Solutions to Homework Two CSE 101

1. While discussing algorithms for computing the Fibonacci numbers F,,, we came across the recurrence

relation
Tn—1)+Tn—-2)+1 ifn>1
T(n) = 2 ifn=1
1 ifn=0

(a) Show by induction that T'(n) = Fn43 — 1.
Proof by induction: T'(n) is certainly F, 13 — 1 for n = 0,1. Assume it holds for 0,1,...,n; we’ll
now show that it holds for n + 1 also. By definition,

Tn+1)=Tn)+T(n—1)+1.

We can use the inductive hypothesis (and also the definition of F},) to rewrite the right hand side
and complete the proof:

Tn+1) = (Fupz— 1)+ Fpp2—1)+1
(Fn+3 +Fn+2) -1
= Foyq—1

(b) Show that T(n) = O(F,).
First, T'(n) > F, for n > 0, since

T(n)=Fnys—1=Fopo+ Fopn =12 Fupo 2 Fy
(the middle step uses F,, 11 > 1 for all n > 0). Also, T'(n) < 5F, since
T(n)=Fuys—1=Fopo+ Fop1—1=Fupi+ Fu+ Fu+ F1 —1=3F, +2F, 1 — 1 <5F,.
Since F,, < T'(n) < 5F,, it follows that T'(n) = ©(F,).

2. Ezercise 3.2(b).

Tree edges: all solid edges

Back edges: (C, B), (G, A)
Forward edges: (F, F)

Cross edges: (D,C), (G, F), (G, B)



3. Ezxercise 3.5.

In the figure below, the algorithm finds the ordering: B, A,C, E,D,F, H,G. There are 8 possible
orderings.

114 3,10 5,6

4. Ezercise 3.4(i).
e A DFS on G¥ (using alphabetical order) gives us the following ordering on the nodes (decreasing
post numbers): C,J,F,H,I,G,D, A, E, B.

e Running DFS on G (using the above ordering) then reveals the SCCs in the following order:
{C, D, F, J}(sink), {G, H,I},{ A}, {E}(source), { B}(source).

e Meta-graph:

e To make the graph strongly connected, we need to add two edges, from a node in the unique sink
SCC to nodes in each of the two source SCCs.

5. Exercise 3.9.

First, the degree of each node can be determined by going through the adjacency list. The array
twodegree can then be set in a second pass through the adjacency list.

for all ueV:
degreefu] — 0
twodegree[u] « 0
for all ueV:
for all {u,w} € E:
degree[u] « degree[u] + 1
for all ueV:
for all {u,w} € E:
twodegree[u] « twodegree|u] + degree[w]

This algorithm directly implements the definition of degree and twodegree. Its running time is O(|V])
for the initializations, plus the time for the two loops; in each loop, a single pass is made through the
adjacency list. Thus the total running time is O(|V| + |E]), linear.

6. Exercise 3.14.

We will keep an array in[u] which holds the indegree (number of incoming edges) of each node. For a
source, this value is zero. We will also keep a linked list of source nodes.

(Set the in array.)
for all w € V: infu

n 0
for all edges (u,w)

| —
€ E: infw] < infw] +1



(Check for sources.)
L «— empty linked list
forallu € V:

if infu] is 0: add w to L

fori=1to |V

Let u be the first node on L, output it and remove it from L
(Remove u, update indegrees.)
for each edge (u,w) € E:

infw] < infw] — 1
if in[w] is 0: add w to L

The total running time is O(|V| + |E|) (in the innermost loop, over the course of the algorithm, each
edge is examined exactly once).

7. The diameter of an undirected graph G = (V, E) is the mazimum distance between any pair of nodes.

(a)

Show that if each node has degree at most two, then the diameter of G must be at least logyn — 1.

(In fact, using a careful argument, a much stronger result can be shown: that the diameter is
Q(n). This is worth trying out on your own.)

Suppose each node has degree at most two. Fix any node ug € V. We will show by induction
that the number of nodes at distance exactly k from ug is at most 2*.

The base case, kK = 0, holds since ug itself is the only node at distance 0. Suppose the hypothesis
holds up to k; we will show it for k£ + 1 as well. Any node at distance k + 1 from wug is adjacent to
a node at distance k. Since nodes have at most two neighbors, the number of nodes at distance
k + 1 is at most twice the number of nodes at distance k. By the inductive hypothesis, this is at
most 2 - 2F = 2F+1 This completes the induction.

Therefore, the total number of nodes within distance k of ug (that is, at distance k or below) is at
most 1 +2+---+2F < 25+ Let D be the diameter of the graph; so all nodes lie within distance
D of ug. Tt follows that |[V| < 2P+ so D > log, |V| — 1.

Generalize part (a) to the case where each node has degree at most A, where A is some number
greater than one.

The same argument shows the number of nodes within distance k of ug is at most 1 + A + A% +
oo+ AF = (AFF1 — 1) /(A = 1). Thus the diameter must be at least loga (|V[(A — 1)) — 1.
(Again, with a more careful argument, a stronger result can be shown, in which the base of the
logarithm is reduced from A to A —1.)

8. FEzxercise 3.28.

(a)
(b)

(c)

The formula has two satisfying assignments, (x1,x2,23,24) = (true,false,false,true) and
(true,true, false, true).

The formula (T1 V 22) A (T2 V x3) A (T3 VT2) A (21 V 22) A (23 V 24) has no satisfying assignments.
In order to satisfy the first three clauses, we need x; = false (try true, and you'll run into a
contradiction). From the fourth clause, this means x5 = true. From the second clause, we get
x3 = true. But then the third clause is violated.

Here’s the graph G for the instance I presented in the problem.
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Here’s G for the instance I from part (b).
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A path in the directed graph from x to y means that = implies y (that is, = y; or in words, if
x is true, then y must also be true). If z and T are in the same connected component, then we
get x = T and T = x, a contradiction.

We will assign values to variables according to the following procedure:

e Pick a sink SCC of Gy and set all literals in it to true (so if the SCC contains Z, then z
should be set to false).

e The negations of these literals form a source SCC (we will explain this below). Remove both
the sink and source SCC from the graph. (Thus all variables whose values have been set are
removed.)

e Repeat.

By the symmetry of edges in G, for each edge o = (3 in the sink SCC (or leading into this SCC),
there is another edge 3 = @ elsewhere. Thus the negations of the literals in the sink SCC form a
source SCC.

Notice that an implication a = (3 is always satisfied if literal § = true. Thus, setting the literals
L in the sink SCC to true ensures that all implications within (or leading into) this SCC are
satisfied. Likewise, a = (3 is always satisfied if a = false. Thus making the negations of the
literals L false will satisfy all implications within (and leading out of) the source SCC. We
recurse on the remaining graph.

We solve an instance I of 2SAT as follows:

e Build G; this takes linear time.

e Run the linear-time strongly connected components algorithm on it. If there are k¥ SCCs, the
procedure returns an array scc[u] containing the number (1 to k) of each node’s SCC.

e For each variable z, check whether scc[z] equals scc[Z]. If so, the formula is not satisfiable.
Otherwise, it is satisfiable. This check takes linear time.



