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Abstract- Positioning is a crucial requirement for mobile 
underwater systems. Since GPS is not available underwater the 
position of vehicles has to be estimated over time. Underwater 
navigation techniques often rely on acoustic communication with 
reference beacons that know their location. These beacons in 
effect act as GPS satellites for underwater vehicles. The beacons 
may be buoys or vehicles on the surface with access to GPS or 
they may be deployed on the sea floor at known locations. Since 
both the beacons and underwater vehicles are battery operated, 
energy is a key constraint. This is further aggravated by the fact 
that the energy required to acoustically communicate 
underwater is high even over moderate distances. Since the 
acoustic signaling required for tracking vehicles is a recurring 
cost, we propose to minimize the energy consumption by 
optimizing the extent of signaling used for localization. 
Localization techniques that exclusively rely on estimates of time 
of flight (or time difference of arrivals) require transmissions 
from beacons to be nearly concurrent. This allows position to be 
estimated at each point in time based on geometric constraints 
alone, neglecting vehicle motion between transmissions. 
Alternatively if vehicles have some knowledge about their motion 
either from models or from direct measurements of their 
acceleration and heading as obtained from an on-board inertial 
measurement unit (IMU), other techniques can take this 
information into account. The extended Kalman filter, particle 
filters or factor-graph based Maximum Likelihood (ML) 
trajectory estimation methods effectively combine IMU 
measurements with geometric constraints obtained from acoustic 
time of flight measurements. One of the advantages of such an 
approach is that beacon transmissions no longer have to be 
concurrent. In this paper we use the Maximum Likelihood 
(factor-graph based) tracking method to find the best schedule 
for beacon transmissions for a fixed signaling rate (or average 
power consumption). We explore a number of possible 
transmission schemes and evaluate their performance as a 
function of relevant system parameters, specifically, the type of 
motion measurements available, the accuracy of these 
measurements and the number of beacons. We also evaluate our 
proposed schemes on experimental data obtained from sea trials 
that were conducted off the coast of San Diego. Our experimental 
and simulation results show that even if coarse information is 
available about the vehicle’s motion, the localization 
performance can be improved for a fixed signaling rate by 
appropriately lagging transmissions from reference beacons. 

I. INTRODUCTION 

Mobile underwater vehicles such as AUVs, ROVs, gliders 
and depth-keeping floats are widely used in underwater 
missions for monitoring, surveillance and exploration. Critical 
to carrying out these missions is the vehicle’s ability to actuate, 
self-localize, sense its environment and communicate sensed 
data. 

Knowledge about the position of the vehicle while 
submerged is critical for navigation and to annotate data 
gathered by it. However, since GPS is not available 
underwater, vehicle positions have to be estimated over time. 
While other solutions exist that are applicable in certain 
specific circumstances (such as bottom-aided navigation [5]), 
most systems rely on acoustic signaling between reference 
beacons that are deployed at known locations and the 
underwater vehicles in order to estimate the location of the 
vehicles. A variety of existing techniques fall under this 
general description [6]-[11], and we will henceforth refer to 
them as ‘underwater-gps’ for short. 

However, the acoustic underwater channel is a shared 
resource that may be used in other system functionalities as 
well, in addition to underwater-gps. For example, some 
systems are designed to also monitor the ambient underwater 
sounds, such as those made by marine animals. In other cases, 
echo sounding is used to obtain bathymetric maps, or 
information is transferred between vehicles and surface buoys 
via acoustic communication.  In essence the available acoustic 
bandwidth is a critical resource that has to be effectively 
shared among these competing operations, all of which rely on 
receiving (sensing) and/or transmitting acoustic signals. In 
addition to these intentional system functionalities that operate 
in the acoustic domain, there are additional factors that may 
limit the acoustic bandwidth available. For example, in our 
own ultra-small depth keeping floats, noise from the buoyancy 
control motors may saturate the acoustic transducer. 

Since acoustic bandwidth is such a limited and shared 
resource, it is important to design underwater-gps to minimize 
the use of this resource. In addition, minimizing the time that 
vehicles spend listening for acoustic signals also has the 
advantage of saving energy.  

Traditionally, underwater-gps techniques estimate vehicle 
location by solving a set of geometric constraints. These 
constraints are obtained from the time-of-flight or time-
difference-of-arrival of acoustic signals that are transmitted by 
the beacons. Since location is estimated at each point in time 
based on geometric constraints alone, these techniques require 
beacon transmissions to be nearly concurrent. Further, the 
beacons must repeat this operation sufficiently frequently in 
order to track the position of the vehicle as it moves [7].  On 
the other hand if the vehicle has an on board IMU, it can 
integrate the IMU data to obtain a running fix of the its 
position, generally referred to as dead-reckoning. However, 



due to the cumulative effect of dead-reckoning errors, the 
vehicle’s position uncertainty increases over time. While pure 
dead-reckoning does not require any acoustic signaling it can 
only be applied over short intervals. To reduce the extent of 
signaling, one possible solution is to obtain periodic fixes 
based on geometric constraints and apply dead-reckoning in 
between those times.  

However, in our past work, we have shown that with the 
availability of such motion information (as provided by the 
IMU and used in deadreckoning), the concurrency 
requirement for beacon transmissions can be relaxed and even 
completely done away with [1] [2]. Tracking techniques such 
as the extended Kalman filter, particle filters or factor-graph 
based Maximum Likelihood (ML) methods can effectively 
combine geometric constraints (obtained from non-concurrent 
acoustic transmissions) with IMU measurements or motion 
models. In this context, concurrent beacon transmissions are 
only one of many possible transmission schedules. Other 
scheduling schemes are possible, and in this paper we will 
investigate the tradeoffs involved and whether non-concurrent 
schemes may be advantageous over the existing traditional 
approach of underwater-gps that relies on concurrent 
transmissions. Specifically, we will use the Maximum 
Likelihood (factor-graph based) tracking method to find the 
best schedule for a fixed beacon-signaling rate. This will be 
done through a simulation-based study and the results will be 
verified by applying them to a sea trial we conducted off the 
coast of San Diego. We next present an overview of our 
Maximum Likelihood tracking solution. 

 

II. MAXIMUM LIKELIHOOD TRAJECTORY ESTIMATION 

In our earlier work, we have proposed a Maximum 
Likelihood (ML) tracking method that uses the framework of 
factor-graphs [1][2]. This work was generally applicable to 
tracking groups of vehicles. In this section we will present a 
brief overview in the context of the specific case that is the 
focus of this paper, namely the tracking of individual vehicles 
using reference beacons.  

The key idea behind our ML method is that it 
simultaneously captures all available constraints to estimate 
the position of the vehicles. These constraints are the result of 
measurements obtained by the vehicle and/or models that 
provide relevant information about the vehicle’s position. 
There are essentially two types of constraints: spatial and 
temporal. The spatial constraints on the vehicle position arise 
from estimates of distance with reference beacons obtained 
from measuring the time-of-flight of acoustic signals 
transmitted by the beacons. The temporal constraints are 
estimates of vehicle velocity, acceleration and heading as 
gathered by the navigational (IMU) sensors on-board each 
vehicle as well as any information about these parameters that 
may be available from previously obtained models. For 
example vehicles may not have IMU measurements but may 
know the maximum limit on their speed or acceleration. 

 Our ML tracking method uses the framework of factor-
graphs to efficiently compute the pdf of the unknown (position 
and velocity) states of the vehicle from the joint pdf of the 
unknown states given all (spatial and temporal) measurements. 
A detailed discussion of the complete solution is available in 
our prior work [1]. The theoretical foundations of this 
technique have been laid out by Kschischang et. al. [4]. Here 
we will present a conceptual outline of the factor-graph 
formulation. 

To estimate the unknown positions, the spatial and temporal 
constraints are incorporated into a factor-graph as depicted in 
Figure 1. The factor-graph is essentially a graphical 
representation of the joint pdf of the unknown states given all 
available constraints.  In Figure 1, the circles indicate the 
unknown position and velocity states at discrete time 
instances. The square blocks that link the unknown states 
define relationships between the unknown states. These 
blocks, known as function-nodes, not only indicate which 
states are related but also how they are related. More 
specifically, a function node f that has links two state-variables 
X and Y assigns a weight f( X= x, Y= y | m) to any outcome X 
= x, Y = y given a measurement m. Therefore, the function-
nodes define constraints (or interdependencies) between state-
variables. In Figure 1, the spatial and temporal constraints are 
marked by function-nodes of type f1 and f2 respectively. Their 
exact definitions are discussed in our previous work [1]. Once 
the factor-graph is defined, the pdf of the unknown states is 
efficiently computed by running the sum-product algorithm on 
the graph [4].   

 
 
 
 
 
 

 
Figure 1: Factor-graph for ML trajectory estimation 
 

The states to which the spatial constraints (f1) are linked 
correspond to times when distance estimates were obtained 
with the reference beacons. These times depend on the 
acoustic transmission schedule of the beacons. Therefore, 
different schedules would result in different factor-graph 
solutions. Our goal is to find a schedule that minimizes the 
expected RMS error of the position estimates over the tracking 
interval.  
 

III. SIGNALING SCHEMES FOR TRAJECTORY ESTIMATION 

In this section we will show that the relative times at which 
distance measurements are obtained with beacons affects the 
temporal behavior of the RMS error of the vehicle’s position 
estimates. Traditional underwater-gps assumes that distance 
measurements are either concurrent or semi-concurrent as 
illustrated in Figure 2(a). Position is estimated periodically by 
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solving the resultant geometric problem at each point in time  
(and dead-reackoning can be used for times when there is no 
measurement). However, with the factor-graph approach 
described in the previous section, transmissions no longer 
have to be concurrent. This is because distance measurements 
obtained at different times are jointly used to estimate the 
trajectory of the vehicle as shown in Figure 2(b). We use this 
approach to explore different signaling schemes in order to 
find one that is most efficient.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Our goal is to find a signaling scheme that minimizes the 

expected RMS error and/or the maximum RMS error for a 
given beacon-signaling rate. The beacons can either adopt a 
schedule with randomized transmission times or follow a fixed 
pattern. The benefit of a fixed schedule is that the underwater 
vehicle knows when to listen for acoustic signals and can turn 
off its acoustic receiver at all other times or use it for other 
purposes. 

 We use a simulation-based approach to compare the 
performance of four different schemes. While other schemes 
are possible, the ones that we consider serve as good 
approximations to most other possible schedules. Each of the 
four schemes is graphically depicted in Figures 3 (a)-3(d) for a 
network with 4 beacons (N = 4). 

A. Concurrent: In this scheme all the reference beacons 
transmit their acoustic signals at almost the same 
time (within a short window). Each beacon follows a 
fixed schedule with a constant interval between 
consecutive transmissions, denoted by T. Such a 
scheme is typically used by underwater-gps 
techniques where geometric constraints are used to 
obtain periodic position fixes. However, if vehicles 
have some knowledge about their motion parameters, 
dead-reckoning can be applied to improve the error 

between position fixes or equivalently increase the 
signaling period for the same error.  

B. Lagged: In this scheme beacons follow a round robin 
(RR) schedule with consecutive beacon transmissions 
are lagged by T/N where T is the signaling period of 
each beacon and N is the number of beacons. 

C. Concurrent-Pairs: In this fixed scheme the beacons 
are grouped into pairs. The groups follow a RR 
schedule. Each pair of beacons within the same group 
transmits their signals concurrently. Signals from 
consecutive groups in the RR schedule are lagged by 
!/ !/2 . From here on we will refer to this scheme 
as Concurrent-P.  

D. Poisson: In this scheme each beacon transmits 
independent of others in a random fashion. The 
transmission times follow a Poisson distribution with 
an average rate of T. 

Note that the average rate at which each beacon transmits is 
the same for each scheme and equal to 1/T. What sets the 
different schemes apart is how the beacon transmissions are 
scheduled with respect to each other. Next, we show how the 
error in position estimates of an underwater vehicle varies 
over time with each of these schedules.  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
We simulated a deployment with 5 beacons and one 

underwater vehicle. The position of the beacons and the 
trajectory of the vehicle are shown in Figure 4. The simulation 
parameters are given in Table I. Distance estimates between 
the vehicle and beacons were obtained using each of the 
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Figure 3: Different beacon transmission schemes for a 
deployment with 4 beacons 

  

Figure 2(a): Signaling for underwater-gps techniques   

Figure 2(b): Possible signaling strategy for Factor-
graph based tracking 



transmission schemes described earlier in this section. The 
trajectory of the vehicle was estimated using our ML method 
described in Section II.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

TABLE I 
SIMULATION PARAMETERS 

No. of Beacons 5 
Transmission Period, T 15 min 
Std. of velocity error, σV 0.08 m/s 
Max speed 0.25 m/s 
Simulation Time 44 hrs 

 
 

Figure 5 shows the estimated pdf of the vehicle’s position 
over the signaling period, T for each of the transmission 
schemes. The pdf is represented over a set of grid points in 2D, 
looking from above. While the vehicle moves in 3D, we only 
estimate the pdf in 2D because we assume that we know the 
depth of the vehicle from pressure measurements. The RMS 
error in the position estimate at any time t is computed from 
the estimated pdf at that time as: 

 
!!"# ! = !!(!) − !!(!) ! !!(!) − !!(!) ! !!(!)!     
                                                                                             (1) 

where, !! !  is the true position of the vehicle at time t, and 
! !!(!)  is the probability of the vehicle being at location 
!!(!).    
 As shown in Figure 5 the uncertainty in estimates over time 
follows a pattern that correlates with each of the signaling 
schemes. In the case of the Concurrent scheme, the 
uncertainty is minimized every T to a disc-like area and grows 
in between as shown in Figure 5(a). The rate at which the 
error grows depends on the type of ‘temporal’ measurements 
(IMU data or bounds on velocity/acceleration) available and 
the error in these measurements. For the other schemes the 
estimated pdfs are more like ellipsoids. The resultant RMS 
error depends on the displacement of the vehicle relative to the 
beacons between consecutive signal arrivals and the error in 

the temporal measurements [3]. A qualitative comparison 
suggests that the Lagged scheme minimizes the maximum 
uncertainty over the signaling period, followed by the 
Concurrent-P, Poisson and the Concurrent schemes. In case 
of the Lagged scheme the uncertainties are also most evenly 
distributed over the signaling period. A qualitative evaluation 
of the error patterns suggests that the Lagged scheme is the 
best, closely followed by Concurrent-P, Poisson and finally 
the Concurrent scheme. However, our prior analytical study 
shows that the actual numerical value of the RMS error is a 
complex function of a number of parameters [3].  Therefore, 
for a more quantitative comparison of the transmission 
schedules, we evaluate their performance by varying these 
relevant parameters in the next section. 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

IV. SIMULATION RESULTS 

In this section we compare the performance of the different 
transmission schemes in simulations when a number of 
important parameters are varied.  These parameters are: a) the 
type of ‘temporal’ constraints, (measurements of the vehicle’s 
velocity or bounds on its speed), b) error in velocity 
measurements and c) the number of beacons. The RMS error 
in position estimates also depends on the error in distance 
measurements. The statistics of the distance errors that we 

Figure 5: Estimated pdf of vehicle position over the 
signaling period, T using (a) Concurrent  (b) Lagged   (c) 

Concurrent-P and (d) Poisson transmission schemes 
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Figure 4: Simulated deployment showing the location of 5 
beacons and the trajectory of mobile vehicle in 2D 

  

B1 

B2 B3 

B4 B5 

(c) 
 



used in our simulations were derived from our experimental 
data (presented in the next section). 

We simulated the deployment shown in Figure 4, consisting 
of 5 beacons and one mobile vehicle. The vehicle trajectory 
was simulated for a sufficiently long time to capture the 
statistical variation in the RMS error due to its motion relative 
to the beacons. Distance estimates between the mobile and the 
beacons were obtained for each of the beacon transmission 
schemes. The trajectory of the mobile was estimated using our 
ML tracking method.  

 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6 shows the RMS error in the estimates of the 
different schemes vs. simulation time for the simulation 
parameters given in Table I. To better compare the schemes 
we will henceforth present their performance in terms of the 
cumulative distribution function (CDF) of the RMS errors. 
The CDF of the RMS errors (presented in Figure 6) are given 
in Figure 7(a). As Figure 7a shows, the Lagged scheme has 
the best performance with the maximum RMS error below 
15m and the 90th percentile error equal to 12m, while the 
Concurrent and the Poisson schemes have the worst 
performance with maximum errors as large as 40m and 60m 
respectively. The 90th percentile error of the Concurrent and 
the Poisson schemes is equal to 30m and 25m respectively. 

We performed three sets of simulations, varying each of the 
relevant parameters in each case. In the first set of simulations 
we compared the tracking performance of the signaling 
schemes with different types of temporal constraints. Figure 
7(a) shows the performance when velocity measurements 
were used. The error in these measurements was assumed to 
be zero-mean Gaussian with standard deviation, σV. Figure 
7(b) shows the performance when only a bound on the 
maximum speed of the vehicle was used for tracking. The 
values for σV and maximum speed are given in Table I. Note 
the difference in scale of the horizontal axis for these figures. 
The results show that in both cases the Lagged scheme has the 
best performance, followed by the Concurrent-P scheme. The 
Poisson scheme has better performance than the Concurrent 
scheme 80% of the time, however in the latter case the 
maximum error is better bounded.  

In the second set of simulations we evaluated the 
performance when the number of beacons was changed. 
Figures 8(a) and 8(b) show the results for the case when three 
and five beacons were used for tracking, respectively. For 
these simulations we used velocity measurements, all other 
parameters are given in Table I. Once again the Lagged 
scheme performs the best in both cases, followed by 
Concurrent-P. For the case where three beacons were used, 
the Concurrent scheme outperforms the Poisson. However 
this order is reversed when the number of beacons is increased 
to five. The reason for the observed trend is the following: 

1) The Concurrent scheme always uses the additional 
distance constraints (obtained from increasing the 
number of beacons) to minimize the uncertainty at the 
signaling times (every T) as opposed to minimizing the 
maximum error or the mean error in the interval T. As a 
result the Concurrent scheme becomes less optimal as 
the number of beacons is increased. Or in other words: 
each time the beacon-measurements are used to localize, 
the performance is mainly determined by two or three 
measurements, and any additional measurements have 
comparably smaller impact. 

 
 
 

Figure 6: RMS Error vs. simulation time for different 
transmission schemes  

  

(a) 
  

Figure 7: CDF of RMS Error for different transmission 
schemes using (a) velocity measurements (b) bound on 

maximum speed for tracking 
  

(b) 
  



 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2) In the case of the Poisson scheme, the probability of 
obtaining at least one measurement in the interval T 
reduces as the number of beacons decrease, while the 
other schemes always ensure that a distance 
measurement is obtained every T. Therefore, the 
Poisson scheme becomes less optimal as the number of 
beacons is reduced.  

In the third set of simulations we compared the performance 
of the signaling schemes when the error in velocity 
measurements was changed. Figure 9(a) shows the 
performance when the standard deviation of the velocity errors, 
σV was set to one-third the maximum speed, (which is the 
same as that given in Table I) and Figure 9(b) shows the 
performance when σV was set to one-sixth the maximum 
speed. In both cases the Lagged scheme outperforms the other 
schemes. However, as the error in velocity measurements is 
reduced, the performance of the Concurrent, Concurrent-P 
and Poisson schemes comes closer to that of the Lagged. We 
expect that the performance of all the schemes becomes 
identical as the velocity error goes to zero since error in 
estimates would not grow between measurements. In such a 
scenario the timing of the measurements becomes less relevant. 
In a practical system, the velocity errors would not be zero 
because there is a high cost associated with IMU units that can 
provide very accurate measurements. We expect the velocity 
errors to have a significant impact on the tracking 
performance for most viable systems.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Based on the simulation results presented so far, the best 
transmission policy is to equally lag transmissions from 
different beacons. This holds true for a range of different 
parameters that affect the tracking performance. The next best 
scheme is the Concurrent-P achieving a performance that is 
close to the Lagged. While the other schemes Poisson and 
Concurrent can achieve the performance of the Lagged under 
specific conditions (either large number of beacons and/or 
zero error in velocity measurements), these conditions are 
unlikely to occur in practical systems. 
 

V. EXPERIMENTAL RESULTS 

To validate our simulation results, we performed 
experiments off the coast of San Diego. The experiments 
consisted of deploying a set of five surface buoys as shown in 
Figure 10. A vertical hydrophone array was allowed to drift 
from Buoy 1 towards the center of the deployment. The 
trajectory of the array is shown in Figure 10. Both the buoys 
and the receiver array were equipped with GPS. The buoys 
were time synchronized to GPS throughout the experiment. 
They also obtained their position information from GPS, 
which was used for localizing the array. The array was time 
synchronized with GPS only in the beginning and end of the 
experiment by recording its timing offset with GPS at these 
times. Apart from that the GPS unit on the receiver array was 
only used to establish ground truth position against which the 
tracking performance was compared.  

Figure 8: CDF of RMS Error in position estimates using 
(a) 3 beacons (b) 5 beacons for tracking 

  

(b) 
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(b) 
  

Figure 9: Performance of transmission schemes 
when error in velocity measurements is equal to 

(a) max speed/3     (b) max speed/6 
  

(a) 
  



 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Each buoy periodically transmitted one of 30 different 

signals. Some of these signals were tones and others were 
LFM chirps in the 7-15 kHz range. The buoy transmissions 
were synchronized with GPS and lagged by a second. The 
hydrophone array passively recorded the acoustic signals 
received by it. The spectrogram of the received acoustic data 
over a 6 second window is shown in Figure 11. These received 
signals were processed post-facto (as described later in this 
section) to obtain estimates of distance with the buoys. The 
ML tracking method was then used to estimate the trajectory 
of the array. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

A. Acoustic Detection and Distance Estimation 

Distance was estimated from measurements of time-of-
flight of the acoustic transmissions. To estimate time-of-flight 
from the recorded acoustic data we had to detect the first 
arrival time of each of the buoy transmissions according to the 
reference time of the buoys (GPS time). However, the 
receiver’s notion of time was only available from its local 
clock. Although the receiver was synchronized with GPS in 
the beginning and end of the experiment, due to the drift in its 
clock accurate timing information was not available for the 
duration of the experiment. In order to estimate the signal 
arrivals according to GPS time the clock drift had to be 
estimated and compensated for.  

The clock drift was estimated by doing a linear regression 
on the timing offsets estimated in the beginning and end of the 
experiment. A Matched Filter approach was used to estimate 
the first arrival time of each signal. The estimated clock drift 
was used to convert these times to global (GPS) time. Time-
of-flight was then computed as the difference between the 
send and receive times of the acoustic transmissions. The 
speed of sound was estimated empirically from CTD profiles 
that were performed during the experiment. Distance was 
estimated as the product of the time-of-flight measurements 
and our estimate of the speed of sound. The error in the 
distance estimates was computed from the ground truth 
positions of the array and that of the buoys as obtained from 
GPS.  The histogram of the error in the distance estimates is 
shown in Figure 12.  These errors are due to the error in our 
detection of the first arrival of the acoustic signals, the error in 
the estimate of the clock drift and the error in the estimate of 
the speed of sound. 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

 
 

B. Performance of Signaling Schemes 
 

The trajectory of the hydrophone array was estimated using 
the distance estimates and a bound on the maximum speed of 
the array. Since the array was floating with currents, we used 
the expected maximum current speeds in the San Diego Bay, 
specifically 0.25m/s. We first estimated the trajectory using 
the distance estimates obtained with all the five buoys, every 3 
minutes. Since the buoy transmissions were lagged by only a 
second, this is equivalent to the Concurrent scheme with T = 
3 min. The estimated pdfs of the array’s position in 2D as 
computed by our ML method is shown in Figure 13. The 
ground truth trajectory of the array, as obtained from GPS, is 
shown as a solid curve. 

Next, we compared the different transmission schemes 
when the transmission rate of the buoys was reduced by a 
factor of 5, or equivalently T = 15min. We mimicked the 
behavior of each scheme by appropriately selecting a subset of 
the distance measurements from the original data set. The 
RMS error in the position estimates for the different 
transmission schemes vs. the experiment time is shown in 

Figure 11: Spectrogram of received acoustic 
signals, transmitted by buoys 1 to 5 

  

Figure 10: Experimental deployment of reference buoys 
and mobile vehicle 

  

Figure 12: Histogram of error in distance estimates 
as obtained from experiments 

 



Figure 14(a). The CDF of the error is shown in Figure 14(b). 
Reducing the signaling rate by a factor of five degrades the 
tracking performance by a factor of 2.5 when the Lagged 
scheme is used. However, the performance deteriorates much 
more in the case of the Concurrent and Poisson schemes as 
shown in Figure 14(b). The performance of Concurrent-P is 
close to that of the Lagged as was the case in our simulation 
results. The results show that the Lagged scheme performs the 
best compared to the other schemes, which validates our 
simulation results. 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

VI. CONCLUSIONS 

In this paper we have proposed to minimize the utilization 
of the acoustic bandwidth for localization by using efficient 
signaling strategies. To this end we explored a number of 
different beacon signaling schemes. Our simulation and 
experimental studies show that for a range of different 
parameters the best strategy is to equally lag the transmissions 
from different beacons within the signaling period. While 
traditional underwater-gps relies on concurrent transmissions 
from beacons to obtain periodic fixes, our results suggest that 
a more efficient approach is to use a lagged scheme in 
combination with tracking techniques that can work with non-
concurrent acoustic arrivals. By redesigning traditional 
underwater-gps as suggested the available acoustic bandwidth 
can be more effectively utilized for tracking underwater 
vehicles.    
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Figure 13: Estimated trajectory of hydrophone 
array 

  

Figure 14(a): RMS Error in position estimates for 
different beacon signaling schemes 

  

Figure 14(b): CDF of RMS Error in position estimates 
using experimental data 

  


