graph transformations.

This method of communication through graph trans-
formations is natural becauseit is in fact the way that
analysescommunicate when they are run in sequence:
one analysis makes changes to the program represen-
tation that later analyses observe. However, analyses
that are automatically composed into a super-analysis
cannot interact in this way if the transformations are
only considered after the super-analysis �nishes. Our
method of automatically simulating transformations
during analysisallows individual components of a super-
analysis to communicate in the samenatural and mod-
ular way that sequentially executed analysesdo.

The key contributions of this paper can therefore be sum-
marized as follows:

� We intro duce a new technique for implicit communi-
cation between component analyses based on graph
transformations. This allows analyses to be written
modularly , while still getting mutually bene�cial re-
sults when they are composed. Section 2 outlines the
key ideas of our approach by showing how several op-
timizations can be de�ned in our framework.

� Using abstract interpretation [10], we formalize the use
of graph transformations as a method of communica-
tion between analyses that are combined together. In
particular, we show in sections 3 through 6 that our
combined super-analysis terminates, is sound if the in-
dividual analysesare sound, and under a certain mono-
tonicit y condition is guaranteed to produce no worse
results than running arbitrarily iterated sequencesof
the individual analyses.

� We have implemented our framework in the Vortex
compiler [13] and more recently in the Whirlwind com-
piler. Section 7 provides experimental results showing
that our framework can combine modular analysesau-
tomatically and pro�tably with low compile-time over-
head.

2. OVERVIEW OF OUR APPROACH
This section highlights the key ideas of our approach by

sketching how several optimizations can be de�ned in our
framework and explaining how they work on a few examples.
We �rst show how a single analysis and its transformations
can be combined into an integrated analysis, and then we
show how several integrated analysescan be automatically
combined into a single super-analysis.

2.1 Integrating Analysisand Transformation
Imagine that we have a compiler that usesa simple control


o w graph (CFG) intermediate representation. Flow func-
tions usually take as input the analysis information com-
puted at the program point before the statement being an-
alyzed and return the information to propagate to the pro-
gram point after the statement. The key novelty in our
framework is that 
o w functions also have the option of re-
turning a (possibly empty) sub-CFG with which to replace
the current statement. To expressthis in our examples, we
assumethat 
o w functions return something akin to an ML
datat ype with two constructors: the PR OPA GA TE con-
structor, which speci�es some data
o w value to propagate,



and the REPLA CE constructor, which speci�es a replace-
ment graph for the current statement.

As an initial example, we de�ne a constant propagation
and folding pass by giving a few of the key 
o w functions.
The information propagated by this analysis consistsof maps,
denoted by � , that associate variables in the program text
to either a constant, the symbol > (which indicates non-
constant), or the symbol ? (which indicates no informa-
tion). 1

The �rst 
o w function for constant propagation handles
statements that assign someconstant k to somevariable x:

F const � pr op Jx := kK� = PR OPA GA TE (� [x 7! k])

This 
o w function says that to analyze statements of this
form, the analysis should simply propagate an updated ver-
sion of its input map that associates x with k (but is other-
wise unchanged). Next, consider the 
o w function for binary
arithmetic operations:

F const � pr op Jx := y op zK� =
let t := � [y] bop � [z] in

if constant (t) then
REPLA CE (Jx := t K)

else
PR OPA GA TE (� [x 7! t ])

This 
o w function �rst computes the new abstract value t
for x using the bop operator, which is the standard extension
of op to > and ? :

a bop b =

8
><

>:

? if a = ? _ b = ?
> if : (a = ? _ b = ? ) ^ (a = > _ b = > )
a op b otherwise

If t is a constant, then the 
o w function performs constant
folding by replacing the current statement (x := y op z)
with a sub-CFG containing a single statement (x := t ) that
assigns x the value computed by the constant folded op-
eration. If t is not constant (either > or ? ) then the 
o w
function simply propagates its input map after updating the
binding for x.

Finally , we de�ne a 
o w function for conditional branches:

F const � pr op Jif b then goto L1 else goto L2 endK� =
if constant (� [b]) then

if � [b] = tr ue then
REPLA CE (Jgoto L1K)

else
REPLA CE (Jgoto L2K)

else
PR OPA GA TE (� )

This 
o w function either optimizes a constant conditional
branch by replacing it with a direct jump to the appropriate
target, or simply propagates its input map unchanged to
both targets if the branch condition is not constant.

In all cases,when a REPLA CE action is selected,the re-
placement graph is analyzed, and the result of the recursive
1 Throughout the pap er we use the abstract in terpretation convention
that ? represen ts no behaviors of the program and > represen ts all
possible behaviors. Th us, opp osite to the data
o w analysis literature,
? is the most optimistic information, and > is the most conserv ativ e
information.

analysis is propagated to the program point after the re-
placed statement. For example, when F const � pr op returns
REPLA CE (Jx := t K), the x := t statement is automati-
cally analyzed in place of the original statement, yielding a
map that associates x with the constant t . Although return-
ing PR OPA GA TE (� [x ! t ]) in this case would produce
the same data
o w value, it would not specify the constant
folding transformation. As another example, if a constant
branch is replaced with a direct jump, the framework au-
tomatically analyzes the direct jump in place of the condi-
tional, and in doing sosimulates the removal of the unreach-
able branch.2 While in the middle of an optimistic iterativ e
analysis of a statement in a loop, the REPLA CE action is
only simulated, with the replacement graph recursively ana-
lyzed but otherwise unused. Only after the analysis reaches
a sound �xed point is the original CFG modi�ed destruc-
tiv ely.

Consider applying the integrated constant propagation
and folding optimization to the following simple program:3

x := 10;
while (...) {

if (x == 10) {
DoSomething();

} else {
DoSomethingElse();
x := x + 1;

}
}
y := x;

As it enters the while loop, the analysis makes the op-
timistic assumption that x contains the constant 10. As a
result, the 
o w function for the if statement choosesto re-
place the conditional by a jump to the true branch, implicitly
deleting the false branch as dead code. However, this trans-
formation is not actually applied yet, since further iteration
might invalidate the inputs to the 
o w function. Instead, the
transformation is only simulated, producing the information
that x holds the value 10 at the end of the while loop. This
matches the optimistic assumption made when entering the
loop, and therefore a �xed point is reached. The most re-
cently selected transformations can now be applied, which
results in the following optimized code:

x := 10;
while (...) {

DoSomething();
}
y := 10;

The conditional constant propagation algorithms of Weg-
man and Zadeck [29, 30] would produce the sameoptimized
code asabove. However, their algorithm manually simulates
the e�ects of an optimization during analysis, whereas our
framework can do this work automatically .

Now consider what happens when the integrated analysis
is applied to a very similar program:
2 Unreac hable code elimination can either be built in to the framew ork,
as in Vortex, or done by a mo dular pass comp osed with all other
analyses, as in Whirlwind. In this section, we assume the framew ork
pro vides unreac hable code elimination because it mak es the examples
easier to follo w.
3 For clarit y, we use structured constructs such as if and while instead
of gotos. However, the underlying 
o w functions are still evaluated
over the nodes of the CF G.



x := 10;
while (...) {

if (x == 10) {
DoSomething();
x := x - 1;

} else {
DoSomethingElse();
x := x + 1;

}
}
y := x;

Again, as it enters the while loop, the analysis makes
the optimistic assumption that x contains the constant 10.
It also simulates the replacement of the if statement with
its true sub-statement. However, becauseof the decrement
of x, the analysis now associates x with 9 at the end of
the loop. When the join operations are applied at the loop
head to determine whether or not a �xed point has been
reached, the framework discovers that its initial assumption
was unsound, and it is forced to re-analyze the loop with
the more conservativ e assumption that x is > (10 t 9 = > ).
The second time through the loop, the if statement does
not chooseto do a transformation becausex is not constant,
and thus in the end no optimizations are performed.

2.2 Combining Multiple Integrated Analysesand
Transformations

The next example illustrates how our approach allows
multiple modular analyses to communicate through graph
replacements when they are automatically combined into a
super-analysis. As a result of the communication through
graph replacements, the composed super-analysis is able to
exploit mutually bene�cial interactions even though the in-
dividual analyses were written separately. We �rst de�ne
two more optimizations, class analysis and inlining. For
classanalysis (which maps each variable to the set of classes
of which values in the variable might be instances), we pro-
vide 
o w functions for new statements, messagesend state-
ments (virtual function calls), and instance-of tests. These

o w functions use two helper functions: subclasses , which
returns the subclassesof a given class, and method lookup ,
which returns the function that results from doing a method
lookup on a given classand a messageid.

F class � analy sis Jx := new CK� = PR OPA GA TE (� [x 7! f Cg])

F class � analy sis Jx := send y:ID(z1; : : : ; zn)K� =
let methods =

S
c2 � [y ] method lookup (c; I D ) in

if methods = f F g then
REPLA CE (Jx := F(y; z1; : : : ; zn)K)

else
PR OPA GA TE (� [x 7! > ])

F class � analy sis Jx := y instanceof CK� =
if � [y] � subclasses (C) then

REPLA CE (Jx := true K)
else if � [y] \ subclasses (C) = ; then

REPLA CE (Jx := false K)
else

PR OPA GA TE (� [x 7! f B oolg])

The key 
o w function for the inlining optimization phase
is shown below, where should inline is an inlining heuristic

that determines if a particular function should be inlined,
and subst formals is used to substitute the formals and
the result in the body of the inlined function: 4

F inlining Jx := F(y1; : : : ; yn)K� =
if should inline (F ) then

let G = body(F ) in
let G0 = subst formals (G; x; y1 ; : : : ; yn ) in

REPLA CE (JG0K)
else

PR OPA GA TE (� )

Now imagine that our framework is used to automatically
combine these three modularly de�ned analyses (constant
propagation, classanalysis, and inlining) into a single super-
analysis. The information propagated by the super-analysis
is the tuple of the information propagated by the individual
analyses,and the 
o w function for a particular statement is
a combination of the 
o w functions of the individual analy-
ses. The combined 
o w function performs each of the indi-
vidual 
o w functions, accumulating the individual analysis
information to propagate. If any individual analysis selects
a transformation action, then that transformation action is
selected by the composed 
o w function, causing the whole
super-analysis to be applied to the replacement graph, in lieu
of the original statement. On the other hand, if all individual
analysesselect propagation actions, then the overall action
of the composed 
o w function is propagation of the tuple
of the individual analysis informations. The separate indi-
vidual analysesinteract through transformations: when one
analysis selectsa transformation action, all the other analy-
sesare applied to the replacement graph, thereby bene�tting
from the simpli�cations of the program representation even
if they cannot independently justify the optimization.

Consider applying this super-analysis to the following sam-
ple program, where C and D are unrelated subclassesof the
A class:

decl x:A;
x := new C;
while (...) {

S1: decl b: Bool;
b := x instanceof C;

S2: if (b) {
x := send x.foo();

} else {
x := new D;

}
S3: }

class A {
method foo():A { return new A; }

};
class C extends A {

method foo():A { return self; }
};
class D extends A {
};

The composed analysis function of the �rst assignment
statement selects a propagation action, as all the individ-
ual analysis functions select propagation actions. On the
�rst pass through the while loop, optimistic iterativ e anal-
ysis will compute at label S1 the 3-tuple of information
4 Note that the inlining optimization is a pure transformation, and all
of its 
o w functions ignore the input data
o w value.



([x 7! > ]; [x 7! f Cg]; > ).5 The composed analysis of the
instanceof statement will select the transformation action
replacing the computation with b := true , sinceclassanal-
ysis elects to fold the instanceof test. However, the control

o w graph is not modi�ed, since the information on entry to
the 
o w function is only tentativ e and may be invalidated
by later iterativ e approximation. Instead, the replacement
graph is analyzed recursively, yielding a combined propaga-
tion action that yields the tuple ([x 7! > ; b 7! tr ue]; [x 7!
f Cg; b 7! f B oolg]; > ) at label S2. Analysis proceedsto the
if statement, where the constant propagation 
o w func-
tion selectsa transformation action replacing the conditional
branch with a direct jump to the true sub-statement (im-
plicitly deleting the false sub-statement as dead code). As
a result, analysis now proceedsto the true sub-statement,
where the 
o w function for classanalysis selectsa transfor-
mation action replacing the messagesend with a direct pro-
cedure call to the C::foo procedure. This replacement sub-
statement is analyzed, at which time the call is replacedwith
inlined code, yielding the statement x := x. Recursive anal-
ysis of this statement doesn't spawn any additional transfor-
mation actions, �nally propagating data
o w information to
label S3 of ([x 7! > ; b 7! tr ue]; [x 7! f Cg; b 7! f B oolg]; > ).
After dropping the bindings for out of scope variables (b), it-
erative analysis detects that a �xed point has beenreached,
at which point the most recently selected transformations
are applied, yielding the following optimized code (a later
dead-assignment elimination phasecould clean up this code
further):

decl x:A;
x := new C;
while (...) {

S1: decl b: Bool;
b := true;

S2: x := x;
S3: }

This optimized version is sound; it has the samebehavior
as the original code. But no single optimization phasealone,
nor arbitrarily iterated sequencesof separate optimization
phases,could have produced this code. Class analysis is the
only optimization that can fold the instanceof test, but it
requires constant propagation to fold the if statement and
thereby delete the other assignment to x, and it requires
inlining to exposethe implementation of the foo method to
the (in trapro cedural) classanalysis. If the analyseswere run
separately, no optimizations at all could be performed.

2.3 Usesin Practice
Our framework has beenimplemented in the Vortex com-

piler, which usesa standard CFG representation, and more
recently in the Whirlwind compiler, which usesa data
o w
graph (DF G) representation augmented with control-edges.
Both implementations support forward and backward data-

o w analyses,although the analysesthat are composedinto
a super-analysis must all have the samedirectionalit y. The
Vortex framework has beenusedto de�ne a number of inter-
esting analysesand optimizations, including constant propa-
gation and folding, symbolic assertion propagation and fold-
ing, copy propagation, common sub-expressionelimination
5 Recall that inlining is a pure transformation, and does not propagate
any meaningful data
o w information. We therefore arbitrarily choose
> as the third elemen t of the tuple to denote the inlining data
o w
information.

(CSE), must-point-to analysis, redundant load and store
elimination, dead assignment elimination, dead store elim-
ination, class analysis, splitting [7], and inlining. However,
some optimizations over the CFG, such as loop-invariant
code motion and instruction scheduling, do not currently
bene�t from the special features of our framework because
their optimizations cannot be expressedaslocal graph trans-
formations. We are currently looking at ways of relaxing the
localit y of graph replacements, as is explained in an accom-
panying technical report [22]. Nevertheless, even with the
local graph replacement restriction, compiler writers are no
worse o� using our framework for implementing such anal-
yses than they would be using any other extant data
o w
analysis framework: our framework supports writing a pure
analysis pass(i.e., one that makesno transformations) that
can be followed by a separate transformation pass, and in
fact this is how loop-invariant code motion has been imple-
mented using our framework in the Vortex compiler.

3. PRELIMIN ARIES
Now that we have outlined the key ideas of our approach,

we proceed to the formalization. In this section we de�ne
basic notation and the abstract intermediate representation
that we assumethroughout the rest of the paper. Section 4
reviews the well-know de�nition of a single analysis followed
by transformations, and serves as a foundation for the for-
malization of the novel parts of our framework in sections 5
and 6.

3.1 Notation
If A is a set, then A � is the set

S
i � 0 A i , where A k =

f (a1 ; : : : ; ak )jai 2 Ag. We denote the i th projection of a
tuple x = (x1 ; : : : ; xk ) by x[i ] , x i . Given a function f :
A ! B , we extend f to work over tuples by de�ning

�!
f :

A � ! B � as
�!
f (( x1 ; : : : ; xk )) , (f (x1); : : : ; f (xk )). We also

extend f to work over maps by de�ning ef : (O ! A) !
(O ! B ) as ef (m) , �o:f (m(o)).

We extend a binary relation R � 2D � D over D to tuples
by de�ning the

�!
R relation by:

�!
R (( x1 ; : : : ; xk ); (y1 ; : : : ; yk ))

i� R(x1; y1) ^ : : : ^ R(xk ; yk ). Finally , we extend a binary
relation R � 2D � D to maps by de�ning the eR relation as:
eR(m1 ; m2) i� for all elements o in the domain of both m1

and m2 , it is the casethat R(m1(o); m2(o)). To make the
equations clearer, we drop the tilde and arrow annotations
on binary relations when they are clear from context.

3.2 Intermediate Representation
We assume that programs are represented by directed

multigraphs with nodesrepresenting computations that pro-
duce values on their output edgeson the basis of the values
consumed from their input edges. The exact type of nodes,
edges,values,and the relativ e sparseness/densenessof a par-
ticular program representation are orthogonal to the main
ideasof this paper. Therefore we suppressthem by using an
abstract intermediate representation (IR) in which compu-
tations are represented by graphs. For example, if the com-
piler uses a CFG representation, then nodes are program
statements, and edgesare control-
o w edges. If instead the
compiler usesa DFG representation, then nodes are primi-
tiv e computations, and edgesare data
o w edges.

A graph in our IR is a tuple g = (N ; E ; I n; Out; I nE dges;
OutE dges) where N � N odes is a set of nodes(with N odes



being a prede�ned in�nite set), E � E dges is a set of edges
(with E dges being a prede�ned in�nite set), I n : N ! E �

speci�es the input edgesfor a node, Out : N ! E � spec-
i�es the output edgesfor a node, I nE dges 2 E � speci�es
the input edgesof the graph, and OutE dges 2 E � speci�es
the output edgesof the graph. Each node n in N repre-
sents a primitiv e computation mapping input edgesI n(n)
to output edgesOut (n), while a graph analogously repre-
sents a computation from input edgesI nE dges to output
edgesOutE dges. When necessary, we use subscripts to ex-
tract the components of a graph. For example, if g is a
graph, then its nodes are Ng , its edgesare Eg , and so on.

Note that our de�nition of the intermediate representation
uses ordered tuples to represent input and output edges,
becauseunordered sets would not be su�cien t to capture
some useful representations. For example, the two control-

o w output edgesof a branch node in a CFG are ordered:
one leads to the true computation, and the other leads to
the false computation. Similarly , the two data
o w inputs
to the \min us" node in a DFG are ordered.

4. A SINGLE ANALYSIS FOLLO WED BY
TRANSFORMATIONS

This section reviews the well-known lattice-theoretic for-
mulation of data
o w analysis frameworks using abstract in-
terpretation [10]. It shows how we use this formulation to
de�ne analysesand transformations over the abstract IR de-
�ned in the previous section, and provides the foundation for
describing our approach in sections 5 and 6.

4.1 De�nition
An analysis is a tuple A = (D ; t ; u ; v ; > ; ? ; �; F ) where

(D ; t ; u ; v ; > ; ? ) is a complete lattice, � : D c ! D is the
abstraction function, and F : N ode� D � ! D � is the 
o w
function for nodes. The elements of D , the domain of the
analysis, are data
o w facts about edges in the IR (which
would correspond to program points in a CFG represen-
tation). The 
o w function F provides the interpretation of
nodes: given a node and a tuple of input data
o w values,one
per incoming edge to the node, F produces a tuple of out-
put data
o w values, one per outgoing edge from the node.
D c is the domain of a distinguished analysis, the concrete
analysis C = (D c ; t c ; u c ; v c; > c ; ? c ; id; Fc), which speci�es
the concrete semantics of the program. For example, one
can de�ne C over a CFG representation using a collecting
semantics, with the elements of D c being sets of concrete
stores. Alternativ ely, for a DFG representation that com-
putes over integer values, the elements of D c could be sets
of integers. C is �xed throughout the paper, and we assume
that Fc and � are contin uous.

The solution of an analysis A over a domain D is provided
by the function SA : Gr aph � D � ! (E dges ! D ). Given
a graph g and a tuple of abstract values for the input edges
of g, SA returns the �nal abstract value for each edge in g.
This is done by initializing all edges in g to bottom, and
then applying the 
o w functions of A until a �xed point
is reached. A detailed de�nition of SA can be found in
appendix A. 6

An Analysis fol lowed by Transformations, or an AT-

6 Although the concrete solution function SC is usually not com-
putable, the mathematical de�nition of SC is still perfectly valid.
Our framew ork does not evaluate SC ; we only use SC to formalize the
soundness of analyses.

analysis for short, is a pair (A ; R) where A = (D ; t ; u ; v ;
> ; ? ; �; F ) is an analysis, and R : N ode� D � ! Gr aph[ f � g
is a local replacement function . The local replacement func-
tion R speci�es how a node should be transformed after the
analysis has been solved. Given a node n and a tuple of
elements of D representing the �nal data
o w analysis solu-
tion for the input edgesof n, R either returns a graph with
which to replace n, or � to indicate that no transformation
should be applied to this node. To be syntactically valid, a
replacement graph must have the samenumber of input and
output edgesas the node it replaces,and its nodesand edges
must be unique (so that splicing a replacement graph into
the enclosinggraph doesnot causecon
icts). We denote by
RFD the set of all replacement functions over the domain
D , or in other words RFD = N ode� D � ! Gr aph [ f � g.

After analysis completes, the intermediate representation
is transformed in a separate passby a transformation func-
tion T : RFD � Gr aph � (E dges ! D ) ! Gr aph. Given a
replacement function R, a graph g, and the �nal data
o w
analysis solution, T replaceseach node in g with the graph
returned by R for that node, thus producing a new graph.
A detailed de�nition of T can be found in appendix B. The
e�ect of an analysis followed by transformations is therefore
summarized as follows: given an analysis A over domain D ,
a replacement function R, an initial graph g, and abstract
values � 2 D � for the input edgesof g, the �nal graph that
(A ; R) produces is T (R; g; SA (g; � )).

4.2 Soundness
We want the graph produced by (A ; R) to have the same

concrete semantics as the original graph. This if formalized
in the following de�nition of soundnessof (A ; R):

Def 1. Let (A ; R) be an AT-analysis with A = (D a ; t ; u ; v ;
> ; ? ; �; Fa ). Let (g; � c ; � a ) 2 Gr aph � D �

c � D �
a such that

�!� (� c) v � a and let r = T (R; g; SA (g; � a )) . We say that
(A ; R) is sound i�:

� � � � � !
SC(r ; � c)(OutE dgesr ) =

� � � � � !
SC(g; � c)(OutE dgesg)

We de�ne here two conditions that together are su�cien t
to show that an AT-analysis is sound. First, the analysis A
in (A ; R) must be locally sound according to the following
de�nition:

Def 2. We say that an analysis A = (D a ; t ; u ; v ; > ; ? ;
�; Fa ) is locally sound i� it satis�es the fol lowing local sound-
ness property:

8(n; cs;ds) 2 N ode� D �
c � D �

a :
�!� (cs) v ds ) �!� (Fc(n; cs)) v Fa (n; ds)

(1)

If A is locally sound, then it is possible to show that A
is sound, meaning that its solution correctly approximates
the solution of the concrete analysis C. This is formalized
by the following de�nition and theorem, the latter of which
is proved in an accompanying technical report [22].

Def 3. We say that an analysis A = (D a ; t ; u ; v ; > ; ? ;
�; Fa ) is sound i�:

8(g; � c ; � a ) 2 Gr aph � D �
c � D �

a :
�!� (� c) v � a ) e� (SC(g; � c)) v SA (g; � a )

Theorem 1. If an analysis A is locally sound then A is
sound.



Property (1) is su�cien t for proving Theorem 1. Moreover
it is weaker than the local consistency property of Cousot
and Cousot (prop erty 6.5 in [10]), which is:

8(n; cs;ds) 2 N ode� D �
c � D �

a :
�!� (Fc(n; cs)) v Fa (n; �!� (cs))

Indeed, the above property and the monotonicit y of Fa im-
ply property (1). We use the weaker condition (1) because
in this way our formalization of soundnessdoes not depend
on the monotonicit y of Fa . As shown in sections5 and 6, the

o w function Fa is usually generated by our framework and
reasoning about its monotonicit y requires additional e�ort
on the part of the analysis writer. By decoupling our sound-
nessresult from the monotonicit y of Fa , we can guarantee
soundnesseven if Fa has not beenshown to be monotonic.7

Second, R must produce graph replacements that are
semantics-preserving. This is formalized by requiring that
the replacement function R be locally sound according to
the following de�nition:

Def 4. We say that a replacement function R in (A ; R)
is locally sound i� it satis�es the fol lowing local soundness
property, where A = (D a ; t ; u ; v ; > ; ? ; �; Fa ):

8(n; ds;g) 2 N ode� D �
a � Gr aph:

R(n; ds) = g )

[8cs 2 D �
c :�!� (cs) v ds )

Fc(n; cs) =
� � � � � !
SC(g; cs)(OutE dgesg)]

(2)

Property (2) requires that if R decidesto replacea node n
with a graph g on the basis of someanalysis result ds, then
for all possible input tuples of concrete values consistent
with ds, it must be the casethat n and g compute exactly
the sameoutput tuple of concrete values. It is not required
that n and g produce the sameoutput for all possibleinputs,
just those consistent with ds. For example, if A determines
that someinput edgee to n will always have a value between
1 and 100 then n and g are not required to produce the same
output for any input in which e is assigneda value outside
of this range.

We say that (A ; R) is locally sound i� both A and R are
locally sound. If (A ; R) is locally sound, then it is possibleto
show that (A ; R) is sound according to de�nition 1, which
meansthat the �nal graph produced by (A ; R) has the same
concretebehavior as the original graph. This is stated in the
following theorem, which is proved in a technical report [22].

Theorem 2. If an AT-analysis (A ; R) is locally sound, then
(A ; R) is sound.

4.3 Termination
If the lattice has �nite height, then the termination of

an analysis A = (D ; t ; u ; v ; > ; ? ; �; F ) is guaranteed from
within SA , even if F is not monotonic: as iteration proceeds,
SA forces the data
o w values to monotonically increase by
joining the next solution with the current solution at each
step. If the lattice has in�nite height, then the 
o w function
for loop header nodescan include widening operators [10] to
guarantee termination.

We chose to enforce termination from within SA , instead
of requiring F to be monotonic, for the samereasonwe chose
7 Termination in the face of a non-monotonic 
o w function is discussed
in section 4.3.

the weaker soundnesscondition (1): 
o w functions are gen-
erated by our framework, and proving that they are mono-
tonic requires additional e�ort on the part of the analysis
writer. By having termination and soundnessbe decoupled
from the monotonicit y of F , we allow analysis designersthe
option of not proving that F is monotonic. The drawback of
not having F be monotonic is that the �xed point computed
by SA is not necessarily a least �xed point anymore. As a
result, the solution returned by SA is not guaranteed to be
the most precise one.

5. INTEGRATING ANALYSIS AND
TRANSFORMATION

Now that we have de�ned a single analysis followed by
some transformations, we proceed to formalizing how our
framework integrates an analysis with its transformations.

5.1 De�nition
An Integrated Analysis is a tuple I A = (D ; t ; u ; v ;

> ; ? ; �; F R) where (D ; t ; u ; v ; > ; ? ) is a complete lattice,
� : D c ! D is the abstraction function, and F R : N ode�
D � ! D � [ Gr aph is a 
ow-r eplacement function . The 
o w-
replacement function F R takesa node and a tuple of input
abstract values, one per incoming edgeto the node, and re-
turns either a tuple of output abstract values, one per out-
going edgefrom the node, or a graph with which to replace
the node.

An integrated analysis is an analysis which has beencom-
bined with its transformations. The 
o w replacement func-
tion can now return graph transformations that are taken
into account during the �xed point computation, and used
after the �xed point has been reached to make permanent
transformations to the graph. The 
o w functions de�ned
in section 2 were in fact 
o w-replacement functions. The
PR OPA GA TE datat ype constructor corresponds to F R
returning an element of D � , whereas the REPLA CE con-
structor corresponds to F R returning an element of Gr aph.

The meaning of an integrated analysis is de�ned in terms
of an associated AT-analysis, for which the behavior has
already been de�ned in section 4.1. Given an integrated
analysis I A = (D ; t ; u ; v ; > ; ? ; �; F R), we de�ne the asso-
ciated AT-analysis AT I A as (A ; R), with A = (D ; t ; u ; v ;
> ; ? ; �; F ), where F and R are derived from F R as follows:

F (n; ds) =

(
F R(n; ds) if F R(n; ds) 2 D �

SolveSubGraphF (F R(n; ds); ds) otherwise

SolveSubGraphF (g; ds) =
� � � � � � !
SA (g; ds)(OutE dgesg)

R(n; ds) =

(
� if F R(n; ds) 2 D �

SolveSubGraphR (F R(n; ds); ds) otherwise

SolveSubGraphR (g; ds) = T (R; g; SA (g; ds))

The de�nition of F above shows how transformations are
taken into account while the analysis is running. If F R
returns a tuple of data
o w values, then that tuple is imme-
diately returned. If, on the other hand, F R choosesto do
a transformation, the replacement graph is recursively ana-
lyzed and the data
o w valuescomputed for the output edges
of the graph are returned. The next time the samenode gets
analyzed, F R can choose another graph transformation, or
possibly no transformation at all. Transformations are only



committed after the analysis has reached a �nal sound so-
lution, as speci�ed by the de�nition of R. If at the �nal
data
o w solution, F R returns a tuple of data
o w values,
then R returns � , indicating that the analysis has chosennot
to do a transformation. If, on the other hand, F R choosesa
replacement graph, then R returns this replacement graph
after transformations have beenapplied to it recursively. Al-
though the de�nition of R above reanalyzesrecursive graph
replacements, an e�cien t implementation, such as the ones
in Vortex and Whirlwind, can cache the solution of the last
replacement graph computed by F R for each node, so that
the transformation passneed not recompute them.

5.2 Soundness
An integrated analysis I A is sound if the associated AT-

analysis AT I A is sound. We de�ne here conditions that
are su�cien t to show that AT I A is sound, and therefore
that I A is sound. Intuitiv ely, we want the 
o w-replacement
function F R to satisfy condition (1) when it returns a tuple
of data
o w values, and condition (2) when it returns a re-
placement graph. Formally, this amounts to having I A be
locally sound according to the following de�nition:

Def 5. We say that an integrated analysis I A = (D ; t ; u ;
v ; > ; ? ; �; F R) is locally sound i� it satis�es the fol lowing
two local soundnessproperties:

8(n; cs;ds) 2 N ode� D �
c � D � :

F R(n; ds) 2 D � )

[�!� (cs) v ds ) �!� (Fc(n; cs)) v F R(n; ds)]

(3)

8(n; ds;g) 2 N ode� D � � Gr aph:

F R(n; ds) = g )

[8cs 2 D �
c :�!� (cs) v ds )

Fc(n; cs) =
� � � � � !
SC(g; cs)(OutE dgesg)]

(4)

Note that the �rst property is the sameas (1) with Fa re-
placed by F R, except for the additional antecedent
F R(n; ds) 2 D � , and the secondproperty is the sameas (2),
with R replaced by F R.

Theorem 3. If an integrated analysis I A is locally sound,
then the associated AT-analysis AT I A is sound, and there-
fore I A is sound.

Proving Theorem 3 involves showing that if F R satis�es
properties (3) and (4), then F and R asde�ned in section 5.1
satisfy properties (1) and (2) respectively. A proof is given
in an accompanying technical report [22].

5.3 Termination
As in the caseof an AT-analysis, the function SA forces

the solution to monotonically increaseas iteration proceeds,
even if the 
o w function F is not monotonic. If the designer
of the analysis puts in the e�ort to prove that F is mono-
tonic, then SA computes the least �xed point. Otherwise,
the result computed by SA is not necessarily a least �xed
point, but it is neverthelesssound as long as properties (3)
and (4) hold.

However, having the solution monotonically increaseis no
longer su�cien t to ensuretermination: it is now possiblefor
the 
o w functions to choosegraph replacements that cause
in�nite recursion of nested graph analysis. For example, an

inlining optimization could chooseto inline a recursive func-
tion inde�nitely . To ensuretermination, we require that the
user's graph replacements do not trigger such endlessrecur-
sive transformations. Graph replacements either obviously
simplify the program (such as deleting a node or replacing
a complex node with several simpler ones), and thus cannot
causeunbounded recursive graph replacements, or there are
standard ways of avoiding endlessrecursive graph transfor-
mations (for instance, by marking selectednodes in the re-
placement graph as non-replaceable). Our framework does
not enforce an arbitrary �xed bound on recursive graph re-
placements. Instead, we feel that individual data
o w analy-
seswill have their own most appropriate solution, which can
be explicitly implemented in the 
o w-replacement function.
This non-termination issue with our framework is already
present in any system that iterativ ely applies analysesand
transformations. Such systems have either imposed some
�xed bound on the number of iterations, or, as we do, re-
quire the analysesto avoid endlesstransformations.

6. COMBINING MULTIPLE ANALYSES
In this section, we de�ne how our framework automati-

cally combines several modular analyses,while still allowing
mutually bene�cial interactions.

6.1 De�nition
The Composition of k Integrated Analyses, or a Composed

Analysis for short, is a tuple CA = (I A 1 ; I A 2 ; : : : ; I A k ),
where each I A i is an integrated analysis (D i ; t i ; u i ; v i ;
> i ; ? i ; � i ; F R i ).

Here again, we de�ne the meaning of a composedanalysis
in terms of an associated AT-analysis. Given a composed
analysis CA = (I A 1 ; I A 2 ; : : : ; I A k ), we de�ne the associ-
ated AT-analysis ATCA as (A ; R), where A = (D ; t ; u ; v ;
> ; ? ; �; F ). We �rst de�ne the lattice (D ; t ; u ; v ; > ; ? ) of
the composedanalysis, then wede�ne the composedabstrac-
tion function � , the composed 
o w function F and �nally
the composedreplacement function R.

Comp osed lattice. The lattice (D ; t ; u ; v ; > ; ? ) of the
composed analysis is the product of the individual lattices,
namely:

� D , D 1 � D 2 � : : : � D k

� t is de�ned by (a1 ; : : : ; ak ) t (b1 ; : : : ; bk ) , (a1 t 1

b1 ; : : : ; ak t k bk )

� u is de�ned similarly to t

� v is de�ned by (a1 ; : : : ; ak ) v (b1 ; : : : ; bk ) , a1 v 1

b1 ^ : : : ^ ak v k bk

� > , (> 1 ; > 2 ; : : : ; > k ) and ? , (? 1 ; ? 2 ; : : : ; ? k )
Comp osed abstraction function. The abstraction func-

tion � : D c ! D is de�ned by � (c) , (� 1(c); : : : ; � k (c)).
Comp osed 
o w function. Before de�ning F , we must

�rst intro duce two helper functions, c2s and s2c. The �rst
function, c2s (which stands for \comp osed to single"), is
used to extract the data
o w valuesof an individual analysis
from the data
o w valuesof the composedanalysis. Given an
integer i , and an n-tuple of k-tuples, c2s returns an n-tuple
whoseelements are the i th entries of each k-tuple. Formally:

c2s(i; (x1 ; : : : ; xn )) , (x1 [i ]; : : : ; xn [i ])

For example, if ds 2 D � is a tuple of input values to a node
in the composedanalysis, then c2s(i; ds) is the tuple of input
values to that node for the i th component analysis.



The secondfunction, s2c (which stands for \single to com-
posed") has the exact opposite role as c2s: it combines the
data
o w values of individual analysesto form the data
o w
values of the composedanalysis. Formally, it is de�ned by

s2c(x1 ; : : : ; xk ) , (( x1 [1]; : : : ; xk [1]); : : : ; (x1 [n]; : : : ; xk [n]))

where each x i is an n-tuple. For example, if x1 ; : : : ; xk are
n-tuples, each onebeing the result of a single analysis for the
n output edgesof a given node, then s2c(x1 ; : : : ; xk ) is the
output tuple of the composedanalysis for that node. Also,
note that c2s(i; s2c(x1 ; : : : ; xk )) = x i .

We are now ready to give the de�nition of F :

F (n; ds) = s2c(r es1 ; : : : ; r esk )

where for each i 2 [1::k]:

r esi = lr esi u i u i
g2 gs i

c2s(i; SolveSubGraphF (g; ds))

l r esi =

(
f r esi if f r esi 2 D �

i

c2s(i; SolveSubGraphF (f r esi ; ds)) otherwise

f r esi = F R i (n; c2s(i; ds))

gsi = Gr aph \
[

j 2 [1 ::k ]^ j 6= i

f f r esj g

and

SolveSubGraphF (g; ds) =
� � � � � � !
SA (g; ds)(OutE dgesg)

The above de�nition looks daunting but it is in fact quite
simple. To compute the result r esi of the i th analysis, the
composed
o w function �rst determines what the i th analy-
sis would do in isolation by evaluating F R i and storing the
result in f r esi . The next step is to determine the data
o w
value lr esi that results from the selectedaction. l r esi is ei-
ther f r esi if f r esi is a tuple of data
o w values, or the result
of a recursive analysis if f r esi is a replacement graph. Fi-
nally, the expressionfor r esi takesinto account not only the
action of the i th analysis, through the lr esi term, but also
the actions of other analyses,through the secondterm. This
second term of r esi computes the result of the i th analysis
on all graph replacements (gsi ) selected by other analyses.
Becausegraph replacements are required to be sound with
respect to the concrete semantics, they are sound to apply
for any analysis, not just the one that selected them. This
means that the result produced by the i th analysis on any
graph replacement is sound given the current data
o w ap-
proximation. Doing a meet of theserecursive results, each of
which is sound, provides the most optimistic inference that
can be soundly drawn.

This last term in the de�nition of r esi is important for
two reasons. First, it allows analyses to communicate im-
plicitly through graph replacements. If one analysis makes
a transformation, then the chosen graph replacement will
immediately be seenby other analyses. Second, it ensures
the precision result which we cover in section 6.4. Because
all potential graph replacements are recursively analyzed,
and the returned value is the most optimistic inference that
can be drawn from these recursive results, we are guaran-
teed to get results which are at least as good as any inter-
leaving of the individual analyses. Although analyzing all

potential graph replacements is theoretically required to en-
sure this precision result, an implementation could choose
to recursively analyze only a subset of the potential graph
replacements. The Vortex and Whirlwind implementations
in fact only analyze those graph replacements selected by
the P I CK function de�ned below.

Comp osed replacemen t function. The de�nition of
R relies on a cost function P I CK : 2Gr aph ! Gr aph [ f � g
to select which graph replacement to apply if more than one
analysis selects a transformation. Although the composed

o w function recursively analyses all graph replacements,
only one of these graphs can actually be applied once the
analysis has reached �xed point. The P I CK function is
used to make this decision: given a set of graphs, P I CK
selects at most one of them to apply, which means that if
P I CK (gs) = g, then either g = � , or g 2 gs. R can now be
de�ned as follows:

R(n; ds) =

(
� if P I CK (gs) = �
SolveSubGraphR (P I CK (gs); ds) otherwise

where gs = Gr aph \
S

j 2 [1 ::k ] f F R j (n; c2s(j; ds))g

SolveSubGraphR (g; ds) = T (R; g; SA (g; ds))

This de�nition of R is very similar to the one for an inte-
grated analysis from section 5.1, except that here the P I CK
function selectswhich graph to apply from the set (gs) of all
potential replacement graphs. If P I CK selectsno transfor-
mation, then R doesthe same. If, however, P I CK choosesa
replacement graph, then this replacement graph is returned
after transformations have been applied to it recursively.

6.2 Soundness
A composed analysis CA is sound if the associated AT-

analysis ATCA is sound. We say that a composed analy-
sis CA = (I A 1 ; I A 2 ; : : : ; I A k ) is locally sound if each in-
tegrated analysis I A i is locally sound (according to de�ni-
tion 5).

Theorem 4. If a composed analysis CA is locally sound,
then the associated AT-analysis AT CA is sound, and there-
fore CA is sound.

Theorem 4 says that if each integrated analysis has been
shown to be sound (by showing that each one is locally
sound), then the composedanalysis is sound. Proving The-
orem 4 involvesshowing that if each F R i satis�es properties
(3) and (4), then F and R as de�ned in section 6.1 satisfy
properties (1) and (2) respectively. A proof is given in an
accompanying technical report [22].

6.3 Termination
Termination is handled in a similar way to the case of

integrated analyses from section 5.3. The only di�erence
is that the analysis designer must now show that the com-
posed analysis does not cause endless recursive graph re-
placements. Even if each integrated analysis by itself does
not causein�nite recursive analysis, the interaction between
two analyses can. For example, two analyses can oscillate
back and forth, the �rst one optimizing a statement that
the secondone reverts back to the original form. However,
as long as the lattice has �nite height, our framework does
guarantee that non-termination will never be causedby in-
�nite traversal of the lattice.



6.4 Precisionof ComposedAnalyses
The soundnessresult from section 6.2 guarantees that the

information computed by the composed analysis correctly
approximates the actual behavior of the program. It does
not however say anything about the precision of the com-
puted information. After all, if the composed 
o w function
always returned > , it would still be sound (and in fact mono-
tonic). In this section we show that in addition to being
sound, the composed analysis is at least as precise as any
iterated sequenceof the individual analyses.

Consider running a set of analysesin sequencewithout re-
peating any analysis. This sequencegeneratesfor each edge
in the original graph one data
o w value per analysis.8 The
composition of these analyses also computes one data
o w
value per analysis per edge,except that the method for com-
puting the data
o w values is di�eren t. Our precision result
states that if the composed
o w function is monotonic, then
for any edge,the data
o w valuescomputed by the composed
analysis are at least as precise (in a lattice theoretic sense)
as the data
o w valuescomputed by the analysesrunning in
sequence. This guarantees that the composition cannot do
worse than running the analyses in sequence. In practice,
however, the composition often doesbetter, and an example
of this was shown in section 2.2. Once the precision result
for analyses without iteration is proved, it is easy to gen-
eralize it for arbitrarily iterated sequencesof analyses. We
refer the reader to an accompanying technical report [22] for
a formal statement and a proof of the precision theorem.

In order to guarantee the precision result, the analysis
writer must show that the composed
o w function is mono-
tonic. Even if each integrated analysis in the composition is
monotonic in isolation, interaction through graph replace-
ments can lead to a non-monotonic composed 
o w func-
tion. In particular, the graph replacement that one analy-
sis choosesmay produce non-monotonic results for another
analysis. One can prove that the composed
o w function is
monotonic by establishing a partial order on all the possi-
ble replacement graphs for a given node, and showing that
smaller inputs to an integrated analysis produce smaller
sub-graphs, and that smaller sub-graphs lead to smaller
computed values when the combined analysis is recursively
solved. This is usually not di�cult becausefor any onegiven
node, there are only a few typesof replacement graphs. For
example, in the caseof virtual function calls, there is only
one replacement graph (the one that changesthe virtual call
to a static call), and in the caseof assignment statements,
there are only a handful of replacement graphs (such as the
empty sub-graph, the sub-graph generatedby constant fold-
ing, and the sub-graph generated by CSE).

7. EXPERIMENT AL RESULTS
In this section we provide experimental results showing

that our approach for communication between analyses is
useful in practice. We have collected performance numbers
for the Vortex compiler [13] using several Cecil [5] bench-
marks. The individual analyses under consideration are:
classanalysis [7], splitting [7], inlining, constant propagation

8 Edges are never remo ved by the transformation function T . When
a node is replaced by an empt y subgraph, the adjacen t edges are
disconnected from the node, but remain in the graph. As a result
edges in the original graph are guaran teed to exist, even by the time
the last analysis runs, although they may be completely disconnected
by then.

benchmark monolithic comp- modular- modular-
(num lines9) posed iterated once
queens 1.00 1.02 1.25 13.14
(50) 1.00 1.17 6.17 0.84
life 1.00 1.00 1.09 7.39
(80) 1.00 1.17 5.72 0.83
msort 1.00 0.99 1.01 6.28
(110) 1.00 1.11 6.04 0.20
�t 1.00 1.00 0.98 3.00
(150) 1.00 1.00 6.06 0.71
richards 1.00 1.00 1.07 13.66
(400) 1.00 1.18 6.52 1.03
deltablue 1.00 1.03 0.94 12.89
(650) 1.00 1.20 6.54 0.66
instr-sched 1.00 1.00 1.01 3.78
(2,400) 1.00 1.18 5.80 1.02
typechecker 1.00 1.01 1.01 5.30
(20,000) 1.00 1.18 6.55 0.94
new-tc 1.00 1.05 1.03 4.57
(23,500) 1.00 1.17 6.09 1.16
compiler 1.00 1.02 1.00 4.05
(50,000) 1.00 1.15 7.46 1.22

Figure 1: Performance numbers for the Vortex compiler.
For each benchmark, the �rst row of numbers shows the
runtime of the generated code, and the second row shows
compile-time, all normalized to the monolithic con�gura-
tion.

and folding, common sub-expressionelimination, removal of
redundant loads and stores, and symbolic assertion propa-
gation.

We used four di�eren t con�gurations of the compiler:
� The monolithic con�guration uses a manually writ-

ten monolithic analysis that incorporates all the op-
timizations of the individual analyses. This analysis
was written before our framework was implemented,
and it acts as the \gold standard" against which other
con�gurations are measured.

� The composed con�guration automatically composes
the analysesusing our framework.

� The modular-iter ated con�guration runs the analyses
in sequence,iterating until no more transformations
are performed.

� The modular-once con�guration runs the analyses in
sequenceonce.

Figure 1 shows for each benchmark the runtime of the gen-
erated code (the �rst row of numbers for the benchmark),
and the runtime of the compiler (the second row of num-
bers for the benchmark), all normalized to the monolithic
con�guration. Due to run-to-run variations, di�erences of a
few percent are not signi�can t. Smaller numbers are better
since they indicate faster runtime.

The important facts to note are the following:

� The modular-once con�guration generates code that
runs 3-13 times slower than the monolithic con�gu-
ration. This indicates that the analyses exhibit non-

9 The num ber of lines of code is appro ximate and does not include
11,000 lines of library code that gets compiled with the benchmarks.



trivial mutually bene�cial interactions in these bench-
marks. The key interaction here is between inlining
and class analysis. Merging these two analyses leads
to more precise class analysis information, and this is
crucial for optimizing a pure object-oriented language
lik e Cecil, since it allows inlining of messagesends in
critical loops.

� The iterated con�guration generates code that runs
nearly asfast asthe monolithic version, but slows down
compile-time by at least a factor of 5.

� The composed con�guration (which uses our frame-
work) generates code that runs as fast as the mono-
lithic version, while incurring a compile-time cost of
lessthan 20%. This shows that our technique for com-
munication through graph transformations can cap-
ture (with low compile-time overhead) the casesneeded
in practice to exploit mutually bene�cial interactions.

8. EXTENSIONS TO THE BASEFRAMEW ORK
This section describesan extension to the baseframework.

Other extensions, including the interpro cedural aspect of
our framework, are described in two technical reports [6,
22].

In addition to supporting communication via graph trans-
formations, our framework also supports communication via
what we call snooping. Snooping allows the 
o w function of
one analysis to look at the data
o w values being produced
by other analysesrunning in parallel with the �rst. Snoop-
ing is used in our framework to allow analysesthat make no
transformations (which we call pure analyses) to commu-
nicate information to other analyses. Pointer analysis, for
example, can be framed as a pure analysis, on which other
optimizations can snoop. Snooping does not however make
communication through graph replacements less useful: al-
though snooping is used to communicate from pure analy-
ses to other analyses, graph transformations are still used
to communicate in the other direction, from other analyses
to pure analyses. For instance, pointer analysis can produce
better results when it is composedwith other analysessuch
as constant propagation and inlining, becauseit will be ex-
posedto the simplifying graph transformations of the other
analyses.

Snooping violates the strict modularit y of individual anal-
ysespresented so far, becausethe snooping analysis is aware
of the possibility of being combined with other analyses,
and knows how to interpret the information they are com-
puting. However, the snooping analysis need not always be
combined with the analyseson which it snoops, becausede-
fault implementations of any missing analyses that simply
set all snooped-on edgesto > can be provided automatically
by the framework, causing the snooping analysis to behave
conservativ ely. The abilit y to reusethe snooping analysis in
other analysis combinations is not hindered.

9. RELATED WORK
A number of analysis frameworks have beendeveloped for

making intra- and interpro cedural analyses easier to write
and reason about, including Sharlit [27], SPARE [28],
FIA T [17], McCAT [19], System-Z [34], PAG [2], the k-tuple
data
o w analysis framework [23], and Dwyer and Clarke's
system [15]. However, none of these systems address in-
tegrating transformations with analyses, nor automatically

combining analysespro�tably .
Nelson and Oppen [24] describe how under certain condi-

tions satis�abilit y programs for several theories can be com-
bined into a satis�abilit y program for the combined theory.
Click and Cooper [9] de�ne formally the circumstances in
which two data
o w analyses should be integrated to reach
better �xed points than repeated sequencesof the two anal-
ysesrun separately. Cousot and Cousot [11] also point out
that such interactions can arise. However, in all thesecases,
the composition needsto be done manually by de�ning spe-
cial 
o w functions over the combined data
o w information.

Whit�eld and So�a [32, 33] have developed a framework
for examining the interactions between di�eren t optimiza-
tions. By analyzing the pre- and post-conditions of opti-
mizations, their framework can determine if one optimiza-
tion helps or hinders another optimization. This informa-
tion can then be used to select an order in which to run the
optimizations. However, they do not provide a method for
exploiting mutually bene�cial transformations: when cyclic
interactions are found between optimizations, a linear or-
der is still chosen, based on experimental results or on the
perceived importance of the optimizations.

Assmann [3, 4] has developed a technique for uniformly
specifying analysesand transformations using graph rewrite
rules which trigger based on pattern matching. An analy-
sis is de�ned by rewrite rules that add edgesto the graph,
thus creating a relation which encodes the analysis results.
Transformations are then speci�ed using rewrite rules that
trigger on patterns which can include edgesadded by the
analysis, thus allowing transformations basedon the analy-
sis results. Assmann's work, however, is not motiv ated by
the phaseordering problem. In fact, he argues that his sys-
tem works better when the analysesare written individually
and run in sequence,instead of having a large graph rewrite
system that composesmultiple analyses,becauseit becomes
hard to reason about the termination of such large rewrite
systems. His formalization of graph rewrite systems is also
mainly concernedwith termination, and he doesnot provide
soundnessor precision results, as we do. Finally , Assmann's
framework cannot handle arbitrary abstract interpretations,
whereasour framework can. On the other hand, his formu-
lation does allow a richer set of transformations, because
edgesand nodes can be arbitrarily replaced. Clients of our
framework would simply sequenceanalysesand transforma-
tions if non-local graph replacements are needed, as in all
other frameworks, including Assmann's.

There is also a large body of literature on advanced and
e�cien t program representations [16, 12, 8, 14, 21, 31, 1,
18, 20, 26]. The de�nition of our framework is independent
of the speci�c program representation used, and thus our
work should be applicable to a wide range of graph-based
intermediate representations. In fact, our current Whirl-
wind implementation works over both control 
o w graphs
and data
o w graphs.

10. CONCLUSION
We have presented a framework that allows modular anal-

yses to be automatically composed and achieve mutually
bene�cial interactions through graph transformations. We
have shown that the composedanalysis terminates, is sound
if the individual analyses are sound, and under a certain
monotonicit y condition is guaranteed to produce no worse
results than running arbitrarily iterated sequencesof the in-



dividual analyses(but often produces better results).
Our framework has been implemented and used success-

fully in the Vortex compiler, and more recently in the Whirl-
wind compiler. Our approach allowed us to regain modular-
it y while still maintaining the bene�ts of mutually bene�-
cial interactions. Manually simulating transformations while
the analysis is running is tedious and error-prone. Man-
ually composing analyses pro�tably is even harder. Using
our framework, we were able to design, debug, and reason
about analysesseparately, while combining them pro�tably
with little additional e�ort than the design of the individual
parts.

Acknowledgments
This research is supported in part by an NSF grant (number
CCR-9503741), an NSF Young Investigator Award (number
CCR-9457767), and gifts from Sun Microsystems, IBM, Xe-
rox PARC, Object Technology International, Edison Design
Group, and Pure Software. We would lik e to thank Jef-
frey Dean for his work on the implementation of the Vortex
data
o w analysis engine, and Tapan Parikh for his work on
an early formalization of our framework. We would also lik e
to thank Manuvir Das, Vino d Grover, Todd Millstein and
the anonymous reviewers for their useful suggestionson how
to improve the paper.

11. REFERENCES

[1] A. Aik en and E. Wimmers. Solving systems of set con-
strain ts. In Proceedings of the 7'th IEEE Symposium on
Logic in Computer Science, pages329{340, Santa Cruz, CA,
June 1992.

[2] Martin Alt and Florian Martin. Generation of e�cien t inter-
procedural analyzers with PAG. In Proceedings of the Second
International Static Analysis Symposium, LNCS 983, pages
33{50, Glasgow, Scotland, September 1995. Springer-V erlag.

[3] Uwe Assmann. How to uniformly specify program analysis
and transformations with graph rewrite systems. In Proceed-
ings of the CC'96. 6'th International Conference on Com-
piler Construction , pages 121{135. Springer-V erlag, April
1996.

[4] Uwe Assmann. Graph rewrite systems for program optimiza-
tion. ACM Transactions on Programming Languages and
Systems, 22(4):583{637, 2000.

[5] Craig Chambers. The Cecil language: Speci�cation and ra-
tionale. Technical Report UW-CSE-93-03-05, Departmen t of
Computer Science and Engineering. Univ ersity of Washing-
ton, March 1993. Revised, March 1997.

[6] Craig Chambers, Je�rey Dean, and David Grove. Frame-
works for intra- and interpro cedural data
o w analysis. Tech-
nical Report UW-CSE-96-11-02, Univ ersity of Washington,
November 1996.

[7] Craig Chambers and David Ungar. Iterativ e type analysis
and extended message splitting: Optimizing dynamically-
typed object-orien ted programs. In Proceedings of the ACM
SIGPLAN '90 Conference on Programming Language De-
sign and Implementation , pages 150{164, June 1990.

[8] Jong-Deok Choi, Ron Cytron, and Jeanne Ferrante. Auto-
matic construction of sparse data 
o w evaluation graphs. In
Conference Record of the Eighteenth Annual ACM Sympo-
sium on Principles of Programming Languages, pages55{66,
January 1991.

[9] Cli� Clic k and Keith D. Cooper. Combining analyses, com-
bining optimizations. ACM Transactions on Programming
Languages and Systems, 17(2):181{196, March 1995.

[10] Patric k Cousot and Radhia Cousot. Abstract interpretation:
A uni�ed lattice model for static analysis of programs by
construction or approximation of �xp oints. In Conference

Record of the Fourth ACM Symposium on Principles of Pro-
gramming Languages, pages 238{252, January 1977.

[11] Patric k Cousot and Radhia Cousot. Systematic design of
program analysis frameworks. In Conference Record of the
Sixth Annual ACM Symposium on Principles of Program-
ming Languages, pages 269{282, January 1979.

[12] Ron Cytron, Jeanne Ferrante, Barry K. Rosen, Mark N.
Wegman, and F. Kenneth Zadeck. An e�cien t method of
computing static single assignment form. In Conference
Record of the Sixteenth Annual ACM Symposium on Princi-
ples of Programming Languages, pages25{35, January 1989.

[13] J. Dean, G. DeFouw, D. Grove, V. Litvino v, and C. Cham-
bers. Vortex: An optimizing compiler for object-orien ted lan-
guages. In OOPSLA'96 Conference Proceedings, pages 83{
100, Octob er 1996.

[14] Dhananja y M. Dhamdhere, Barry K. Rosen, and F. Ken-
neth Zadeck. How to analyze large programs e�cien tly and
informativ ely. SIGPLAN Notic es, 27(7):212{223, July 1992.
Proceedings of the ACM SIGPLAN '92 Conference on Pro-
gramming Language Design and Implementation .

[15] Matthew B. Dwy er and Lori A. Clark e. A 
exible architec-
ture for building data 
o w analyzers. In 17th International
Conference on Software Engineering , pages554{564, Berlin,
Germany, March 1998.

[16] Jeanne Ferrante, Karl J. Ottenstein, and Joe D. Warren.
The program dependence graph and its use in optimiza-
tion. ACM Transactions on Programming Languages and
Systems, 9(3):319{349, July 1987.

[17] M.W. Hall, J.M. Mellor-Crummey , A. Carle, and R. Ro-
driguez. Fiat: A framework for interpro cedural analysis and
transformation. In The Sixth Anunual Workshop on Paral lel
Languages and Compilers , August 1993.

[18] Nevin Heintze. Set-based analysis of ml programs. In Pro-
ceedings of the 1994 ACM Conference on Lisp and Func-
tional Programming , pages 306{317, Orlando, FL, June
1994.

[19] Laurie J. Hendren, Mary am Emami, Rakesh Ghiy a, and
Clark Verbrugge. A practical context-sensitiv e interpro ce-
dural analysis framework for c compilers. Technical Report
ACAPS Technical Memo 72, McGill Univ ersity School of
Computer Science, July 1993.

[20] Suresh Jagannathan and Stephen Weeks. A uni�ed treat-
ment of 
o w analysis in higher-order languages. In Confer-
ence Record of the 22nd ACM SIGPLAN-SIGA CT Sympo-
sium on Principles of Programming Languages, pages 393{
407, January 1995.

[21] Richard Johnson and Keshav Pingali. Dependence-based
program analysis. In Proceedings of the ACM SIGPLAN '93
Conference on Programming Language Design and Imple-
mentation , pages 78{89, June 1993.

[22] Sorin Lerner, David Grove, and Craig Chambers. Compos-
ing data
o w analyses and transformations. Technical Re-
port UW-CSE-01-11-01, Univ ersity of Washington, Novem-
ber 2001.

[23] Stephen P. Masticola, Thomas J. Marlo we, and Barbara G.
Ryder. Lattice frameworks for multisource and bidirectional
data 
o w problems. ACM Transactions on Programming
Languages and Systems, 17(5):777{803, September 1995.

[24] Greg Nelson and Derek C. Opp en. A simpli�er based on
e�cien t decision algorithms. In Conference Record of the
Fifth Annual ACM Symposium on Principles of Program-
ming Languages, pages 141{150, January 1978.

[25] An thony Pioli and Mic hael Hind. Combining interpro cedu-
ral pointer analysis and conditional constant propagation.
Technical Report 21532, IBM T.J. Watson Center, March
1999.

[26] Vugranam C. Sreedhar, Guang R. Gao, and Yong fong Lee.
A new framework for exhaustiv e and incremental data 
o w
analysis using DJ graphs. In Proceedings of the ACM SIG-
PLAN '96 Conference on Programming Language Design
and Implementation , pages 278{290, May 1996.

[27] Steven W. K. Tjiang and John L. Hennessy. Sharlit { a tool



for building optimizers. In Proceedings of the 5th ACM SIG-
PLAN Conference on Programming Language Design and
Implementation , pages 82{93, July 1992.

[28] G. A. Venkatesh and Charles N. Fischer. SPARE: A devel-
opment environmen t for program analysis algorithms. IEEE
Transactions on Software Engineering , 18(4):304{318, April
1992.

[29] Mark N. Wegman and F. Kenneth Zadeck. Constant prop-
agation with conditional branches. ACM Transactions on
Programming Languages and Systems, 13(2):181{210, April
1991.

[30] Mark N. Wegman and Frank Kenneth Zadeck. Con-
stant propagation with conditional branches. In Conference
Record of the Twelfth Annual ACM Symposium on Prin-
ciples of Programming Languages, pages 291{299, January
1985.

[31] Daniel Weise, Roger F. Crew, Mic hael Ernst, and Bjarne
Steensgaard. Value dependence graphs: Representation
without taxation. In Conference Record of the 21st ACM
SIGPLAN-SIGA CT Symposium on Principles of Program-
ming Languages, pages 297{310, January 1994.

[32] Debbie Whit�eld and Mary Lou So�a. An approach to order-
ing optimizing transformations. In Second ACM SIGPLAN
Symposium on Principles and Practice of Paral lel Program-
ming (2nd PPOPP'90), SIGPLAN Notic es, pages 137{146,
March 1990.

[33] Deborah L. Whit�eld and Mary Lou So�a. An approach for
exploring code impro ving transformations. ACM Transac-
tions on Programming Languages and Systems, 19(6):1053{
1084, November 1997.

[34] Kw angkeun Yi and Williams Ludw ell Harrison I I I. Auto-
matic generation and management of interpro cedural pro-
gram analyses. In Conference Record of the Twentieth ACM
SIGPLAN-SIGA CT Symposium on Principles of Program-
ming Languages, pages 246{259, January 1993.

APPENDIX
A. DEFINITION OF THE SOLUTION FUNC­

TION S
Given an analysis A = (D ; t ; u ; v ; > ; ? ; �; F ), a graph g

and a tuple of data
o w values � 2 D � for the input edgesof
g, SA (g; � ) is de�ned as follows.

First, we de�ne the interpretation function I nt : Eg �
(Eg ! D ) ! D as in Cousot and Cousot [10]: given an
edge e and the current data
o w solution m, I nt computes
the data
o w value for e at the next iteration. I nt is de�ned
as:

I nt (e;m) =

(
� [k] if 9k:e = I nE dgesg [k]
F (n; �!m(I ng (n)))[ k] where e = Out g (n)[k]

The global 
o w function F G : (Eg ! D ) ! (Eg ! D )
takesa map representing the current data
o w solution, and
computes the data
o w solution at the next iteration. F G is
de�ned as:

F G(m) = �e:I nt (e;m)

The global ascending 
o w function F GA is the same as
F G, except that it joins the result of the next iteration with
the current solution before returning. This ensuresthat the
solution monotonically increasesas iteration proceeds,even
if F is not monotonic. F GA is de�ned as:

F GA(m) = F G(m) et m

Finally , the result of SA is a �xed point of F GA (the least

�xed point if F is monotonic):

SA (g; � ) =
1G

n =0

F GA n ( e? )

where e? , �e: ? , F GA 0 = �x:x and F GA k = F GA �
F GA k � 1 for k > 0.

B. DEFINITION OF THE TRANSFORMATION
FUNCTION T

Given a replacement function R, a graph g and someanal-
ysis results m, T (R; g; m) is de�ned as follows. First, we
intro duce the update function Update : Gr aph � N ode �
Gr aph ! Gr aph, which is used to replace a single node in a
graph. Given an original graph old, a node n and a replace-
ment graph r epl for this node, Update returns the result of
replacing the node n with r epl in old. Update is de�ned as
follows:

Update(old; node;r epl) = (Nnew ; Enew ; I nnew ; Out new ;

I nE dgesnew ; OutE dgesnew )

where

Nnew = (Nold � f ng) [ N r epl

Enew = (Eold [ E r epl )�

(E lmts (I nE dgesr epl ) [ E lmts (OutE dgesr epl ))

with E lmts (tupl e) = f dj9i:tupl e[i ] = dg

I nE dgesnew = I nE dgesold

OutE dgesnew = OutE dgesold

I nnew (s) =

(
I nold (s) if s 2 Nold � f ng
� � � � !
ReplI n(I nr epl (s)) if s 2 N r epl

Out new (s) =

(
Out old (s) if s 2 Nold � f ng
� � � � � !
ReplOut (Out r epl (s)) if s 2 N r epl

and

ReplI n(e) =

(
I nold (n)[k] if 9k:e = I nE dgesr epl [k]
e otherwise

ReplOut (e) =

(
Out old (n)[k] if 9k:e = OutE dgesr epl [k]
e otherwise

We now de�ne Update� , a simple extension to Update that
works correctly if the replacement graph is � :

Update� (g; n; r ) =

(
g if r = �
Update(g; n; r ) otherwise

The graph returned by T (R; g; m) is then simply the it-
erated application of Update� on all the nodes of g. Thus,
T (R; g; m) is de�ned by:

T (R; g; m) = I T (R; g; m; Ng )

where I T (which stands for I ter atedT) is:

I T (R; g; m; N ) =

(
I T (R; gnew ; m; N � f ng) if 9n 2 N
g if N = ;

with

gnew = Update� (g; n; R(n; �!m(I ng (n))))


