Periodic Component Analysis:
An Eigenvalue Method for Representing
Periodic Structurein Speech

LawrenceK. Saul and Jont B. Allen
flsauljpa  g@research.att.com
AT&T Labs,180Park Ave, FlorhamPark, NJ 07932

Abstract

An eigervalue methodis developedfor analyzingperiodic structurein
speechSignalsareanalyzedoy a matrix diagonalizatiorreminiscenbf
methodsfor principal componentnalysis(PCcA) andindependentom-
ponentanalysig(icA). Ourmethod—callegberiodiccomponentinalysis
(mcA)—usesconstructve interferenceio enhanceperiodiccomponents
of the frequeny spectrumand destructve interferenceto cancelnoise.
Thefront endemulatesmportantaspect®f auditoryprocessingsuchas
cochlearltering, nonlinearcompressionandinsensitvity to phasewith
the aim of approachinghe robustnesf humanlisteners. The method
avoidstheinef ciencies of autocorrelatioratthe pitch period:it doesnot
requirelong delaylines, andit correlatessignalsat a clock rateon the
orderof the actualpitch, asopposedo the original samplingrate. We
deriveits costfunctionandpresensomeexperimentakesults.

1 Introduction

Periodicstructurein thetime waveformcorveysimportantcuesfor recognizingandunder
standingspeech[]l At the endof an Englishsentencefor example,rising versusfalling
pitch indicatesthe askingof a question;jn tonallanguagessuchasChinesejt carrieslin-
guisticinformation.In fact,earlyin the speectchain—priorto therecognitionof wordsor
theassignmendf meaning—theauditorysystemdividesthe frequeny spectrurinto peri-
odic andnon-periodiccomponentsThis division is gearedo the recognitionof phonetic
features[2 Thus,a voicedfricative might be identi ed by the presencef periodicityin
thelower partof the spectrumbput notthe upperpart. In complicatecauditoryscenesperi-
odiccomponentsf thespectrumarefurthersegregatedoy theirfundamentafrequeng|3].
This enabledistenersto separatesimultaneouspealersand explainsthe relative easeof
separatingnaleversusfemalespealers,asopposedo two recordingf thesamevoice[4].

The pitch and voicing of speectsignalshave beenextensiely studied[§. The simplest
methodto analyzeperiodicity is to computethe autocorrelatiorfunction on sliding win-
dows of the speechwaveform. The peaksn theautocorrelatiofunctionprovide estimates
of the pitch andthe degreeof voicing. In cleanwidebandspeechthe pitch of a spealer
can be tracked by combininga peak-pickingprocedureon the autocorrelatiorfunction
with someform of smoothing[§, suchasdynamicprogramming.This method,however,



doesnot approachthe robustnesof humanlistenersin noise,andat best,it providesan
extremely grosspicture of the periodic structurein speech. It cannotsene as a basis
for attackingharderproblemsin computationabuditory sceneanalysis,suchas spealer
separation[; which requiredecomposinghe frequeng spectruminto its periodic and
non-periodiccomponents.

The correlograms a morepowerful methodfor analyzingperiodicstructurein speechlt
looks for periodicity in narrov frequeng bands. Slang andLyon[8] proposeda percep-
tual pitch detectorthat autocorrelatesnultichanneloutput from a model of the auditory
periphery The auditory modelincludesa cochlear Iterbank and periodicity-enhancing
nonlinearities.Theinformationin the correlograms summecdbver channeldo producean
estimateof the pitch. This methodhastwo compellingfeatures:(i) by measuringautocor
relation,it producegitch estimateghatareinsensitve to phasechangesicrosschannels;
(ii)y by working in narrav frequeng bands,it producesstimateghatarerobustto noise.
This method,however, alsohasits drawbacks. Computingmultiple autocorrelatiorfunc-
tionsis expensve. To avoid aliasingin upperfrequeng bandssignalsmustbe correlated
at clock ratesmuch higherthanthe actualpitch. From a theoreticalpoint of view, it is
unsatisfyingthatthe combinationof informationacrosschannelss notderivedfrom some
principle of optimality. Finally, in the absencef conclusve evidencefor long delaylines
(10 ms)in the peripheralauditorysystem,it seemswvorthwhile—for both scientistsand
engineers—tatudywaysof detectingperiodicitythatdo not dependon autocorrelation.

In this paperwe developaneigervaluemethodfor analyzingperiodicstructurein speech.
Ourmethodemulatesmportantaspect®f auditoryprocessindput avoidstheinef ciencies
of autocorrelatiorat the pitch period. At the sametime, it is highly robustto narravband
noiseandinsensitve to phasechangescrosschannels Note thatwhile certainaspectof
themethodarebiologically inspired,its detailsarenotintendedo bebiologically realistic.

2 Method

We developthe methodin four stagesThesestagesaredesignedo corvey the maintech-
nical ideasof the paper: (i) an eigervalue methodfor combiningand enhancingveakly
periodicsignals;(ii) theuseof Hilbert transformso compensatéor phasechangescross
channels(iii) the measuremerdf periodicity by ef cient sinusoidalts; and(iv) the hier-
archicalanalysisof informationacrosdifferentfrequeng bands.

2.1 Cross-correlation of critical bands

Considerthe multichanneloutputof a cochlear lterbank. If the input to this Iterbank

consistsof noisy voiced speechthe outputwill consistof weakly periodic signalsfrom

differentcritical bands. Canwe combinethesesignalsto enhancehe periodic signature
of the spealer's pitch? We begin by studyinga mathematicaldealizationof the problem.
Givenn real-valuedsignalsf x;(t)g;, , whatlinearcombinations(t) = 3. w;x;(t) max-
imizesthe periodicstructureat somefundamentafrequeny f,, or equivalently, at some
pitch periodT = 1/f,? ldeally, the linear combinationshoulduseconstructve interfer

enceto enhancgeriodiccomponentsf thespectrurmanddestructve interferenceo cancel
noise.We measurehe periodicity of the combinedsignalby the costfunction:

_ Sist+1) s
> s
Here,for simplicity, we have assumedhatthe signalsarediscretelysampledandthatthe

periodr is anintegermultiple of thesamplingnterval. Thecostfunctione(w, 7) measures
thenormalizedpredictionerror, with theperiodr actingasa predictionlag. Expandinghe

e(w, )

with s(t) = Z w;z(t). 1)



right handsidein termsof theweightsw; gives:
i wiw; A (7)
e(w, ) = H—""—7—, 2
2 wiw; By

wherethe matrix elementsA;; (1) aredeterminedy thecross-correlations,

Aij(r) = 3 [wilO)s () + walt + gt + 1) wm(Bzit+) il + 7)),
t

andthe matrix elementsB;; arethe equal-timecross-correlations3;; = >, z;(t)x;(t).
Note that the denominatorand numeratorof eq. (2) are both quadraticforms in the
weightsw;. By the Rayleigh-Ritztheoremof linear algebra,the weightsw; minimizing
eq.(2) aregiven by the eigervectorof the matrix B~ A(7) with the smallesteigervalue.
For x edr, this solutioncorrespondso the globalminimum of the costfunctione(w, 7).
Thus, matrix diagonalizatior(or simply computingthe bottomeigervector which is often
cheaperprovidesa de niti ve answelto theabove problem.

Thematrix diagonalizatiorwhich optimizeseq.(2) is reminiscenbf methoddor principal
componentnalysis(PcA) andindependentomponentanalysis(iCA)[9]. Our method—
which by analogywe call periodiccomponentnalysis(mCA)—usesan eigervalueprinci-
ple to combineperiodicity cuesfrom differentpartsof the frequeny spectrum.

2.2 Insensitivity to phase

The eigervalue methodin the previous sectionhasone obvious shortcoming:it cannot
compensatéor phasechangescrosschannelsin particular thereal-valuedlinearcombi-
nations(t) = >, w;x;(t) cannotalign the peaksof signalsthatare(say) /2 radiansout
of phase gventhoughsuchanalignment—priorto combiningthe signals—would signi -
cantlyreducethenormalizedpredictionerrorin eq.(1).

A simple extensionof the methodovercomesthis shortcoming. Given real-valuedsig-
nals,f z;(t)g, we considerthe analytic signals f z;(t)g, whoseimaginarycomponentsre
computeddy Hilbert transforms[1Q The Fourierseriesof thesesignalsarerelatedby:

zi(t) =Y agcos(wit + ¢r) () Ei(t) =D age T, (3)
k k

We now reconsidethe problemof the previoussection looking for thelinearcombination
of analyticsignals,s(t) = >, w;Z;(t), thatminimizesthe costfunctionin eq.(1). In this
setting,morecwer, we allow the weightsw; to be complex sothatthey cancompensatéor

phasechangescrosschannelsEq. (2) generalizesn a straightforvardway to:

e(w,7) = Zij wiw; A (1)
’ > wiwiBij

whereA(r) and B areHermitianmatriceswith matrix elements

A1) =Y B 07,0 + EE+ D3 (E+1) FHOXE+) FE+1)E )]

(4)

andB;; = >, 77 (t)x;(t). Again, the optimal weightsw; aregiven by the eigervector
correspondingo the smallesteigervalueof the matrix B~ A(7). (Notethatall the eigen-
valuesof this matrix arerealbecausehe matrix is Hermitian.)

Our analysissofar suggesta simple-mindedapproacho investigatingperiodicstructure
in speech. In particular considerthe following algorithm for pitch tracking. The rst
stepof the algorithmis to passspeechthrougha cochlear lterbank andcomputeanalytic



signals;(t), via Hilbert transforms Thenext stepis to diagonalizehematricesB ~* A(7)

on sliding windows of z;(¢) over arangeof pitch periods,” 2 [Tin, Tmax]- The nal step
is to estimatethe pitch periodsby the valuesof + thatminimize the costfunction, eq. (1),

for eachsliding window. One might expectsuchan algorithmto be relatively robustto

noise (becauseét canzerothe weightsof corruptedchannels)aswell asinsensitie to

phasechangescrosschannelgbecausét canabsorbthemwith complex weights).

Despitetheseattractve features the above algorithm hasseriousde ciencies. Its worst
shortcomings theamountof computatiomeededo estimatehepitch period,r. Notethat
theanalysissteprequirescomputingr? cross-correlatiofunctions,Y, z; (¢)z; (t+7), and
diagonalizinghen n matrix, B~1 A(7). This stepis unwieldyfor threereasons(i) the
burdenof recomputingcross-correlationfor differentvaluesof 7, (ii) the high sampling
ratesrequiredto avoid aliasingin upperfrequeng bandsand(iii) thepoorscalingwith the
numberof channelsp. We addressheseconcernsn thefollowing sections.

2.3 Extracting the fundamental

Furthersignalprocessings requiredto createmultichanneloutputwhoseperiodicstruc-
ture canbe analyzedmoreef ciently . Our front end,showvn in Fig. 1, is designedo an-
alyzevoicedspeechwith fundamentafrequenciesn therangefo 2 [fmin, fmax), Where
Smax <2fmin- Theone-octaerestrictionon f, canbelifted by consideringparallel,over
lappingimplementation®f our front endfor differentfrequeng octares.

The stagesn our front endareinspiredby importantaspectof auditory processing[1]D

Cochlearltering is modeledby a Bark scale Iterbank with contiguougpassbandsNext,

we computenarravbandervelopeshy passinghe outputsof theselters throughtwo non-
linearities: half-wave recti cation andcube-rootcompressionTheseoperationsarecom-
monly usedto modelthe compressie unidirectionalresponsef innerhair cellsto move-
mentalongthe basilarmembraneEvidencefor comparisorof ernvelopesn the peripheral
auditorysystemcomesfrom experimentson comodulation masking release[11]. Thus,the
next stageof our front end createsa multichannelarray of signalsby pairwisemultiply-

ing envelopesfrom nearbypartsof the frequeng spectrum.Allowed pairsconsistof ary

two ernvelopes,including an envelopewith itself, that might in principle containenegy

at two consecutie harmonicsf the fundamental Multiplying theseharmonics—justike

multiplying two sinewaves—producetermodulationdistortionwith enegy at the sum
anddifferencefrequencies.The enepy at the differencefrequeng createsa signatureof

“residue”pitch at fy. Theenegy atthe sumfrequeng is removedby bandpasdtering to

frequencied fumin, fmax] @andaggressiely downsamplingto a samplingrate fs = 4 fiin-

Finally, we useHilbert transformsto computethe analyticsignalin eachchannelwhich

we call x;(¢).

In sum, the stagewf the front endcreatean array of bandlimitedanalyticsignals,y;(t),

that—whilederivedfrom differentpartsof the frequeny spectrum—hee enegy concen-
tratedat the fundamentafrequeng, f,. Note thatthe bandlimiting of thesechannelgo

frequencied fimin, fmax] Where fimax <2 fmin removesthe possibility thata channelcon-
tainsperiodicenepgy at any harmonicotherthanthe fundamental.In voiced speech, this

has the effect that periodic channels contain noisy sine waves with frequency f.
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Figurel: Signalprocessingn thefront end.



How canwe combinethese“baseband”signalsto enhancethe periodic signatureof a
spealer's pitch? The natureof thesesignalsleadsto an importantsimpli cation of the
problem.As opposedo measuringhe autocorrelatioratlag 7, asin eq. (1), herewe can
measureheperiodicityof thecombinedsignalby asimple sinusoidal fit. Let A = 27 o/ f
denotethe phaseaccumulateger sampleby a sinewave with frequeng f, at sampling

rate f,, andlet s(t) = >, w;X;(t) denotethe combinedsignal. We measurehe periodic-
ity of thecombinedsignalby

_ st A1) set X wiwiAii(A)
> ds(®)i? >oijwiw;Bij

wherethe matrix B is againformedby computingequal-timecross-correlationgndthe
matrix A(A) haselements

e(w, A)

(®)

A(8) = Y KOG DG+ AR OHE+) @5+ 0) .

For x ed A, the optimal weightsw; are given by the eigervector correspondingo the
smallesteigervalueof thematrix B~ 1 A(A).

Note that optimizing the costfunctionin eq. (5) over the phase A, is equivalentto opti-

mizing over the fundamentafrequeng, fo, or the pitch period, . The structureof this

costfunction makesit mucheasierto optimizethanthe earliermeasureof periodicity in

ed.(1). For instancethe matrix elements4;; (A) dependonly onthe equal-timeandone-
sample-laggedross-correlationsyhich do not needto be recomputedor differentvalues
of A. Also, thechannelsy;(t) appearingn this costfunction aresampledat a clock rate
ontheorderof f,, asopposedo the original samplingrate of the speech.Thus,the few

cross-correlationthat are requiredcanbe computedwith mary fewer operations.These
propertiedeadto a moreef cient algorithmthanthe onein the previoussection.Theim-

provedalgorithm,working with basebandgignals estimateshepitch by optimizingeq.(5)

overw andA for slidingwindowsof x;(¢). Oneproblemstill remainshowever—theneed
toinvertanddiagonalizdargenumberofn  n matriceswherethenumberof channelsy,

may be prohibitively large. This nal obstaclds removedin thenext section.

24 Hierarchical analysis

We have developeda fastrecursve algorithmto locatea goodapproximationto the min-
imum of eq.(5). Therecursve algorithmworks by constructinganddiagonalizing2 2
matricesasopposedothen n matricesequiredfor anexactsolution.Ourapproximate
algorithmalsoprovidesahierarchicabnalysisof thefrequeng spectrunthatis interesting
in its own right. A sketchof thealgorithmis givenbelow.

The basestepof the recursionestimatesa value A; for eachindividual channelby mini-
mizing the errorof asinusoidalt:

SA) = [+ TS P /T w0) ©®)

The minimum of theright handsidecanbe computedby settingits derivative to zeroand
solvinga quadraticequationin the variablee*® . If this minimum doesnot correspondo
alegitimatevalueof fo 2 [fmin, fmax), theith channels discardedrom future analysis,
effectively settingits weightw; to zero. Otherwise the algorithmpasseshreearguments
to ahigherlevel of therecursionthevaluesof A; ande;(A;), andthechannely; (¢) itself.

The recursie step of the algorithm takes as input two auditory “substreams”,s; (¢)
and s, (t), derived from “lower” and “upper” partsof the frequeng spectrum,and re-
turns as output a single combinedstream,s(t) = w;s;(t) + wys,(t). In the rst step
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Figure2: Measuref pitch (fo) andperiodicity (¢ 1) in nestedregionsof the frequeny
spectrum. The nodesin this tree describeperiodic structurein the vowel /u/ from 400—
1080 Hz. The nodesin the rst (bottom) layer describeperiodicity cuesin individual
channelsthe nodesin the kth layermeasureuesintegratedacros2*~! channels.

of the recursion the substreamsorrespondo individual channelsy; (¢), while in the kth

step,they correspondo weightedcombinationsof 2! channels. Associatedwith the
substreamsrephases/; andA,,, correspondindo estimatef f, from differentparts
of the frequeng spectrum.The combinedstreamis formedby optimizing eq.(5)over the
two-componentveightvector w = [w;, w,]. Notethattheeigervalueproblemin thiscase
involvesonlya2 2 matrix,asopposedoann n matrix. Thevalueof A determineshe
periodof the combinedstream;in practice we optimizeit overtheinterval de ned by A;

andA,,. Corveniently thisinterval tendsto shrinkat eachlevel of therecursion.

The algorithmworks in a bottom-upfashion. Channelsare combinedpairwiseto form
streamswhich arein turn combinedpairwiseto form new streams. Eachstreamhasa
pitch periodanda measureof periodicity computedby optimizing eq. (5). We orderthe
channelsothatstreamsarederivedfrom contiguougor nearlycontiguouspartsof thefre-
gueng spectrum.Fig. 2 shavs partial outputof this recursve procedurefor a windowed
segmentof the vowel /u/. Note how asoneascendshe tree,the combinedstreamshave
greaterperiodicity and lessvariancein their pitch estimates.This shavs explicitly how
the algorithmintegratesinformationacrossarrav frequeny bandsof speech.Therecur
sive outputalso suggestsa usefulrepresentatiorior studyingproblems,suchas spealer
separationthatdependn groupingdifferentpartsof the spectrunby theirestimate®f f.

3 Experiments

We investigatedhe performanceof our algorithmin simple experimentson synthesized
vowels. Fig. 3 shawvsresultsirom experimentonthevowel /u/. Thepitch contourdn these
plotswerecomputedy therecursvealgorithmin theprevioussectionwith fy,i, = 80 Hz,
Sfmax = 140 Hz, and 60 ms windows shiftedin 10 msintervals. The solid curves shov
the estimatedpitch contourfor the cleanwidebandwaveform, sampledat 8 kHz. The
left panelshaows resultsfor ltered versionsof the vowel, bandlimitedto four different
frequeng octaves. Theseplotsshav thatthealgorithmcanextractthe pitch from different
partsof thefrequeng spectrumTheright panelshavs the estimatecpitch contoursfor the
vowel in 0 dB white noiseandfour typesof -20 dB bandlimitednoise.The signal-to-noise
ratios were computedfrom the ratio of (wideband)speechenegy to noiseenegy. The
white noiseat 0 dB presentghe mostdif culty; by contrastthe bandlimitednoiseleads
to relatively few failures,even at -20 dB. Overall, the algorithmis quite robust to noise
and ltering. (Notethatthe particularfrequeng octavesusedin theseexperimentshadno
speciakelationto the Iters in ourfrontend.) Thepitch contourscouldbefurtherimproved
by someform of smoothing pbut this wasnot donefor the plotsshawn.
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Figure3: Trackingthe pitch of the vowel /u/ in corruptedspeech.

4 Discussion

Many aspect®f thiswork needre nement. Perhapshe mostimportantis theinitial Iter -
ing into narrow frequeng bands While narrav Iters have theability to resolwe individual
harmonicspverly narrav Iters—which reduceall speechinputto sinewaves—donotad-
equatelydifferentiateperiodicversusnoisy excitation. We hopeto replacethe Bark scale
Iterbank in Fig. 1 by onethatoptimizesthis tradeof. We alsowantto incorporateadapta-
tion andgaincontrolinto thefront end,soasto improve the performancen nonstationary
listening conditions. Finally, beyond the problemof pitch tracking,we intendto develop
thehierarchicakepresentatioshavn in Fig. 2 for hardemproblemsn phonemeecognition
andspealer separation[l. Thesehardermproblemsseemto requireamethod like ours,that
decomposethefrequeny spectruminto its periodicandnon-periodiccomponents.
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