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Abstract

Hidden Markov models (HMMs) for automatic speech recognition rely on high
dimensional feature vectors to summarize the short-time properties of speech. Cor-
relations between features can arise when the speech signal is non-stationary or cor-
rupted by noise. We investigate how to model thesecorrelations using factor analysis,
a statistical method for dimensionality reduction. Factor analysis usesa small num-
ber of parameters to model the covariance structure of high dimensional data. These
parameters can be chosen in two ways: (i) to maximize the likelihood of observed
speech signals, or (ii) to minimize the number of classi�cation errors. We derive an
Expectation-Maximization (EM) algorithm for maximum likelihood estimation and a
gradient descent algorithm for improved classdiscrimination. Speech recognizersare
evaluated on two tasks, one small-sizedvocabulary (connected alpha-digits) and one
medium-sizedvocabulary (New Jersey town names). We �nd that modeling feature
correlations by factor analysis leads to signi�cantly increased likelihoods and word
accuracies. Moreover, the rate of improvement with model size often exceedsthat
observed in conventional HMMs.

1 In tro duction

Hidden Markov models (HMMs) for automatic speech recognition[21]rely on high dimen-
sional feature vectors to summarizethe short-time, acoustic properties of speech. Though
front-ends vary from recognizerto recognizer, the spectral information in each frame of
speech is typically codi�ed in a feature vector with thirt y or more dimensions.In most sys-
tems, thesevectors are conditionally modeled by mixtures of Gaussianprobability density
functions (PDFs). In this case,the correlations betweendi�erent featuresare represented
in two ways[16]: implicitly by the useof two or more mixture components, and explicitly by
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the non-diagonalelements in each covariancematrix. Naturally, thesestrategiesfor model-
ing correlations|implicit versusexplicit|in volve tradeo�s in accuracy, speed,and memory.
This paper examinesthesetradeo�s using the statistical method of factor analysis.

The present work is motivated by the following observation. Currently, many HMM-
based recognizersdo not include any explicit modeling of correlations; that is to say|
conditioned on the hidden states, acoustic features are modeled by mixtures of Gaussian
PDFs with diagonalcovariancematrices. The reasonsfor this practice are well known. The
useof full covariancematrices imposesa heavy computational burden, making it di�cult to
achievereal-time recognition. Moreover, onerarely hasenoughdata to (reliably) estimatefull
covariancematrices. Someof thesedisadvantagescan be overcomeby parameter-tying[2]|
e.g., sharing the covariancematrices acrossdi�erent statesor models. But parameter-tying
has its own drawbacks: it considerablycomplicatesthe training and decoding procedures,
and it requiressomeartistry to designthe tied HMMs.

Unconstrained and diagonal covariance matrices clearly represent two extreme choices
for the hidden Markov modeling of speech. The statistical method of factor analysis[24, 7]
represents a compromisebetween these two extremes. The idea behind factor analysis is
to map systematic variations of the data into a lower dimensionalsubspace.This enables
oneto represent, in a very compactway, the covariancematrices for high dimensionaldata.
Thesematricesare expressedin terms of a small number of parametersthat model the most
signi�cant correlationswithout incurring much overheadin time or memory. For this reason,
weshall often refer to factor analysisasa strategy for dimensionality reduction[18]. However,
it should be emphasizedthat factor analysis does not merely project a high dimensional
feature vector into a low dimensionalone.

In this paper we investigate the combined useof mixture models and factor analysis in
HMMs for automatic speech recognition. Applying factor analysisat the state and mixture
component level[9, 11] results in a powerful form of dimensionality reduction, one tailored
to the local properties of speech. This approach e�ectively combines two popular strate-
gies in probabilistic modeling|clustering and dimensionality reduction. The combination
of thesetwo methods givesrise to a local linear model|lo cal, becauseeach mixture compo-
nent modelsdi�erent facetsof the data, and linear, becausethe dimensionality reduction is
gearedto Gaussianmixture components. Many variants on local linear models have been
proposed in the machine learning literature. Successfulapplications include handwritten
digit recognition[11],data compression[14], nonlinear image interpolation[3], and articula-
tory modeling of electropalatographicdata[4].

Factor analysisusesa small number of parametersto model the covariancestructure of
high dimensionaldata. For automatic speech recognition, theseparameterscan be chosenin
two ways: (i) to maximize the likelihood of observed speech signals,or (ii) to minimize the
number of classi�cation errors[1,12, 13, 17]. In this paper, we derive both an Expectation-
Maximization (EM) algorithm for maximum likelihood estimation and a gradient descent
algorithm for improved classdiscrimination. To the best of our knowledge,neither form of
factor analysishas beenpreviously applied to hidden Markov models for automatic speech
recognition.

Brie
y , the organizationof this paper is asfollows. In section2, we review the method of
factor analysisanddescribewhat makesit attractiv e for largeproblemsin speech recognition.
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In sections3 and 4, we present the learning algorithms for maximum likelihood (ML) and
minimum classi�cation error (MCE) factor analysis. In section 5, we give results on two
tasks in automatic speech recognition: connectedalpha-digits and New Jerseytown names.
Finally, in section6, we present our conclusionsaswell as ideasfor future research.

2 Dimensionalit y reduction

Factor analysis[24, 7] is a linear method for the dimensionality reduction of Gaussianran-
dom variables. It is closelyrelated to principal components analysis(PCA)[6] in which one
extracts the subspacede�ned by the largesteigenvectorsof the covariancematrix. In tradi-
tional PCA, the data vectorsare projected into this subspace,resulting in a simple form of
dimensionality reduction. Though straightforward, PCA has two important disadvantages:
(i) it doesnot de�ne a proper density model outside the subspaceof principal components;
and (ii) componentwise variations outside this subspaceare modeled uniformly, even when
the data doesnot warrant such an assumption. Thesedisadvantagesare seriousdrawbacks
for HMM-based speech recognition. The �rst underminesthe probabilistic formulation of
HMMs, while the secondprecludesthe use of composite data vectors (e.g., cepstra plus
delta-cepstra)that combine featuresat di�erent scales.Factor analysisdoesnot su�er from
either of thesedrawbacks, though it does contain traditional PCA (and also probabilistic
versionsof PCA[23, 27]) as a special limiting case.

Having described factor analysisas a linear method, we should emphasizethat its ap-
plication is not limited to strictly GaussianPDFs. The combined useof mixture densities
and factor analysis|resulting in a non-linear form of dimensionality reduction|w as �rst
applied by Hinton et al[11] to the modeling of handwritten digits. Essentially , a mixture of
factor analyzerspatchestogether the linear subspacesde�ned by its individual components
to parameterizea globally non-linear (but low dimensional)manifold.

In this section, we �rst review the method of factor analysis for multiv ariate Gaussian
PDFs. We then extend the method to mixture modelsand continuous density HMMs. The
problem of parameterestimation is consideredseparatelyin sections3 and 4.

2.1 Multiv ariate Gaussian PDF

Let x 2 R D denotea Gaussianrandom variable with mean� . If the number of dimensions,
D, is very large, it may be prohibitiv ely expensive to estimate, store, multiply , or invert a
full covariancematrix. The idea behind factor analysisis to �nd a subspaceof much lower
dimension,f � D , that capturesmost of the variations in x . To this end, let z 2 R f denote
a Gaussianrandom variable with zeromeanand identit y covariancematrix:

P(z) = (2� ) � f =2 exp
�

�
1
2

zT z
�

: (1)

We now imagine that the variable x is generatedby a random processin which z is a latent
(or hidden) variable; the elements of z are known as the factors. Let � denotean arbitrary
D � f matrix, and let 	 denotea diagonal, positive-de�nite D � D matrix. We imaginethat
x is generatedby samplingz from eq.(1), computing the D-dimensionalvector � + � z, then

3



adding independent Gaussiannoisewith variances	 ii to each component of this vector. The
matrix � is known as the factor loading matrix. The relation betweenx and z is captured
by the conditional distribution:

P(x jz) =
j	 j � 1=2

(2� )D =2
exp

�

�
1
2

h
x � � � � z

i T
	 � 1

h
x � � � � z

i �

; (2)

The marginal distribution for x is found by integrating out the hidden variable z, or P(x ) =
R
dz P(x jz)P(z). The calculation is straightforward becauseboth P(z) and P(x jz) are

Gaussian:

P(x ) =
j	 + �� T j � 1=2

(2� )D =2
exp

�

�
1
2

h
x � �

i T �
	 + �� T

� � 1 h
x � �

i �

: (3)

From eq. (3), we seethat x is normally distributed with mean � and covariance matrix
	 + �� T . It follows that whenthe diagonalelements of 	 are small, most of the variation in
x occursin the subspaceS(�) spannedby the columnsof �. The variances	 ii measurethe
typical sizeof componentwise 
uctuations outside this subspace.In general,thesevariances
may bequite di�erent from oneanother. Hence,unlikePCA, eq.(3) canmodel a distribution
in which two vectorswith the sameprojection onto S(�) have quite di�erent likelihoods.

Covariance matrices of the form 	 + �� T have a number of useful properties. Most
importantly, they are expressedin terms of a small number of parameters, namely the
D(f + 1) non-zeroelements of � and 	. If f � D , then storing � and 	 requiresmuch less
memory than storing a full covariance matrix. Likewise,estimating � and 	 also requires
much lessdata than estimating a full covariance matrix. Covariance matrices of this form
can be e�cien tly inverted using the matrix inversion lemma[20],

(	 + �� T )� 1 = 	 � 1 � 	 � 1�( I + � T 	 � 1�) � 1� T 	 � 1 (4)

where I is the f � f identit y matrix. This decomposition also allows one to compute the
probability P(x ) with only O(f D) multiplies, as opposedto the O(D 2) multiplies that are
normally required when the covariancematrix is non-diagonal. We will refer to covariance
matrices of the form 	 + �� T as factored covariancematrices. As a theoretical aside,note
that if we allow the number of factors to equal the number of dimensions(i.e., f = D), then
we recover the abilit y to parameterizean arbitrary covariancematrix, M . This is done by
choosing the columns of the factor loading matrix, �, to be parallel to the eigenvectors of
M .

Viewing factor analysisasa latent variable model, we canalsocomputethe posterior dis-
tribution, P(zjx ). The statistics of this distribution are derived in appendix A. Computing
the posterior statistics of the hidden variable z is an important step in the EM algorithm
for ML factor analysis. We will return to the problem of parameterestimation in section3.

2.2 Hidden Mark ov mo dels

Nearly all speech recognizersrely on GaussianPDFs to model the short-term properties of
speech. ThesePDFs are associated with the state emissiondensitiesof continuous density
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HMMs. Often, the dimensionality of acoustic feature vectors is too large for these PDFs
to employ full covariancematrices. Instead, correlationsare modeledimplicitly by mixtures
of Gaussianswith diagonal covariance matrices. Intuitiv ely, one might expect the mixture
components to model discrete types of variabilit y, such as the speaker's gender or local
dialect. However, mixture models are not gearedto modeling continuous typesof variabil-
it y, as might arise from coarticulation e�ects or background noise. Clearly, both types of
variabilit y|discrete and continuous|are important for building accuratemodelsof speech.
Factor analysisprovides a way to model continuous variabilit y without incurring the over-
headassociated with full covariancematrices.

Consider a continuous density HMM whosefeature vectors, conditioned on the hidden
states, are modeled by mixtures of GaussianPDFs. A mixture of factor analyzers[9] is a
mixture of GaussianPDFs, each having the form of eq. (3). We can use thesemodels as
output distributions for each hidden state s:

P(x js) =
X

c
P(cjs)P(x js;c); (5)

P(x js;c) =
j	 sc + � sc� T

scj
� 1=2

(2� )D =2
exp

�

�
1
2

h
x � � sc

i T �
	 sc + � sc� T

sc

� � 1 h
x � � sc

i �

: (6)

The mixture components in eqs.(5{6) are indexed by the subscript c. All of the recursive
algorithms for computing statistics in HMMs can be applied to these models. The main
di�erence|or advantage|is that hereonecan computeP(x js) with fewer operations than
is normally required for full covariance matrices. This is done by exploiting the special
structure of factoredcovariancematrices,asshown by eq. (4). We will refer to thesemodels
as FA-HMMs and to HMMs with diagonalcovariancematrices asDG-HMMs.

Clearly, an important considerationwhen applying factor analysisto speech recognition
is the choice of acoustic features. In our experiments, we used a thirt y-nine dimensional
featurevector consistingof the �rst twelve cepstralcoe�cien ts (with �rst and secondderiva-
tives) and the normalized log-energy(with �rst and secondderivatives). There are known
to be correlations[16]betweenthesefeatures,especially betweenthe di�erent typesof coef-
�cients (e.g., cepstrum and delta-cepstrum). While thesecorrelations have motivated our
use of factor analysis, it is worth emphasizingthat the method applies to arbitrary fea-
ture vectors. Indeed, whatever features are used to summarize the short-time properties
of speech, one expects correlations to arise from coarticulation e�ects, background noise,
speaker idiosyncrasies,etc.

3 Maxim um lik eliho od factor analysis

The simplest learning criterion for continuous density HMMs is to maximize the likelihood
of observed speech signals. The Expectation-Maximization (EM) algorithm[24] is a general
iterativ e procedurefor estimating the parametersof latent variable models. In this section,
we begin by reviewing the EM algorithm for maximum likelihood factor analysis[24]. This
is done for the multiv ariate GaussianPDF of section 2.1. We then considerthe extension
to mixture modelsand continuousdensity HMMs. The EM algorithm for mixtures of factor
analyzerswas �rst derived by Ghahramani et al[9].
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3.1 Multiv ariate Gaussian PDF

Considerthe multiv ariate GaussianPDF from eq. (3). Appealing to its representation as a
latent variable model, we may derive an EM algorithm for obtaining maximum likelihood
(ML) estimatesof the parameters�, 	, and � . For the parameter� , an iterativ e procedure
is not generally required, sinceone can simply set � equal to the samplemean (which is
the ML estimate). However, by deriving the EM algorithm here in full generality, we will
considerablysimplify the extension(in section3.2) to mixture modelsand continuousdensity
HMMs. In this respect, our derivation of ML factor analysiswill di�er slightly from standard
treatments.

To begin, let f x ngN
n=1 denote a sampleof N data points. The EM procedureis a two-

step iterativ e procedurefor maximizing the log-likelihood,
P

n ln P(x n ), with P(x n) given
by eq. (3). The E-step of this procedureis to compute the Q-function:

Q( ~� ; ~� ; ~	; � ; � ; 	) =
X

n

Z
dz P(zjx n ; � ; � ; 	) ln P(z; x n j ~� ; ~� ; ~	 ): (7)

The right hand sideof eq. (7) dependson � , � and 	 through the statistics of the posterior
distribution, P(zjx n ; � ; � ; 	). Someuseful properties of this distribution are summarized
in appendix A. Of particular importance are the posterior statistics:

E[z jx n ] = [I + � T 	 � 1�] � 1� T 	 � 1(x n � � ) (8)

E[� z � zT jx n ] = [I + � T 	 � 1�] � 1; (9)

where the shorthand � z in eq. (9) denotesthe variation about the conditional mean, or
� z = z � E[z jx n ]. Note that the conditional covariance, E[� z � z T jx n ], does not depend
on the particular value of x n ; as a practical matter, this meansthat it doesnot have to be
recomputedfor each data point.

The M-step of the EM algorithm is to maximizethe right hand sideof eq.(7) with respect
to ~� , ~	 and ~�. To this end, let us de�ne the new vector quantities:

� x n = x n �
1
N

X

k

x k ; (10)

� zn = E[zjx n ] �
1
N

X

k

E[zjx k ]: (11)

Thesequantities measurethe variation of each data point and its expectedfactorsabout the
samplemeans. Note that � x n and � zn are measuresof samplevariance, as opposedto
posterior averagessuch asE[� z � z T jx n ], which measurethe uncertainty in P(zjx n ) induced
by a single data point. The de�nitions of � x n and � zn are useful insofar as they allow
us to write the EM updates in an especially compact form. In appendix B, we show that
maximizing eq. (7) leadsto the iterativ e updates:

~�  

 
X

n
(� x n )( � zn )T

!  
X

n

h
E[� z � zT jx n ] + (� zn )( � zn )T

i
! � 1

; (12)

~�  
1
N

X

n

�
x n � ~� E[z jx n ]

�
; (13)
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~	 ii  
1
N

X

n

� �
� x n � ~� � zn

� 2

i
+

�
~� E[� z � zT jx n ] ~� T

�

ii

�

; (14)

where ~	 ii are the diagonalelements of ~	. Theseupdatesare guaranteed to convergemono-
tonically to a (possibly local) maximum of the log-likelihood. Note that it is important to
perform the updates in the order shown, since(for example) the ~� {up date dependson the
re-estimatedvalue of ~� . Naturally, for � = 0 the updates in eqs.(13{14) reduceto the ML
estimatesfor independent Gaussianrandom variables.

The re-estimationequationsaresupported by variousintuitions. In eq.(12), for example,
the factor loading matrix is re-estimatedby �nding the least-squaressolution that projects
the variation in x (about its mean) into a lower dimensionalsubspace.In eq. (13), the mean
is usedto account for the averageo�set betweeneach observation and its reconstructionby
the factors. Finally, in eq. (14), the variancesare usedto account for two typesof variation
in x : those outside the dimensionality-reducedsubspace(the �rst term on the right hand
side), and those within the dimensionality-reducedsubspace(the secondterm). All these
intuitions extend to the more elaborate modelsconsideredin the next section.

3.2 Hidden Mark ov mo dels

One can readily integrate the EM algorithm for factor analysis into the ML training of
continuousdensity HMMs. The parameterupdatesfor FA-HMMs have a similar structure to
the Baum-Welch updatesfor conventional HMMs (i.e., thosewhoseGaussianPDFs employ
diagonal or full covariance matrices). In fact, the main novelties|whic h arise from the
special form of factored covariancematrices|w ere introducedin the previoussection.

With that in mind, let us reconsiderthe HMM whoseobservations are conditionally
modeledby eqs.(5{6) . Supposethat X = f x ng represents a sequenceof training data. The
forward-backward procedure[21] enablesone to compute the posterior probability, 
 sc

n =
P(sn = s;cn = cjX ), that the HMM usedstate s and mixture component c to generatex n .
Let Nsc =

P
n 
 sc

n denotethe total probability mass(or e�ective number of feature vectors)
attributed to state s and mixture component c. The parameterupdatesfor FA-HMMs may
be viewed as a specialization of eqs.(12{14) to each hidden state and mixture component,
in which the observations x n are weighted by their posterior probabilities, 
 sc

n . Analogous
to eqs.(10{11), we de�ne for each state and mixture component the vector quantities:

� x sc
n = x n �

1
N sc

X

k


 sc
k x k ; (15)

� zsc
n = Esc[z jx n ] �

1
N sc

X

k


 sc
k Esc[z jx k ]; (16)

where Esc[z jx n ] denotes an expectation with respect to the posterior distribution,
P(zjx n ; sn = s;cn = c). In terms of thesevectors, the EM updatesare given by:

~� sc  

 
X

n

 sc

n (� x sc
n )( � z sc

n )T

!  
X

n

 sc

n

h
Esc[� z � zT jx n ] + (� z sc

n )( � z sc
n )T

i
! � 1

;(17)
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~� sc  
1

N sc

X

n

 sc

n

�
x n � ~� sc Esc[z jx n ]

�
; (18)

h
~	 sc

i

ii
 

1
N sc

X

n

 sc

n

� �
� x sc

n � ~� sc� z sc
n

� 2

i
+

�
~� sc Esc[� z� zT jx n ] ~� T

sc

�

ii

�

: (19)

The readershould note the similarities in structure betweeneqs.(17{19) and eqs.(12{14).
The FA-HMM updateshave essentially the sameform aseqs.(12-14),except that now each
observation x n is weighted by the posterior probability, 
 sc

n .
As usual, in the casewhere multiple sequencesare available as training data, the sums

over n should be interpreted as sumsover sequencesas well[21]. Finally, we note that the
updates for mixture weights and transition matrices in FA-HMMs are identical to those in
conventional HMMs[21]. (This should be clear since FA-HMMs form a subset of HMMs
whoseGaussianPDFs employ full covariancematrices.)

4 Minim um classi�cation error factor analysis

Ultimately, we evaluate a speech recognizerby its accuracy, not by the likelihood scoresof its
component HMMs. Hence,maximizing the likelihood|while arguably the simplestcriterion
for parameterestimation|is not always the most desirableone. In fact, becausecontinuous
density HMMs represent only approximately correct modelsof speech, maximum likelihood
estimatesare not guaranteed to produce accurate recognizers,even in the limit of in�nite
training data. Moreover, empirically it is well known that maximizing likelihoods doesnot
always translate into minimizing error rates. We will seean exampleof this|for connected
alpha-digits|in section5.1.

For all thesereasons,many researchers have proposedalternative criteria for parameter
estimation that more directly relate to the empirical error rate[1, 12, 13, 17]. In this paper,
we consider the minimum classi�cation error (MCE) criterion as described by Juang et
al[12]. For each utterance, the MCE criterion relates the event of a recognition error to
the log-likelihood ratio betweencorrect and competing hypotheses,where each hypothesis
represents one possiblelabeling of hidden states. In this section,we show that this type of
discriminative training can be applied to FA-HMMs. To keepthe paper self-contained, we
begin by reviewingthe basicframework for MCE parameterestimation. We then considera
simpleexample|ho w to train a classi�er basedon competing GaussianPDFs. This example
is analyzedfor the special caseof factored covariancematrices. Finally, in the last part of
the section,we extend the method to continuousdensity HMMs.

4.1 Discriminativ e training

Let f x n ; yngN
n=1 denotea labeledsampleof data points, wherethe label yn indicatesthat x n

belongsto one of Y classes.If we have statistical models for the class-conditionaldistribu-
tions, P(x jy), then we can construct the maximum a posteriori (MAP) classi�er that labels
each point by its most probableassignment:

C(x ) = argmax
y

[ln P(x jy)P(y)] : (20)
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For simplicity, let us assumethat the classlabelshave a priori equalprobabilities, or P(y) =
1=Y, so that the rightmost term in eq. (20) can be ignored. The empirical error rate on the
training data, Ĵ , is then given by:

Ĵ =
1
N

X

n
�

 

max
y6= yn

ln

"
P(x n jy)
P(x n jyn)

#!

; (21)

where�( �) denotesthe unit threshold function, and the max operation rangesover all labels
exceptthe correctone. Note that eq.(21) computesthe classi�cation error for each data point
in two steps. First, the max operation is usedto �nd the most likely incorrect hypothesis.
Second,the threshold function is usedto register an error if this hypothesis is more likely
than the correct one.

Suppose now that the statistical models, P(x jy), are expressedsmoothly in terms of
parameters,�, at our disposal. In what follows, we will assumethis dependenceimplicitly ,
rather than writing out P(x jy; �) wherever we encounter probabilities. The goal of discrim-
inative training is to �nd the parametervaluesthat minimize the empirical error rate. Note,
however, that eq. (21) doesnot de�ne a di�erentiable function of the log-likelihoods: both
the step function and the max operation give rise to singular gradients. This makesit di�-
cult to directly minimize the empirical error rate. Our strategy, following earlier work[12],
is to construct a smooth objective function that mimics the behavior of eq. (21). This is
done in two steps. First, we replacethe max operation by a softmax: maxk zk � ln

P
k ezk .

Second,we replacethe threshold function by a sigmoid function: �( z) � [1 + e� z]� 1. In
particular, for the nth data point, let

d(x n ) = ln
X

y6= yn

P(x jy) � ln P(x n jyn ); (22)

denote the log-likelihood-ratio between the softmax{smoothed competing hypothesis1 and
the correctone. The function d(x n ) providesa smooth measureof the misclassi�cationof x n .
The MCE lossfunction is obtained by substituting this smoothed log-likelihood ratio into a
sigmoid function:

J =
1
N

X

n

1
1 + exp(� d(x n ))

; (23)

Minor variations[12] on this lossfunction can alsobe consideredby generalizingthe softmax
and sigmoid functions. The important result is that eq. (23) is a smooth function of the
log-likelihoods, ln P(x n jy).

The goal of discriminative training is to minimize the MCE lossfunction with respect to
the parameters�. We can update theseparametersby gradient descent, in which at each
iteration

�  � � � (�)
@J
@�

; (24)

where � (�) is a positive learning rate, or more generally, a positive-de�nite matrix. Note
that in the MCE loss function, eq. (23), all the dependenceon � enters through the log-

1If the number of classes,Y, is very large, one can restrict the sum over y in eq. (22) to the n{b est
alternativ es,where n � Y.
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likelihoods, ln P(x jy). We can thereforeusethe chain rule

@J
@�

=
X

y

@J
@ln P(x jy)

@ln P(x jy)
@�

(25)

to decomposethe partial derivatives in eq. (24). Eqs. (22{25) provide the general frame-
work for MCE parameterestimation. The speci�c form of the update equationsnecessarily
dependson the parameterizationof the class-conditionaldistributions, P(x jy). For a given
parameterization, however, the only requirement is to compute the gradients with respect
to �. In the rest of this section,we examinetwo casesof special interest.

4.2 Multiv ariate Gaussian PDFs

Supposethat the class-conditionaldistributions are multiv ariate GaussianPDFs with fac-
tored covariancematrices. Discriminative training requiresus to compute the gradients of
ln P(x jy), wherefor a particular class:

P(x jy) =
j	 + �� T j � 1=2

(2� )D =2
exp

�

�
1
2

h
x � �

i T �
	 + �� T

� � 1 h
x � �

i �

: (26)

Let M = 	 + �� T denote the covariancematrix in eq. (26). In appendix C, we show that
the gradients of ln P(x jy) are given by:

@
@� i

[ln P(x jy)] = �
h
M � 1(x � � )

i

i
; (27)

@
@� ij

[ln P(x jy)] =
h
M � 1�

i

ij
�

h
M � 1(x � � )

i

i

h
(x � � )T M � 1�

i

j
; (28)

@
@	 ii

[ln P(x jy)] =
1
2

�

M � 1
ii �

h
M � 1(x � u )

i 2

i

�

; (29)

where[�]i denotesthe i th vector element. The inversecovariancematrix M � 1 that appears
in eqs. (27{29) can be computed e�cien tly using the lemma in eq. (4). Naturally, these
gradients also reduceto the correct form for diagonal covariancematrices, when no factors
are present.

The parameterupdatesfor class-conditionalGaussianPDFs arecomputedfrom eqs.(24{
25). In practice, onechoosesa positive-de�nite matrix, � (�), to ensurethat each parameter
update has roughly the samemagnitude e�ect on the MCE lossfunction. This is achieved
by scaling the ( @

@� ; @
@� ) gradients by the variance, 	. Also, as is standard practice[12],

the variance parametersare updated in the log domain to enforcethe constraint of non-
negativity.

4.3 Hidden Mark ov mo dels

In this section, we considerhow discriminative training can be applied to FA-HMMs for
automatic speech recognition. Supposethat FA-HMMs are being usedto model sub-word
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units, such as context-dependent phones. Training data in this setting consistsof variable-
length utterancesand their segmentations into stringsof phonesor sub-phones.In particular,
the segmentations label each frame of speech by the state of a particular HMM. We can
naturally view these labels as targets for the Viterbi decoding of the recognizer. Learning
to match thesetargets is a form of MCE parameterestimation, wherethe class-conditional
distributions of eq. (21) are the state-emissiondensitiesof HMMs, and the hypothesesin
eq.(22) rangeover the possiblesegmentations of each recognizedutterance. Hereweconsider
the special casewherethe feature vectors,conditionedon the hidden states,are modeledby
mixtures of GaussianPDFs with factored covariancematrices.

For this type of discriminative training, we must compute the gradients of the state-
emissiondensitieswith respect to their parameters. In FA-HMMs, thesedistributions are
given by eqs.(5{6) . The gradients for mixtures of factor analyzersare a straightforward
extensionof our previousresults. In particular, considera segmented utterance in which the
featurevector x is assignedto state s of an FA-HMM. Also, let P(cjx ; s) denotethe posterior
probability that within state s, the feature vector x is attributed to mixture component c.
Then the required gradients are:

 
@

@� sc
;

@
@� sc

;
@

@	 sc

!

[ln P(x js)] = P(cjx ; s)

 
@

@� sc
;

@
@� sc

;
@

@	 sc

!

[ln P(x js;c)] : (30)

The gradients on the right hand side of these equations are given by eqs. (27{29) from
the previous section. Besidesthese parameters,one may also adapt the mixture weights,
P(cjs), by gradient descent. In practice, oneadapts the transformedparameterswsc, where
P(cjs) = ewsc =

P
k ewsk ; this is doneto enforcethe constraints P(cjs) � 0 and

P
c P(cjs) = 1.

In this case,the necessarygradients are given by:

@
@wsc

[ln P(x js)] = P(cjx ; s) � P(cjs): (31)

Given thesegradients, the parameter updates are again computed from eqs.(24{25). For
each state and mixture component, one considersa di�erent positive-de�nite matrix, � (�),
that multiplies the gradients in the learning rule. In particular, this matrix is usedto scale
the ( @

@� sc
; @

@� sc
) gradients by the variances, 	 sc. In the experiments described below, we

computedthe MCE lossfunction for each utterance, interpreting the sum over n in eq. (23)
asa sumover the sequenceof featurevectors. The parameterswereupdatedon an utterance-
by-utterance basis. In addition, the softmax in eq. (22) was approximated by considering
only the four best alternativesto the correct segmentation. In theserespectsand others, we
followed the procedureoutlined in earlier work[12].

5 Exp erimen ts

Continuousdensity HMMs wereevaluated on two tasksin automatic speech recognition,one
small-sizedvocabulary (36 words) and onemedium-sizedvocabulary (1219words). The same
front end was applied to both tasks. For signal processing,waveformswere pre-emphasized
and blocked into 30msframesat every 10msinterval. For feature extraction, frameswere
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Hamming windowed, autocorrelated, and processedby LPC cepstral analysisto produce a
vector of twelve liftered cepstral coe�cien ts. The feature vector was then augmented by
its normalized log energy value, as well as temporal derivatives of �rst and secondorder.
Overall, each frame of speech was described by thirt y nine features. These input features
were fed directly to the HMMs described below.

5.1 Connected alpha-digits

As a small vocabulary task, we consideredthe recognition of alphanumeric strings (e.g., N
Z 3 V J 4 E 3 U 2). Easily confusedletters such as B/V, C/Z, and M/N make this a
challengingproblem in speech recognition. The training and test data[25] for this task were
recordedover a telephonenetwork and consistedof 14622and 7255utterances,respectively.
The speech recognizerswere built using 285 left-to-right HMMs, each of which modeled a
context-dependent sub-word unit. Non-zero transition probabilities were �xed to uniform
values. Testing was donewith a free grammar network (i.e., no grammar constraints).

We trained continuous density HMMs with both diagonal and factored covariance ma-
trices. Our �rst experiments consideredthe maximum likelihood (ML) training procedure
described in section 3.2. We ran several experiments, varying both the number of mixture
components and the number of factors allocated to each state in the HMMs. The goal was
to determinethe best model of acousticfeature correlations.

Table1 summarizesthe resultsof theseexperiments. The columnsfrom left to right show
the number of mixture components (C), the number of factors (f ), the word error rates (in-
cluding insertion, deletion,and substitution errors) on the test set, the averagelog-likelihood
per frame of speech on the test set, and the CPU time to recognizetwenty test utterances
(on an SGI R4000). Not surprisingly|giv en the large amount of training data|b oth word
accuraciesand likelihood scoresincreasewith the number of modeling parameters.Neverthe-
less,the table shows that adding factors leadsto signi�cant improvements in performance,
at roughly the samerate as adding mixture components.

Perhaps the most interesting comparisonsare between models with the samenumber
of parameters. The overall number of parameters is proportional to C(f + 2). A useful
rule of thumb is that FA-HMMs with two factors have the samenumber of parametersas
DG-HMMs with twice as many mixture components. The left graph in �gure 1 shows a
plot of the averagelog-likelihood versusthe number of parameters,or C(f + 2); the stars
and circles in this plot indicate recognizerswith DG-HMMs and FA-HMMs, respectively.
One seesquite clearly from this plot that given a �xed number of parameters,models with
factoredcovariancematricestend to have signi�cantly higher likelihoods. The right graph in
�gure 1 shows a similar plot of the word error rates versusthe number of parameters.Here
onedoesnot seemuch di�erence; presumably, becauseHMMs represent only approximately
correctmodelsof speech, higher likelihoodsdo not necessarilytranslate into lower error rates.
We will return to this point later.

It is worth noting that the above experiments useda �xed number of factorsper mixture
component. In fact, becausethe variabilit y of speech is highly context-dependent, it makes
senseto vary the number of factors, even acrossstates within the sameHMM. A simple
heuristic is to adjust the number of factors depending on the amount of training data for
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C f word error (%) log-likelihood CPU time (sec)
1 0 16.2 32.9 25
1 1 14.6 34.2 30
1 2 13.7 34.9 30
1 3 13.0 35.3 38
1 4 12.5 35.8 39
2 0 13.4 34.0 30
2 1 12.0 35.1 44
2 2 11.4 35.8 48
2 3 10.9 36.2 61
2 4 10.8 36.6 67
4 0 11.5 34.9 46
4 1 10.4 35.9 80
4 2 10.1 36.5 93
4 3 10.0 36.9 132
4 4 9.8 37.3 153
8 0 10.2 35.6 93
8 1 9.7 36.5 179
8 2 9.6 37.0 226
16 0 9.5 36.2 222

Table1: Resultsfor di�erent ML recognizerson connectedalphadigits. The columnsindicate
the number of mixture components (C), the number of factors (f ), the word error rates
and averagelog-likelihood scoreson the test set, and the CPU time to recognizetwenty
utterances.

each state (as determinedby an initial segmentation of the training utterances). We found
that this heuristic led to more pronounceddi�erences in likelihood scoresand error rates.
In particular, substantial improvements were observed for three recognizerswhoseHMMs
employed an average of two factors per mixture component. Table 2 summarizesthese
results. The readerwill notice that theserecognizersareextremelycompetitiv e in all aspects
of performance|accuracy, memory, and speed|with the baselinerecognizersin table 1. The
likelihoods and error rates of theserecognizersare indicated by the dashedlines in �gure 1.

All the recognizersin tables 1 and 2 were trained by maximum likelihood (ML) estima-
tion. The plots in �gure 1, however, show that increasedlog-likelihoods in FA-HMMs do not
translate directly into lower error rates. This observation motivated us to train a number of
recognizersusing the minimum classi�cation error (MCE) criterion described in section 4.
This was done for the three DG-HMM recognizersin table 1 and the three FA-HMM rec-
ognizersin table 2. In each case,the parametersof the MCE recognizerwere initialized by
thoseof its ML counterpart. Training consistedof �v e iterations of gradient descent, where
each iteration involved a passthrough all the utterancesin the training set. The test set er-
ror rates of theserecognizers,beforeand after discriminative training, are shown in �gure 2.
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C f word error (%) log-likelihood CPU time (sec)
1 2 12.3 35.4 32
2 2 10.5 36.3 53
4 2 9.6 37.0 108

Table 2: Resultsfor ML recognizerswith variable numbersof factors; f denotesthe average
number of factors per mixture component.

0 5 10 15 20 25 30
32

33

34

35

36

37

38

parameters

lo
g-

lik
el

ih
oo

d

alpha-digits (ML)

0 5 10 15 20 25 30
9

10

11

12

13

14

15

16

17

parameters

w
or

d 
er

ro
r 

ra
te

 (
%

)

alpha�digits (ML)

Figure 1: Plots of log-likelihood scoresand word error rateson the test setversusthe number
of parameters. The stars, connectedby solid lines, indicate DG-HMMs; the circles indicate
FA-HMMs. The dashedlines connectthe recognizersin table 2.

The �gure shows that all the recognizershad signi�cantly lower error rates as a result of
MCE training. At the sametime, the recognizersusing factor analysisretained their edge
in accuracy. This shows that MCE training and factor analysisare complementary meth-
ods for improving overall performance.Figure 2 alsoshows the results of a further training
procedure|hierarc hical signal bias removal (BR)[22]|designed to reducethe acousticmis-
match betweentraining and testing environments. This method led to further improvements
in recognition accuracy.

5.2 New Jersey town names

As a mediumvocabulary task, weconsideredthe recognitionof NewJerseytown names(e.g.,
Cranbury). Telephonespeech from two di�erent collections[25] wasusedin this experiment.
The training data consistedof 12100short phrases,each 2-4 words long, spoken in the seven
major dialects of American English. This collection of phraseswas carefully designedto
obtain a fairly even coverageover triphone units. The test data consistedof 2426isolated
utterancesof New Jerseytown names,collected from nearly 100 speakers. The number of
town nameswas 1219. All the speech data was digitized at the caller's local switch and
transmitted in this form to the recognizers.The recognizerswerebuilt using 43 left-to-right
HMMs, each of which modeleda context-independent English phone. Phonesweremodeled
by three-stateHMMs; the only exceptionto this rule was that silenceand background noise
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Figure 2: Word accuraciesof ML, MCE, and MCE+BR recognizersshown in black, gray,
and white. Each subplot comparesrecognizerswith the sameoverall number of parameters,
but with di�erent typesof covariancematrices (FA vs DG).

were modeled by a singlestate. All non-zerotransition probabilities were �xed to uniform
values.

Again, we trained continuousdensity HMMs with both diagonaland factoredcovariance
matrices. Since in the alphadigit experiments, the largest gains (per parameter) occurred
with small numbersof factors,hereweonly consideredFA-HMMs with exactly onefactor per
mixture component. The resultsof ML andMCE training for several recognizersareshown in
table 3. Again weseethat parametersdevoted to the explicit modelingof correlationsleadto
sizablereductionsin the error rate. Also, both the DG-HMM and FA-HMM recognizersare
substantially improved by discriminative training. Figure 3 shows plots of the classi�cation
error rate versusthe number of modeling parameters(i.e., C(f + 2)) for the ML and MCE
recognizers.The rate of improvement in performance(as a function of model size)is roughly
comparablefor DG-HMMs and FA-HMMs.

6 Summary

In this paper we have studied the combined use of mixture densities and factor analysis
for speech recognition. This was done in the framework of hidden Markov modeling, where
acousticfeaturesare conditionally modeledby mixtures of GaussianPDFs. On two tasks|
connectedalpha-digits and New Jerseytown names|w e have shown that mixture densities
and factor analysisare complementary meansof modeling acousticcorrelations. Moreover,
when used together, they can lead to smaller, faster, and more accurate recognizersthan
either method on its own. For example,comparingthe last lines of tables 1 and 2 revealsa
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C f ML error (%) MCE error (%)
4 0 19.0 17.4
4 1 17.6 15.0
8 0 16.8 14.5
8 1 15.0 12.5
16 0 14.6 12.6
16 1 13.8 12.8
32 0 13.6 12.0
32 1 12.7 11.7
64 0 12.6 11.7

Table 3: Resultson New Jerseytown names. The columnsindicate the number of mixture
components, the number of factors, and the error rates for ML and MCE recognizers.
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Figure 3: Plots of town nameerror rates versusthe number of parametersfor ML and MCE
recognizers.The solid and dashedlines indicate recognizerswith DG-HMMs and FA-HMMs,
respectively.

factor of two improvement in speedand memory with hardly any lossin accuracy.
Both mixture modelsand factor analysismay beunderstood aslatent variablemethods|

the former for clustering, the latter for dimensionality reduction. Just as mixture densities
have proved indispensablein automatic speech recognition, we believe that factor analysis
can make a similarly important contribution. Both methods have a sound probabilistic
framework that enablesthem to be fully exploited in statistical pattern recognition.

It is worth comparing factor analysis to other approaches[10, 26, 28, 5] proposed for
dimensionality reduction and feature spaceanalysis in automatic speech recognition. We
believe that factor analysishastwo distinguishing features. First, unlike many strategiesfor
dimensionality reduction, factor analysisdoesnot merely project a high dimensionalfeature
vector into a low dimensionalone; variations outside the reduced-dimensionality subspace
are alsomodeledby the varianceparameters,	. Second,ML parameterestimation in factor
analysisis supported by an e�cien t, batch-update EM algorithm; this is of considerablevalue
even when the parameterestimatesare ultimately re�ned by gradient-baseddiscriminative
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training.
In this paper, weusedfactor analysisto modelcorrelationsbetweencepstra,delta-cepstra,

and delta-delta-cepstra.It is worth emphasizing,however, that the method appliesto arbi-
trary features. Indeed, the abilit y to model correlationse�cien tly should enableresearchers
to considerother featuresbesidescepstra. While cepstrahave the advantage of being only
weakly correlated,it may be that other features(e.g.,narrow-bandstatistics) actually convey
more information about the speech signal.

We believe that factor analysis has many potential applications to automatic speech
recognition. For example, in segmental HMMs[19], where feature vectors encode multiple
(successive) framesof speech, factored covariancematrices provide a natural way to model
correlations over time. In model adaptation[8, 15, 29], where parametersare re-estimated
to match new testing conditions, they provide a more robust alternative to adapting full
covariancematrices. Theseareonly two examples;in principle, factor analysiscanbeapplied
wherever one introducesGaussianPDFs.

Factor analysisshould be evaluated in light of other methods for modeling correlations.
One popular method is to employ full covariancematricesthrough someform of parameter-
tying. While we have presented factor analysis as an alternative to this approach, more
generally it should be viewed as a complement. Certainly, the clever tying of factor loading
matricesacrossunits, states,and/or mixture components would leadto further improvements
in overall performance(asa function of model size). Thus,whatever gainshavebeenachieved
by tying full covariancematrices,onewould expect additional gainsto beachieved from tying
factored ones.

Overall performance in automatic speech recognition is measuredin terms of speed,
memory, and accuracy. Factor analysis can help in all three respects. Compared to full
covariancematrices,factoredonesareeasierto manipulateand morerobust to over�tting. In
general,factor analysisrepresents a usefulcompromisebetweendiagonaland full covariance
matrices,one that promisesimprovements over both extremes.
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A Posterior distribution

In this appendix, we considerthe properties of the posterior distribution, P(zjx ), for the
multiv ariate GaussianPDF mentioned at the end of section2.1. The posterior distribution
is computed from Bayes' rule as:

P(zjx ) =
P(x jz)P(z)

P(x )
: (32)

The three terms on the right hand sideare given explicitly by eqs.(1{3). BecauseP(z) and
P(zjx ) are Gaussian,it follows from the form of Bayes' rule that P(zjx ) is also Gaussian.
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In particular, up to a normalization constant, the posterior distribution is given by:

P(zjx ) � exp
�

�
1
2

zT (I + � T 	 � 1�) z + (x � � )T 	 � 1� z
�

: (33)

The statistics of the hidden variable z, conditioned on the observation x , are determined
by the linear and quadratic terms in the exponent of eq. (33). In particular, the conditional
meanand covarianceare given by:

E[z jx ] = [I + � T 	 � 1�] � 1� T 	 � 1(x � � ); (34)

E[� z � zT jx ] = [I + � T 	 � 1�] � 1; (35)

where E[�jx ] denotesan average with respect to the posterior distribution, P(zjx ), and
� z = z � E[z jx ] denotesthe variation about the conditional mean. Note that the right hand
side of eq. (35) doesnot depend on the value of x . As a practical matter, this meansthat
the conditional covariancematrix E[� z � zT jx ] doesnot have to be recomputedfor each data
point.

B EM algorithm

In this appendix, we provide a more detailed derivation of the EM algorithm in section3.1.
Webeginby evaluating the Q-function, eq.(7). This is doneby averagingln P(z; x n j ~� ; ~� ; ~	)
over the posterior distribution, P(zjx n ; � ; � ; 	), then taking the sum over all data points.
Up to a constant term (which doesnot depend on ~� , ~� , or ~	), the Q-function is given by:

Q( ~� ; ~� ; ~	; � ; � ; 	) = �
1
2

X

n
E

� �
x n � ~� � ~� z

� T ~	 � 1
�
x n � ~� � ~� z

� �
�
� x n

�

�
N
2

ln
�
�
� ~	

�
�
� + const; (36)

whereE[�jx n ] denotesan expectation over the posterior distribution, P(zjx n ; � ; � ; 	). Let
� z = z � E[z jx n ] denote the variation about the conditional mean of the hidden variable.
We can decomposethe terms inside the expectation as:

Q( ~� ; ~� ; ~	; � ; � ; 	) = �
1
2

X

n

�
x n � ~� � ~� E[z jx n ]

� T ~	 � 1
�
x n � ~� � ~� E[z jx n ]

�

�
1
2

X

n
E

h
( ~� � z)T ~	 � 1( ~� � z)

�
�
� x n

i
�

N
2

ln
�
�
� ~	

�
�
� + const: (37)

The M-step of the EM algorithm is to maximizethis expressionwith respect to ~� , ~� , and ~	.
Setting @Q=@~� = 0 givesat oncethe re-estimation formulae for the mean,eq. (13). Setting
@Q=@~� = 0 gives:

~�

 
X

n
E

h
� z � zT

�
�
� x n

i
!

=
X

n

�
x n � ~� � ~� E[z jx n ]

� T
E[zjx n ]: (38)
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It is straightforward to eliminate ~� from this equation using eq. (13). This yields the re-
estimation formula for the factor loading matrix, eq. (12). Finally, setting @Q=@~	 (ii ) = 0
gives:

~	 ii =
1
N

X

n

� �
x n � ~� � ~� E[z jx n ]

� 2

i
+

�
~� E[� z � zT jx n ]~� T

�

ii

�

: (39)

Here again, eliminating ~� via eq. (13) leads to the desired result|in this case, the re-
estimation formula for the variance,eq. (14).

C Gradien ts

In this appendix, we derive the gradients required for discriminative training of FA-HMMs,
namely eqs.(27{29). To this end, considera multiv ariate GaussianPDF with mean � and
factored covariance matrix 	 + �� T . If we denote the covariance matrix by M , then the
log-likelihood is given by:

ln P(x ) =
1
2

h
ln det M � (x � � )T M � 1 (x � � )

i
: (40)

For discriminative training, we must compute the gradients of ln P(x ) with respect to the
parameters� , 	, and �. The �rst of these is straightforward and gives eq. (27). For the
others,we can usethe chain rule|di�eren tiating the right hand sideof eq. (40) with respect
to M , then di�erentiating M with respect to 	 and �. The �rst step is facilitated by the
identities:

@
@M ij

[ln detM ] = M � 1
j i ; (41)

@
@M ij

h
M � 1

kl

i
= � M � 1

ki M � 1
j l : (42)

Using theseidentities to di�erentiate eq. (40), we obtain:

@
@M ij

[ln P(x )] =
1
2

�

M � 1
j i �

h
M � 1(x � � )

i

i

h
M � 1(x � � )

i

j

�

: (43)

From the de�nition M = 	 + �� T , it is straightforward to compute the gradients @M =@	
and @M =@�. Finally, inserting thesegradients into the chain rule giveseqs.(28{29).
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