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1 Intr oduction

In the gametheory literature,there is an intriguing line of
researchon the problemof playing a repeatedmatrix game
againstanadversarywhosecomputationalresourcesarelim-
itedin someway. Perhapsthemainwayin whichthisresearch
differs from classicalgametheorylies in the fact that when
our adversaryis not playing the minimax optimal strategy
for the game,we may be ableto attainpayoff that is signif-
icantly greaterthantheminimaxoptimum. In this situation,
the correctmeasureof our performanceis in comparisonto
the optimumachievableagainstthe particularadversary, not
to theminimaxoptimum.

The typical approachis to assumethat the adversary's
strategy is amemberof somenaturalclassof computationally
boundedstrategiesÐ mostoften,a classof ®niteautomata.
(For a survey on the areaof ªboundedrationalityº, seethe
paperof Kalai [4].) Many previouspapersexaminehow var-
ious aspectsof classicalgametheorychangein this setting;
a goodexampleis the questionof whethercooperationis a
stablesolutionfor prisoner's dilemmawhenbothplayersare
®niteautomata[6, 8]. Someauthorshave examinedthe fur-
therproblemof learningtoplayoptimally againstanadversary
whoseprecisestrategy is unknown,but is constrainedto lie in
someknown classof strategies(for instance,seeGilboaand
Samet[3]). It is this researchthat forms our startingpoint.
Thepreviouswork on learningto playoptimallyusuallydoes
not explicitly takeinto accountthe computationalef®ciency
of the learningalgorithm,andoften givesalgorithmswhose
runningtime is exponentialin somenaturalmeasureof the
adversary'scomplexity; anotablerecentexceptionis thework
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of Fortnow andWhang[2].
Herewe examinetheproblemof learningto play various

gamesoptimally againstresource-boundedadversaries,with
an explicit emphasison the computationalef®ciency of the
learningalgorithm. We areespeciallyinterestedin providing
ef®cientalgorithmsfor gamesotherthanpenny-matching (in
which payoff is received for matchingtheadversary's action
in thecurrentround),andfor adversariesotherthantheclassi-
callystudied®niteautomata.In particular, weexaminegames
and adversariesfor which the learningalgorithm's pastac-
tionsmaystronglyaffect theadversary's futurewillingnessto
ªcooperateº(thatis,permithighpayoff), andthereforerequire
carefullyplannedactionsonthepartof thelearningalgorithm.
For example,in thegamewecall contract, bothsidesplay0or
1 on eachround,but our sidereceivespayoff only if we play
1 in synchrony with the adversary;unlike penny-matching,
playing0 in synchrony with theadversarypaysnothing.The
nameof the gameis derived from the exampleof signinga
contract,which becomesvalid only if bothpartiessign (play
1). In this game,it is not enoughto simplypredicttheadver-
sary'sactionsin ordertoplayoptimally;wemustalsodiscover
how to massagetheadversaryinto hismostcooperative state,
in whichheis willing to play1 frequently.

Asanintuitiveill ustrationof thedif ferencebetweenpenny-
matchingand contract, considerplaying thesetwo games
againstthe same®niteautomaton� . For playing penny-
matching,we may not needto build a detailedmodelof �

Ð asshown by Fortnow andWhang,it suf®cesto discover a
ªpenny-matchingcycleº of � [2]. For contract,while anex-
actmodelof � maystill beunnecessary, wemustdoenough
explorationto ®ndany regionswhere� plays1 frequently. A
recurrentthemeof thepaperis thepotentialutility or danger
of penny-matching(andmoregenerally, of existingcomputa-
tional learningtheorymethods)asa tool for playingcontract
andothergames.

Wedeferadetaileddescriptionof ourresultsuntil themain
body of the paper, after we have madethe necessaryde®ni-
tions. Here we give a brief summary. The paperand the
resultsaredividedinto two mainparts. In Sections3 and4,
we introducetwo new classesof adversaries.The®rstadver-



saryclassis de®nedby simplebooleanformulaethatexamine
therecenthistoryof play in orderto determinetheiractionin
thecurrentround. Adversariesin thesecondclassbasetheir
currentactiononsimplestatisticsof theentirehistoryof play.
For bothclassesof adversaries,we give polynomial-timeal-
gorithmsfor learningto play contract. In the secondpartof
thepaperin Section5,wecontributeto theliteratureonlearn-
ing to play gamesagainstprobabilistic®niteautomata.We
give whatis perhapsthemostpowerful positiveresultto date
for learningto playgamesagainstautomataÐ a polynomial-
timealgorithmfor learningto playany gamenearlyoptimally
againstany ®niteautomatonwith probabilisticactionsandlow
cover time. If randomizedtransitionsareallowed,we show
thateven approximatingthe optimalstrategy againsta given
automatonis ���������	� -complete. This improvesthe result
of PapadimitriouandTsitsiklis [7].

2 Modelsand De®nitions

In this paper, gamesareplayedby two players. Onewill be
calledtheadversaryandtheotherthestrategy learningalgo-
rithm. We think of theadversaryasa ®xedresource-bounded
computationalmechanismthatmaybeplayingastrategy quite
differentfromtheminimaxoptimalstrategy for thegame.The
strategy learningalgorithmwill be a polynomial-timealgo-
rithm attemptingto learn, from repeatedplays, a pro®table
strategy for playingagainsttheadversary.

As is typical, a gamein our settingcanbe de®nedby a
payoff matrix 
 . Hereweconcentrateongamesin which the
actionsof thetwo playersandtheoutcomearebinary, result-
ing in 2 � 2 matrices.In gametheorysuchmatricesusually
have entriesof theform ��
	����� where 
 and � representthere-
spectivepayoffsmadeto thetwoplayerswhenthechosenrow
andcolumnareplayed. Sincethe strategy of the adversary
is now determinedby a ®xed computationaldevice, andwe
areinterestedonly in thepayoff madeto thestrategy learning
algorithm,ourmatriceswill indicateonly thatpayoff. In are-
peatedgame, playproceedsin rounds, with eachplayertaking
anactionin eachround,andthepayoff to thestrategy learning
algorithmfor thatroundbeingdeterminedby thecorrespond-
ing entry of the gamematrix 
 . As we have indicated,in
ourmodeltheadversaryis chosenfrom aclass� of restricted
adversaries,usuallyde®nedby someresource-boundedcom-
putationaldevice,suchas®niteautomata,circuitsof bounded
sizeor depth,andsoon. Both thestrategy learningalgorithm
andtheadversarycanberegardedas(possiblyprobabilistic)
mappingsof gamehistories(that is, the actionsmadeby the
two playersin all theroundssofar) to currentactions.After
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rounds,the payoff earnedby a strategy � with respectto
theadversary� is
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We call
�

0 theinitializationtimeof M for thegiven N . If M is
N -goodfor every N , wesaythat M is simplyastrategy learning
algorithm for playing 
 against� . We say M is ef®cientif
its initializationtimeis polynomialin 1]^N and _J`-a@b3�U��� , andits
computationtimeatany round

�

is polynomialin 1]^N ,
�

, and
_�`cadb3���	� . As is typical in learningtheory, here _J`-a@be���	� is an
appropriatenotionof thecomplexity of theadversary� (such
asthenumberof statesif � is de®nedby a ®niteautomaton,
or the numberof gatesif � is de®nedby a booleancircuit);
it is naturalto allow M morecomputationto succeedagainst
morecomplex adversaries.If M is a probabilisticalgorithm
thenwerequirethatit succeedonlywith probability1 YWf for a
givencon®denceparameterf (and,asusual,allow it to run in
time polynomialin log � 1]gfh� ). We will alsohave occasionto
considerstrategy learningalgorithmsM thatcanonly achieve
a payoff that is a multiplicative constantfactor ikj 1 of the
optimalpayoff; wecall suchalgorithmsi -competitive.

In the®rstpartof thepaper, weconcentrateontwospeci®c
games.The®rstgame,calledpenny-matching, givespayoff 1
to thestrategy learningalgorithmif andonly its playmatches
that of the adversaryÐ that is, if and only if both players
play 0 or both playersplay 1. Otherwise,the payoff to the
strategy learningalgorithm is 0. Thus the gamematrix is
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0 % 0. We will often usethe
termpenny-matchingto refernot only to this gameitself, but
alsoto the strategy (regardlessof the gamebeingplayed)of
alwaysplayingthesameactionastheadversary. Thesecond
gameweexamineiscalledcontract. Herethestrategy learning
algorithmreceivespayoff 1 if andonly if bothplayersplay 1
(sign the contract),otherwiseit receives payoff 0. Thusthe
gamematrix is 
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0 % 0.
Despitethefactthatthepenny-matchingandcontractgame

matricesdiffer ononly asingleentry(whenbothplayersplay
0),they captureafundamentaldistinctionbetweengametypes,
especiallyin thecontext of resource-boundedadversaries.In
penny-matching,regardlessof the adversary's currentaction
(whichmaydependstronglyonthehistoryof play),thereisal-
wayssomeactionthatthestrategy learningalgorithmmaytake
to achieve themaximumpossiblepayoff in theentirematrix
(namely, matchtheadversary'splay). In contract,however, if
theadversaryiscurrentlyplaying0, thereis noactionthestrat-
egy learningalgorithmmaymakein orderto achieve nonzero
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payoff. Thus,succeedingatpenny-matchingrequiresonly that
thestrategy learningalgorithmlearnto predicttheadversary's
actions,while contractmay requirethe strategy learningal-
gorithmto in¯uencetheadversary's actions,possiblythrough
carefulplanningover many roundsof play.

3 GamesAgainst RecentHistory Adversaries

Much of the previous work on playing gamesagainstcom-
putationallyboundedadversarieshasconcentratedon ®nite
automataadversaries,andtherehasbeenlittle work on learn-
ing to playoptimallyexceptfor thegameof penny-matching.
In this sectionand the next, we investigatethe problemof
learningto playcontractagainsttwo typesof adversariesthat
areratherdifferentfromthosede®nedby smallautomata.The
®rsttypeof adversaryis de®nedby certainbooleanformulae
over therecenthistoryof play, andthesecondtypeof adver-
saryis de®nedby linear functionsof simplestatisticsof the
entirehistoryof play. In bothcases,exponentiallymany states
mayberequiredto describethesameadversariesas®niteau-
tomata. We begin by introducingthe generalframework of
recenthistoryadversaries,thenspecializeto thesimpleclass
thatwecananalyze.

Let us introducethe history vectorsof length � at round
�
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algorithmat round

�

YT; , andthe variable �

 

+

containsthe
binaryvaluethatwasplayedby theadversaryat round

�

Y[;

(1 � ;��
� ). Whenthecurrentround
�

is still smallerthan
thehistorylength � , �

�

 

and �

�

 

arede®nedto bethevectors
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which containtheactionsplayedby thestrategy
learningalgorithmandtheadversary, respectively, in the®rst

�

rounds. For simplicity, whenno confusionwill resultwe
will dropthesuperscript

�

indicatingtheindex of thecurrent
round. Thus �

� and �

� simply storethe last � roundsof play,
andthey arecontinuallyupdatedduringplayby shiftingafter
eachround(with theplaysmade��� 1 roundsagobeinglost).
A recenthistoryadversaryis anadversarywhosecurrentplay
is de®nedby somebooleanfunction �B���

�
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� . As a simple
example,considerthe adversaryfor contractde®nedby the
booleanformula
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1 % 1, which in contractmeansthat the strat-
egy learningalgorithmenjoyedtwo consecutivepayoffs ;�� 1
roundsago. Thus,the adversaryde®nedby � simply plays
1 if and only if the strategy learningalgorithm hasnot re-
ceivedtwo consecutive payoffs in thelast � rounds,a typeof
ªpro®t-limitingºadversary.

Clearly, we would like to ef®cientlylearnto play various
gamesnearlyoptimallyundertheleastrestrictiveassumptions

on the recenthistory adversary � . Not surprisingly, how-
ever, a numberof the computationallimitations governing
more standardlearningmodelstranslateto the currentset-
ting. For example,we shouldnot expect to ef®cientlylearn
to playpenny-matchingagainstrecenthistoryadversariesthat
arebooleancircuits(over theinput variables �

� and �

� ) of size
polynomialin thehistorylength � , sincesuchadversariescan
computepseudo-randomfunctionsof thehistory. (Thisclaim
will be madeformally in the full paper). Similar arguments
applyto learningto playcontract.

On the positive side,supposethat the recenthistory ad-
versary �B���

�

���

�

� is drawn from a class � of booleanfunc-
tions for which there is an absolutemistake-boundedalgo-
rithm [5] Ð that is, a predictionalgorithm � that makesat
most �Q���g�@_�`cadbh�U��� � mistakesin predictingthe valuesof any
target functionchosenfrom � on anysequenceof 2� -bit in-
puts(history vectors),where � ���g��_�`cadb3���	�D� is a polynomial.
Thenit is easyto seethat � is in fact an algorithmthatwill
ef®cientlylearnto playpenny-matchingnearlyoptimally, be-
causesince�Q���g�@_�`cadbh�U��� � doesnotdependon

�

, thefraction
of roundsin which we have failed to matchdecreasesat a
rateof ��� 1]

�

� . This logic fails for contract,however, where
our goal is not simply that of prediction,but of maximizing
thenumberof roundswhereweplay 1 in synchrony with the
adversary. Wenow investigatefurtherthisapparentdifference
betweenpenny-matchingandcontractfor aparticularclassof
recenthistoryadversaries.

Considertheclassof recenthistoryadversariesde®nedby
the booleanformulae � �Z���
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Therestriction;+�

�

in thesubscriptis clearlyredundantfor
�

V,� , andis addedonly to ensurethat �
� bewell de®nedon

historyvectorsof lengthlessthan � . We adopttheconvention
that for every ! , �

�
��- �.-�� % 1, where - denotesthe empty

historyvector. We do this becauseif we allow ���Z��-Z�/-	��% 0,
then � � will play 0 on all future rounds,andno strategy can
achieve payoff higherthan0. Takentogether, the restriction

;0�

�

in thesubscriptabove andthecondition ���B��-Z�/-	��% 1
areequivalentto assumingthat thehistoryvectorsareinitial-
izedto containasinglesacri®cein themostrecentround,and
all 0 entriesfor bothplayersin the �!Y 1 previousrounds.

Note that � � is a 2-DNF formula over the variables
�

1 �>\d\>\��
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. Sincesuchformulaehave anef®cient
absolutemistake-boundedalgorithm[5], ourcommentsabove
imply thatwe canlearnto play penny-matchingnearlyopti-
mallyagainstsuchadversariesin polynomialtime. Let usnow
examinethemoresubtleproblemof playingcontractagainst
this class. The term ���

�

+1*

�

+

� stipulatesthat ; roundsago,
theadversary�

� played1, but thestrategy learningalgorithm
played0. We call sucha rounda sacri®ce, becausesince �

�

played1, thestrategy learningalgorithmcouldhave obtained
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a payoff by playing1 but insteadplayeda 0. If a sacri®ceoc-
curred; roundsagofor any ; in theindex set ! , theadversary
plays1 in thecurrentround;otherwisetheadversaryplays0.
Wecall theset �h� � � thepastsacri®ceadversariesfor contract.
Thepastsacri®ceadversariesareinterestingfor thedirectten-
sionthey createbetweenobtainingpayoff in thecurrentround,
andensuringfuturepayoff, which requirestheoccasionalin-
sertionof sacri®cesinto thehistory. Evenaplayerwhoknows

� � andwishesto play contractoptimally cannotpursuethe
greedystrategy of alwaysplaying1 in synchrony with � � Ð
thereadercaneasilyverify that this would quickly drain the
history vectorsof any sacri®cesthey might have contained,
andno furthercontractpayoff wouldbepossible.

Thus,while the � � arerathertrivial adversariesfor playing
penny-matching,a differentapproachis requiredfor playing
contractagainstthissameclass.Wenow giveanef®cientstrat-
egy learningalgorithmfor playing contractagainstthe past
sacri®ceadversariesthat is 1] 2-competitive(thatis, achieves
payoff at least 1] 2 times the optimal payoff). The analy-
sis shows that theoptimalpayoff hasan interestingnumber-
theoreticcharacterization.

Theorem 3.1 There is an ef®cient1] 2-competitivestrategy
learning algorithm for playing contract againstthe classof
pastsacri®cestrategies.

Proof (Sketch): Theproposedstrategy learningalgorithm M

operatesin two simplephases.In the ®rstphase(calledthe
sacri®cephase), M alwaysplays0 (regardlessof the actions
of �

� ) in order to ª¯oodº the history vectorswith asmany
sacri®cesaspossible.In thesecondphase(thepayoff phase),

M attemptsto alternateperiodsof sacri®cewith periodsof
payoff in a patternthat canbe maintainedinde®nitely. We
beginbygivingacharacterizationof therateatwhichsacri®ces
areobtainedduring the sacri®cephaseof M . This ratealso
providesuswith anupperboundon theoptimalpayoff.

Lemma 3.2 Let �
� be anypastsacri®ceadversaryfor con-

tract,andconsiderthestrategythatalwaysplays0against�
� .

Thenafteratmost�

3 roundsofplay, sacri®ceswill occurevery
� rounds,where ��% gcd��!�� is thegreatestcommondivisorof
the indicesappearingin ! . Furthermore, theoptimalpayoff
thatcanbeobtainedagainst��� by any playeris at most1]h� .

Proof (Sketch): For theupperboundon theoptimalpayoff,
®rstconsiderany strategy

�

for playing against� � , andlet
us credit

�

with payoff 1 at the currentroundif ��� plays1,
regardlessof whether

�

hasplayed0 or 1. Thenwewill only
overcountthe actualpayoff of

�

, and now we can assume
without lossof generalitythat

�

playsto maximizethe fre-
quency with which �

� plays1. Since
�

's playing 1 in the
currentroundcannever cause�

� to play 1 in a futureround,
the beststrategy for

�

underthis analysisis to alwaysplay
0. If ![% �h; 1 �d\>\d\ �A;���� , this will cause�

� to play 1 at rounds
; 1 �>\>\d\���;�� , which arethe roundsthat the lonesacri®cein the
initial con®gurationªpassesthroughºthe relevant indicesin

thehistoryvectors.In general,if ��� plays1 at round
�

, this
insertsanothersacri®ceinto thehistory(since

�

is playing0),
leadingto sacri®cesat the later rounds

�

� ; 1 �>\d\>\��

�

� ; � .
Thusall thesacri®ceroundshavetheform

�

%m
 1 ; 1 �������D
��d;��

for somenaturalnumbercoef®cients
 1 �>\>\d\���
	� . This means
that

�

is a multiple of �(% gcd�U; 1 �d\>\d\ �A;��h� , and we have
proven that any strategy for playingcontractagainst� � can
only obtainpayoff at roundsthataremultiplesof � (call such
rounds� -rounds), asdesiredfor theupperboundon theopti-
malpayoff.

We now show thatafterat most �

3 roundsthestrategy of
alwaysplaying 0 against� � will in fact result in a sacri®ce
on every � -round. To seethis, recall that we canwrite � %

i 1 ; 1 �
�����Ui��d;�� for someintegercoef®cientsi 1 �d\>\>\A��i�� ; how-
ever, someof the i

+

maybenegative. Let
�

%(
 1 ; 1 �
�����D
��d;��

beasacri®ceround,wherethenaturalnumbers
 1 �d\>\>\A��
 � are
suf®cientlylarge (asdeterminedby theanalysisbelow). We
now wish to show that

�

� �	�

�

� 2���>\d\>\��

�

���$� arealso
sacri®cerounds,where �$�k% ; 1; this suf®cesto show thatall
future � -roundswill be sacri®cerounds,sinceoncethe his-
tory vectorscontaina sacri®ceon every � -roundbetweenthe
currentroundandindex ; 1, the sacri®cespassingthrough ; 1

alonewill causenew sacri®cesat thissameratefrom thenon.
To seethat

�

���?� is a sacri®ceroundfor every 1 ��� ��� ,
we mustshow that it canbe written asa linear combination
of the indices in ! with natural numbercoef®cients. We
have

�

���L�(% ��
 1 ; 1 �������D

�

;
�

� ���B��i 1 ; 1 �������Di
�

;
�

� %

��
 1 �
�	i 1 �D; 1 ���������U

�

���	i
�

� ;
� . Providedwechoosethenat-

uralnumbers
���V�� �	i���� , thecoef®cientsof
�

���?� will also
benaturalnumbers,and

�

���L� will bea sacri®ceround. It
canbeshown that the i�� canbechosensothat their absolute
valuesareall boundedby ;

�
�
� . It directly follows that the

minimalvalueof
�

for which
�

���L� is a sacri®ceroundfor
every � V 0 is at most �

3, asrequired. � (Lemma3.2)
Thus,thesacri®cephaseof ourstrategy learningalgorithm

M continuesuntil thehistoryvectorsare � -¯oodedwith sacri-
®cesÐ that is, until they containa sacri®ceevery � indices.
By Lemma3.2,thisoccursafteratmost�

3 rounds.(Notethat
M canquickly infer thevalueof � fromthepatternof sacri®ces
that emerges.) At this point, M attemptsto enterits payoff
phase.Since M 's behavior on roundsthatarenot � -roundsis
irrelevant, we concentrateon M 's behavior on � -rounds. Of
course,M cannotsimplybeginplaying1 inde®nitely, sincethis
wouldquicklydrainthehistoryvectorsof all sacri®ces,andno
furtherpayoff wouldbepossibleÐ abalancebetweenpayoff
andpreservationof sacri®cesis required. To begin with, we
dismissthedegeneratecasein which theindex set ! contains
only asingleindex ; 1: it canbeveri®edthatin thiscaseonly a
singlepayoff caneverbeobtained,sotheaveragepayoff over
timeapproaches0. Thuswithout lossof generality� !��$V 2.

Suppose®rstthatwe knew the®rsttwo indices; 1 �A; 2, and
let ; 2 Y ; 1 % �^� for a naturalnumber � V 1. Considerthe
strategy of restoringsacri®cesfor the next �k� -rounds,then
obtainingpayoff for thefollowing ��� -rounds.We claim that
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thispatterncanbemaintainedinde®nitely, becauseatevery � -
roundeither ; 1 or ; 2 containsa pastsacri®ce,andthus ��� will
play1. Thereasonis thata singlepayoff blockof � � -rounds
is too short to cover both ; 1 and ; 2, but thesepayoff blocks
aretoo long for ; 1 and ; 2 to becoveredby differentblocksof
payoff.

It remainsto ®nd ; 1 and ; 2. This canbedoneon the®rst
roundsof play (prior to the sacri®cephase)in the following
simplemanner. Thestrategy learningalgorithmplays1 until
the adversary®rstplays1 (in round ; 1) andthenswitchesto
playing0 until theadversarynext plays1 (at round ; 2). Note
that if � is known, thenall the indicesin ! canbe found in
a similar manner, andthe strategy de®nedabove whenonly
the ®rsttwo indicesareknown canbe easilygeneralizedto
get higher averagepayoff. However, if � is not known, it
is not clear how the algorithm can aquire this information
without risking the lossof all sacri®cesin its recenthistory.

� (Theorem3.1)

4 GamesAgainst Statistical Adversaries

In thissectionwestudytheproblemof playingcontractagainst
anadversarywhosecurrentmove dependson theentire (un-
bounded)historyof playsofar(in contrastto therecenthistory
adversariesof thelastsection),but only throughthestatistics
of thehistory. Hereweconsideronly thesimpleststatisticsof
thehistory, thevalues�

 

00 ���

 

11 ���

 

01 ���

 

10, wherefor 
	����O � 0 � 1 �

thevalue�

 

E

G

is thefractionof the®rst
�

roundsin whichthe
strategy learningalgorithmplayed
 andtheadversaryplayed

� . Wherenoconfusionwill result,wedropthesuperscript
�

indicatingthecurrentround. As a simpleexample,we might
considera contractadversarythatplays1 in thecurrentround
if andonly if � 11 j�� for somethreshold� O�� 0 � 1� . This
adversaryis willing to let its opponentreceive a payoff only
if the opponentis not too wealthyalready. In general,one
might consideradversarieswhosecurrentplay is a compli-
catedfunctionof not only the �

E

G

but alsoof otherstatistics
of thehistory. Herewemakea modeststartby giving anef®-
cientstrategy learningalgorithmfor playingcontractagainst
adversariesthatplay1 if andonly if thestatistics�	�

E

G

� obey a
linearinequality;we referto suchadversariesaslinear statis-
tical adversaries. Wethusrevisit theclassicallinearseparator,
but thistimein thecontext of learningto playgames.For sim-
plicity we concentrateon the two-dimensionalcasein which
the adversaryis determinedby a linear constraintover only
thestatistics� 00 and � 11; thegeneralthree-dimensionalcase1

is similarandwill beconsideredin thefull paper. Westateour
theoremsbelow for contract,but we point out thatsinceab-
solutemistakeboundedalgorithmsdonotexist for linearsep-
aratorsin 


2 (a point elaborateduponbelow), even learning
to play penny-matchingagainstlinear statisticaladversaries
nearlyoptimally is a nontrivial problem. Our algorithmsfor

1Note that there are really only three dimensions here since
�
��� �����

0

�

1 ���

�	���

1 alwaysholds.

�

11

�

00

1

0

optimalpoint

Figure1: Exampleof astatisticaladversary���

� � �"!

00 #

!

11 $

, showing
the regionsin which the adversaryplays0 and1, thediagonalline
representingthe constraint

!

00 %

!

11 &

1, and the optimal point
of play lying on this line. Also shown is a typical trajectorytaken
by the strategy of penny-matchingwhen playing contractagainst

�'�

� �

. Matchingonesresultsin an increaseto
!

11 and a decrease
to

!

00, while matchingzeroshasthe reverseeffect, resultingin the
alternatingpatternshown. Thedistancetraveledwith eachsuccessive
matchdecreaseswith time.

playingcontractcontainpenny-matchingsubroutines,andthus
solve the penny-matchingproblemaswell. The reasonthat
penny-matchingis a usefulsubroutinehereis that for certain

�)(

7 *

, penny-matchingmoves us on a trajectorythroughthe
� 11 Y+� 00 planethatrapidlyapproachestheoptimalpoint,and
remainstherestably. Thusin thesecasespenny-matchingcan
bethoughtof asaneffectivemeansof motionin the � 11 Y,� 00

plane.

Theorem 4.1 For any -��/. O0
 , let �1(

7 *

�2� 00 ��� 11�Q% 1 if
andonly if -3� 11 �4. j5� 00. Thenthere is an ef®cientstrat-
egy learningalgorithmfor playingcontractagainstthelinear
statisticaladversaryclass �h�

(

7 *

: -��/. O6
 � .

Proof (Sketch): We restrictour attentionto thecase-

R

0,
which is the mostinteresting,andfor which a representative
picture is shown in Figure 1. The general - casewill be
consideredin the full paper;the ideasarequite similar but
somecare is requiredin the handlingof initial conditions.
The main pointsof the proof are: (1) For -

R

0 (implying
that the linear separatorhaspositive slopein the � 11 Y7� 00

plane)thestrategy of penny-matching(thatis, alwaysplaying
identicallyto theadversary�1(

7 *

) is in factanoptimalcontract

5



strategy 2; (2) Despitethe fact that the well-known halving
algorithm can be forced to makemany predictionmistakes
on an arbitrary sequenceof trials, on the sequenceactually
generatedby the halving algorithmplaying contractagainst

�)(

7 *

, only a logarithmicnumberof mistakeswill be made;
and(3) Thelogarithmicnumberof predictionmistakeshave a
smalleffecton thecontractpayoff.

Weassumein thefollowinganalysisthattheinitial condi-
tionsare� 00 % � 11 % 0. Otherinitial conditionscanbetreated
similarly. We begin by consideringthepayoff obtainedwhen
the halving algorithm plays contractagainsta simple one-
dimensionaladversary�

�

� � 11 � , where�

�

�2� 11 �&% 1 if andonly
if � 11 j � . Thereadercaneasilyverify thatagainstsuchan
adversary, the optimal contractpayoff at round

�

is within
1]

�

of � , andthat this optimumcanbe achieved by always
playing1, but alsoby (perfectly)penny-matchingagainst�

� .
Here we are interestedin analyzingthe contractpayoff of
the one-dimensionalhalving algorithm M 1, sincethis analy-
sis will include many of the elementsrequiredto solve the
two-dimensionalcase.

At every round
�

, M 1 keepstrack of the versionspace
� ���&�	��� � for � . Here ��� is the largestpastvalueof � 11 for
which the adversaryplayed1, and ��� is the smallestpast
valueof � 11 for which theadversaryplayed0. At all times �

lies in theversionspace.At the currentround, M 1 plays1 if
andonly if � 11 j � ��� �5�����D] 2. If M 1's play fails to match
thatof �

� , thenthewidth of theversionspacehasbeenat least
halved.

In theusualmodelsof on-lineprediction[5], thesequence
of inputs �

+

to �

� to beclassi®ed(that is, penny-matched)is
arbitrary, andthehalvingalgorithmmaybeforcedto make

�

predictionmistakesin
�

trials dueto the arbitraryprecision
of the �

+

(anunfavorablesequencewould alwaysarrangethe
next �

+

to fall in the currentversionspace).To seethat the
presentsituation is considerablymore favorable, we make
the following de®nition: � O � 0 � 1� hasrational complexity
at most

�

if � is a rational numberwhosenumeratorand
denominatorare both at most

�

. Then at every round
�

,
��� and ��� have rational complexity at most

�

, sincethey
representfrequenciesof certaineventsoveratmost

�

rounds
of play. It is easyto verify thatthis implies ��� Y ���

R

1]

� 2.
Thusif � is the numberof predictionmistakesmadeby M 1

on the®rst
�

rounds,we musthave 1] 2
� R

1]

� 2, or � j

2log
�

. We now argue that thesefew predictionmistakes
madeby M 1 have a rathersmalleffect on thecontractpayoff
that M 1 receives in comparisonto perfectpenny-matching,
which is anoptimalcontractstrategy.

Lemma 4.2 For any N

R

0, the contract payoff of algo-
rithm M 1 whenplaying against �

� is at least � Y(N within
��� � 1]^NA� log � 1]^NA� � rounds.

2This statementdoesnot hold for 	�
 0, but this casecanbehandledby
separatemethods.

Proof: First, for any small N

R

0, we upperbound
�

, the
numberof roundsrequiredfor � 11 to exceed ��Y N�] 2 for the
®rsttimewhen M 1 playscontractagainst�

� . Since M 1 makes
atmost2 log

�

predictionmistakesin the®rst
�

rounds,and
since �

� is playing1 aslong as � 11 j � , we musthave � 11 V

1 Y � 2log
�

� ]

�

at round
�

. The desiredinequality � 11 V

1 Y � 2log
�

� ]

�

V �BYWN�] 2holdsfor
�

%����D� 1]gN�� log � 1]gN�� � .
We next argue that if � 11 falls below � Y(N�] 2 immedi-

ately following someround
�

, thenon or beforeround2
�

,
� 11 exceeds� Y N�] 2 again,andfor all roundsin between

�

and2
�

, � 11 is at least ��Y[N . We know thatbetweenrounds
�

and2
�

, M 1 will makeat most2 log � 2
�

� predictionmis-
takes,and that eachsuchmistakedecreases� 11 by at most
1]

�

. Thusthe total decreaseto � 11 betweenrounds
�

and
2

�

is at most 2 log � 2
�

� ]

�

. On the other hand, as long
as � 11 j ��Y(N�] 2, eachcorrectpredictionby M 1 increases

� 11 by at least � 1 Y(� �kY N�] 2�D�D] 2
�

V NA] 4
�

. This is be-
causean increaseto � 11 following round

�

is alwaysgiven
by � 11 �

�

�

] �

�

� 1� � � 11 � 1]$�

�

� 1� , or equivalently
� 11 �

� 11 � � 1 Y � 11� ]$�

�

� 1� . Thusthetotal increaseto � 11

betweenrounds
�

and2
�

isatleast�

�

Y 2log � 2
�

� ����N�] 4
�

� .
If

�

satis®es�
�

Y 2log � 2
�

�D���UN�] 4
�

�

R

� 2log � 2
�

� �D]

�

then
we know that � 11 hasincreasedfrom rounds

�

to 2
�

, and
hence� 11 againexceeds� YTN�] 2 by round2

�

. The stated
inequalityholdsfor

�

% ���D� 1]gN�� log � 1]gN�� � . Finally, for all
roundsin between

�

and2
�

we know that � 11 mustexceed
�ZY N�] 2 YQ� 2log � 2

�

�D� ]

�

. Thusif � 2log � 2
�

�D� ]

�

� N�] 2, � 11

is within N of � for all roundsin between
�

and2
�

. Again,
�

% ��� � 1]^N�� log � 1]^N��D� suf®ces. � (Lemma4.2)
Armed with the analysisof algorithm M 1, we can now

returnto thetwo-dimensionaladversary� (

7 *

� � 00 ��� 11� . In this
case,theoptimalcontractpayoff is thelargestvalue�QO � 0 � 1�

suchthat �
(

7 *

� 1 Y7� ����� % 1. In other words, an optimal
contractstrategy triesto maintain� 00 % 1 Y � and� 11 % � for

� aslargeaspossible;seeFigure1. Thereadermayverify that
penny-matchingagainst�

(

7 *

will againachieve thisoptimum
(seeFigure1for atypicaltrajectorytakenbypenny-matching),
andalsothatthenaivestrategy of alwaysplaying1 (whichdid
achievestheoptimumagainsttheone-dimensional�

� ) will not
succeed.

Thus,ourgoalwill againbethatof approximatelypenny-
matching,this time usingthe two-dimensionalhalvingalgo-
rithm M 2 for the �

(

7 *

. The versionspaceis now morecom-
plicated than in the one-dimensionalcase,as is the analy-
sisboundingthenumberof predictionmistakesmadeby M 2.
However, thebasicproof outline is similar. It canbeshown
thattheversionspace,which is theregion in the - Y . plane
consistentwith thehistorysofar, is alwaysa convex polygon.
Furthermore,the verticesof this polygon, while no longer
equalto pastvaluesof � 11, are neverthelessdeterminedby
pastvaluesof � 00 and� 11, andhave rationalcomplexity poly-
nomial in

�

. This impliesa 1]3I H


��

�

�

� lower boundon the
versionspaceareaat round

�

, leadingagainto an ��� log
�

�

boundon thenumberof predictionmistakesby M 2 (detailsin

6



�

11

�

00

1

0

optimalpoint

� �

subinterval

Figure2: Exampleof astatisticaladversaryde®nedbyanintersection
of 4 lines of increasingslope, showing the regions in which the
adversaryplays0 and1, the line representingthe constraint

!

00 %

!

11 &

1, andtheoptimalpointof play lying onthis line. Also shown
is thevertical strip de®nedby thesubinterval � �

#�� $

. Theexamples
falling in this subinterval areusedto computea local versionspace
by the algorithmof Theorem4.3. Sincethis particularsubinterval
includesa cornerpoint of the adversary, at somepoint the local
versionspacemay becomeempty, resultingin the splitting of the
subinterval.

thefull paper).To seethat M 2 is ef®cient,notethatcomputing
theareaof a convex polygonin theplanecanbedonein time
polynomialin thenumberof vertices.

Theprecedinganalysisimpliesthatwhen M 2 playsagainst
�)(

7 *

, wemusthave � 00 � � 11 V 1 Y �W�D� log
�

� ]

�

� for round
�

and all later rounds. At this point, we have almost re-
ducedtheanalysisto theone-dimensionalcase,sincenow M 2

is approximatelypenny-matchingwithin a narrow ribbon of
theline � 00 � � 11 % 1, which includestheoptimalcon®gura-
tion. An analysissimilar to that given in Lemma4.2 shows
that M 2 will converge rapidly to this optimal con®guration.

� (Theorem4.1)
Weconcludethissectionby consideringthemorecompli-

catedcasein whichtheadversary's1-region is anintersection
of � half-spaces,ratherthanjust a singlehalf-space.We seek
astrategy learningalgorithmthatispolynomialin � . Weagain
assumethatall of thehalf-spacesarede®nedby lineswith pos-
iti veslopein the � 11 Y � 00 plane;arepresentativeadversaryis
shown in Figure2.

Theorem 4.3 Thereisanef®cientstrategylearningalgorithm
for playingcontract againstanyintersectionof � half-spaces
de®nedby linesof positiveslopein the � 11 Y,� 00 plane.

Proof (Sketch): Let � be the adversaryfunction. Again it
is easilyveri®edthat in the caseof positive slopes,the opti-
mal con®gurationis the dividing point betweenthe 0 and1
regionson the line � 00 � � 11 % 1, andthat penny-matching
will rapidly converge to this optimum. However, now the
versionspacehas2� parametersandthevolumecomputation
requiredfor directly implementingthehalvingalgorithmhas
noknownpolynomialtimesolution(in particular, sincehisto-
ries for which theadversaryplays0 resultin a disjunctionof
linear constraintson the 2� parameters,the versionspaceis
nolongernecessarilyaconvex body). Ouralgorithmwill still
attemptto penny-match,but usinga differentstrategy.

Thealgorithmpartitionsthe� 11 axisinto disjointsubinter-
vals. Initially, thereis onlythesinglesubinterval � 0 � 1� . At any
time, within eachsubinterval � 
������ , the algorithmmaintains
a local versionspacefor a singleline by usingonly thepast
examples =U� � 00 ��� 11����� � � 00 ��� 11�DC for which � 11 O
� 
	����� (see
Figure2). Noticethatif theverticalstripof the � 11 Y � 00 plane
de®nedby theconstraint� 11 O7� 
	����� doesnot containa ªcor-
nerºof theadversary� (meaningthattheboundaryof between
the 0 and1 regionsof � is a straightline whenrestrictedto
this verticalstrip), thenthe local versionspacefor � 
	����� will
alwaysbenon-empty. Otherwise,atsomepoint theexamples
falling into the subinterval � 
������ may becomeinconsistent
with any linear classi®erÐ that is, the local versionspace
for � 
	����� may becomesempty. Whenthis happens,we split
thesubinterval � 
	����� into the two subintervals � 
	���U
 � ��� ] 2�

and � �U
 �(�@�D] 2 �A��� andcomputethe local versionspacesfor
thesetwo new subintervalsusingthe pastexamplesthat fall
into eachsubinterval. For at leastoneof the new subinter-
vals, the local versionspacemustbe non-empty, sinceonly
thesubinterval containingthelastexamplecanhave anempty
local versionspace(recall that prior to the last example,the
entiresubinterval � 
	�A��� hada non-emptylocal versionspace,
soany subinterval hasa non-emptylocal versionspaceif the
last exampleis omitted). As long as a new subinterval has
an empty local versionspace,we divide it again. However,
sincenewly createdsubintervals that do not containthe last
exampleand are adjacentcan be merged togetheragain to
geta largersubinterval with a non-emptylocalversionspace,
in theworstcasewe divide � 
	����� into threenew subintervals

� 
	�Ai��@� � ih���$���'� �	�D��� , eachwith non-emptylocalversionspaces.
The main point is that eachtime a local versionspace

becomesempty, we createat most three new subintervals,
while reducingour uncertaintyaboutthelocationof a corner
of � byatleast1] 2(sincetheremusthavebeenacornerin � 
	�A�@�

if its local versionspacebecameempty, andnow this corner
liesin asubintervalof lengthatmost ���	Y 
$�D] 2). Furthermore,
sincethevaluesof � 00 and � 11 have low rationalcomplexity,
thesubintervalsalwayshave lengthat least1]

� 2 at round
�

.
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This allowsusto guaranteethatthereareat most ��� � log
�

�

predictionmistakescausedby emptylocal versionspaces.In
eachsubintervalwemakeatmost2 log

�

predictionmistakes,
so the total numberof mistakesis boundedby ��� � log2 �

� .
This can be shown to imply that the algorithmwill rapidly
reachthe optimal point in the � 11 Y7� 00 planefor playing
contractagainst� . � (Theorem4.3)

5 GamesAgainst Probabilistic Automata

We now turn to theproblemof playinggamesagainstadver-
sariesde®nedby probabilistic®niteautomata. Thiscontinues
a line of researchinvestigatedby GilboaandSamet[3], and
morerecentlyby Fortnow andWhang[2] andVovk [12]. Our
mainresultis apolynomial-timealgorithmfor learningto play
anygamenearlyoptimally againstany ®niteautomatonwith
probabilisticstates(de®nedbelow) andsmallcover time. We
alsoprove that if the adversaryautomatonhasprobabilistic
transitions(de®nedbelow) theneventheproblemof approxi-
matingtheoptimalpayoff whentheautomatonis givento the
algorithm is �F��������� -complete(improving on a result of
PapadimitriouandTsitsiklis [7]), which precludesa positive
resultfor learningto playoptimallyagainstsuchmachines.

5.1 Probabilistic StateAutomata

A probabilisticstateautomaton(PSA)canbethoughtof asa
generalizationof aDFA in whicheachstatecontainsadifferent
biasedcoin(with theusualde®nitionof aDFA beingobtained
by restrictingall the biasesto be either0 or 1). In state � ,
thePSAgeneratesa singleoutputbit (action)by ¯ipping the
biasedcoinat � . As in aDFA, thenext stateis still determined
solelyby thenext inputbit (action).

More formally, a Probabilistic StateAutomaton � is a
tuple ��� ��� 0 ��� ���L� , where� is a®nitesetof � states, � 0 O	� is
thedesignatedstartingstate, � : ��
 � 0 � 1� , is thestatebias
function, and � : � � � 0 � 1 ��

� is the transitionfunction.
TheadversaryPSA � is initially in its startingstate� 0. If the
statein round

�

is � , then � playsaction1 with probability
� ���h� , andaction0 with probability1 Y�� ���h� . If theactionof
thestrategy learningalgorithmin the

�

th roundis � O � 0 � 1 � ,
then � 's statein round

�

� 1 is �	���$����� . Thus,thestrategy
learningalgorithmobserves the outcomeof the adversary's
biasedcoin ¯ip for the currentroundonly after choosingits
ownactionfor thecurrentround.Notethattheoutcomeof the
biasedcoin ¯ip is the only informationthe strategy learning
algorithmreceivesaboutthe currentstate;this is in contrast
to muchof theresearchonMarkov decisionprocesses,where
thelearningalgorithmis told theidentityof thecurrentstate.

NoticethatalthoughPSA's¯ip coinsateachstate,thefact
that their transitionsremaindeterministicpreservestheusual
notionof cyclesÐ namely, astate� andasequenceof actions
(of the strategy learningalgorithm)from � that returnsto � .
As in thecaseof DFA's,for everyPSAthereexistsanoptimal

strategy that is a repeatedsimplecycle [3]. Moreover, if the
automatonis given,theoptimalcycle canbefoundef®ciently
usingdynamicprogramming.GilboaandSamet[3] notethat
their algorithmfor learninganoptimalcycle strategy against
DFA's canbe easilyadaptedto PSA's. However, as in their
originalstrategy for DFA's,it maytakeanexponentialnumber
of rounds(exponentialin thenumberof statesof theadversary
PSA)toachievepayoff whichisclosetooptimal.Fortnow and
Whang[2] showedthatin thecaseof DFA's,if theunderlying
gameplayedhasa certainproperty(heldby contractbut not
by penny-matching),thenthereis alsoan exponentiallower
boundfor the numberof roundsneededbeforeapproaching
optimality.

It is interestingto note that if the underlying gameis
penny-matchingthen the exponentiallower bounddoesnot
hold. Fortnow andWhanggive anef®cientstrategy learning
algorithmfor playingpenny-matchingagainstDFA's. Unfor-
tunately, it doesnot seemthat penny-matchingis any easier
thancontractwhenplayingagainstPSA's. Theªcombination
lockº lowerboundargumentgivenby Fortnow andWhangfor
contractcaneasilybemodi®edto give anexponentiallower
boundfor learningtoplaypenny-matchingagainstPSA's. The
importantpropertyof combinationlock automatais theexis-
tenceof a statewhich canbereachedonly whenthestrategy
learningalgorithmplaysa speci®csequenceof � Y 1 actions.
For thisremotestate,thereexistsanactionwhichachieveshigh
expectedpayoff, andwhichallowsthealgorithmto remainin
the samestate. For every otherstate,the expectedpayoff is
low nomatterwhatactionis chosenby thelearningalgorithm.
A naturalquestionis whetherwe canobtain ef®cientalgo-
rithmswhenwe restrictour attentionto automatathatdo not
have statesthatarehardto reachÐ that is, automatawhose
underlyinggraphshave small (polynomial) cover time3 We
answerthis questionin the af®rmative in the theorembelow.
Our result improveson the work of Ron andRubinfeld[10],
whoexaminethespecialcaseof statebiasfunctionsthattake
only two possiblevalues� and1 Y�� for 0 ��� � 1.

Theorem 5.1 For any game 
 , there is an ef®cientstrategy
learningalgorithmfor playing 
 againsttheclassof proba-
bilistic stateautomatawith polynomialcovertime.

Proof (Sketch): Let � denotetheadversaryPSAwith small
cover time. In whatfollows we describeanef®cientstrategy
learningalgorithmthatattemptsto constructa goodapproxi-
mation �� to � afterplayingapolynomialnumberof rounds
against� . Theautomaton�� will beagoodapproximationto

� in thesensethatfor any sequenceof actions,if thesequence
is playedagainstboth � and

�

� , thenthebiasof thecoin in
thestatereachedin

�

� will becloseto thebiasof thecoin in
thestatereachedin � . Wereferto thisasPSAlearning, since

3Thecovertime of a directedgraphis de®nedto be thesmallestinteger
�

suchthat for every vertex � , theprobabilitythata randomwalk of length
�

from � will passthroughall theverticesof thegraphis greaterthanonehalf.
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it is similar to standardmodelsof automatonlearningin its
constructionof acompletemodelof � , anddoesnotexplicitly
accountfor thefact thatthegoalis to playagameagainst� .
However, if weplayagainst� accordingto anoptimalcycle
computedfor

�

� , then our payoff will be closeto optimal.
It shouldbe notedthat the quality of approximationneeded
may dependon the game 
 beingplayedÐ for instance,if
someentryof thegamematrix is muchlarger thanthe other
entries,thenhighexpectedpayoff maybeachievedby hitting
this entryonly very rarely, in which casewe will needbetter
approximationsof thestatecoin biases.For simplicity in the
descriptionbelow, we will assumethegamematrix hasonly
entriesfrom � 0 � 1 � .

In order to simplify the presentationwe startby making
two assumptions;the®rstcanbemadewithout lossof gener-
ality, andthesecondcanberemovedusingatechniquedueto
RonandRubinfeld[11]. Assumption(1): � is irreduciblein
the sensethat thereis no smallerautomatonequivalentto it.
Assumption(2): ThereexistssomevalueD %4���

���

��N�] � � such
thatfor every state� in theadversaryautomaton� , thestate
coin bias � ���h� satis®es� ���h�!%�� D for someinteger � . Thus,
any pairof statesmaycontaincoinswith eitherthesamebias
or signi®cantlydifferentbiases.

Thestandardproblemthatariseswhentrying to learnau-
tomataof varioustypesfrom a singlecontinuoussequenceof
actionsis theneedfor a procedurethatorientsthe learnerby
providing evidencethat it hasreturnedto a stateit hasprevi-
ously visited. In fact, it is possibleto show [10] that in the
caseof smallcover time,thePSAlearningproblemreducesto
theproblemof orientation(detailsomitted),andthuswecon-
centrateon this latterproblem. A well-studiedprocedurefor
orientationwhenlearningDFA's useshomingsequences[9].
A homingsequencefor a DFA is anactionsequence: such
thatregardlessof thestartingstate,thesequenceof statelabels
observed during the executionof : uniquelydeterminesthe
statereached.

The problemthat ariseswhen trying to adaptthe notion
of a homingsequenceto a PSA � is that now the statela-
bels(adversaryactions)observedarenolongerdeterministic,
but are generatedby biasedcoin ¯ips. Hence,given any
action sequence: and state � of � , there is not a unique
sequenceof actionsplayedby � when : is executedstart-
ing from � , but rather there is a distribution on such se-
quences. In order to overcomethis obstaclewe ®rstmod-
ify the de®nitionof a homing sequenceas if we were ac-
tually able to seethe bias of the coin in eachstateas we
passedthroughit. We say that a sequence:m% : 1 \>\d\U:�� ,

:

+

O � 0 � 1 � is a homing sequence for the PSA � if for
every pair of states� 1 and � 2 in � , if � 1 =8:�CF% � 2 =8:�C , then

�	��� 1 �A:	� % �	��� 2 �A:	� , where �

+

=8:�C denotesthe sequenceof
probabilities � ���

+

��� � ���	���

+

��: 1 �D�@�d\>\>\ �B���	���

+

�A: 1 \>\d\U:
�

<

1 � � . It
is not hardto verify (underAssumptions(1) and(2) above)
thatevery PSAhasa homingsequenceof lengthat most �

2.
Unfortunately, thealgorithmcannotdirectlyobservethecoin

biasesin the states.However, we now describea procedure
that, given an arbitrarysequenceof actions - , executes- a
polynomialnumberof times,andcomputes(with highproba-
bility) a goodapproximationto thesequenceof coinbiasesin
thestatespassedon thelast executionof - . This providesus
with a suf®cientorientationprocedurefor PSA's, sinceif we
know a homingsequence: , we canrun the procedurewith

- %m: . If wedonotknow ahomingsequence,weinitially as-
sumethatsomesingle-actionsequence: is alreadya homing
sequence.By testingthepayoff obtainedfrom thealgorithm
by using : , we eithersucceedin obtainingnear-optimalpay-
off (in whichcasewemaynotdiscoveragoodapproximation
of � in the sensedescribedabove, but it doesnot matterin
termsof thegamepayoff), orweareableto improveourcandi-
datehomingsequence(detailsomitted).This lattereventcan
happenonly � Y 1 timesbefore: is a truehomingsequence.

To estimatethecoinbiasesencounteredon thelastexecu-
tionof - , weuseanideaof Deanetal. [1] in therelatedsetting
of learningDFA's with noisyoutputs4. Assumewe execute

- , � consecutive times,andwe areinterestedin computing
thesequenceof statecoinbiasespassedon the � th execution
of - . Let the statereachedafter the ; th executionof - be
denotedby �

+

. If �

R

� , thenit is not hardto verify thatthe
states�

�

<

�

�d\>\>\A���

�

lie acycle(separatedbyexecutionsof - ).
More precisely, thereexistssomeminimalperiod1 �	� � �

suchthat every � executionsof - thereis anexecutionof -

thatstartsfrom �

�

<

1 (let uscall this state��
 ) andendsat �

�

(let us call this state �

"

). If we knew the correctperiod � ,
we could estimate��
>=�-�C (the sequenceof coin biasesfrom

��
 to �

"

reachedby executing - from ��
 ) by simply keeping
statisticsonly every � executionsof - , with the intervening

� Y 1 executionsreturningusto �

 .
In order to ®nda good approximationto �

>=�-�C without

knowing the correctperiod, for every pair 1 � �g����� � �

we computethe statisticsobtainedby �>_�_�����`���� that � � ���

is a periodof - . More precisely, we ®rstperform � � ��� Y 1
executionsof - simplyto reachsomestate�


 . Wethenexecute
- again,but for eachactionwe recordwhether � played0
or 1. We then repeatthis process,againmaking � � ���ZY 1
executionsof - andassumingwe have returnedto �


 , then
executing- to recordfurtherstatisticsfor thestatecoinbiases
following �


 . Let us denotethe sequenceof � -�� averages
obtainedin thiswayby �+	

7

	�� . If � is aminimalperiod,thenfor
every 1 � ��� � � , � �.��� is alsoa period(thoughnot minimal)
and � 	

7

	

� shouldbe approximatelythe sameas �+	

7

1. If � is
not a period, then one possibility is that we shall discover
it is incorrectsince for some ��� , � 	

7

	

� differs substantially
from � 	

7

1. We next claim that if we do not discover such
aninconsistency, then �+	

7

1 is a goodapproximationfor �



=8
$C

4Thealgorithmof Deanet al. requiresa distinguishingsequencefor the
automaton,which is a sequenceof actionswhoseexecutiondeterminesthe
startingstateof the execution,ratherthanthedestinationstate. It is known
thatsomeautomatadonot haveadistinguishingsequence,evenif werestrict
to automatawith smallcovertime.
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even though � is not a period: If for every ��� , � 	

7

	

���

� 	

7

1,
then,in particularthis is true for theminimalperiod ����% � .
But we know that for the minimal period � , � 	

7 �

�

�

�^7

1,
where �

�^7

1 is a good approximationof � 
 =�-�C . The above
discussiongivesusa simpleprocedurefor computinga good
approximationof � 
 = � C , from which wecanderive with high
probabilitytheexactsequenceof correspondingprobabilities
underAssumption(2). � (Theorem5.1)

5.2 Probabilistic Transition Automata

In this sectionwe give a hardnessresultsfor the problem
of playing gamesagainstProbabilistic TransitionAutomata
(PTA's). In theseautomata,the statetransitionfunction is
probabilistic,andthusthe path takenthroughthe automaton
in responsetoasequenceof strategy learningalgorithmactions
is randomlydistributed.

More formally, a PTA � , � % ���k��� 0 � � ���?� is thesame
asa PSAexceptthatnow thetransitionfunction � is de®ned
as follows: � : �l� � 0 � 1 �W��� 
 � 0 � 1� , wherefor every

� O�� , andfor every � O � 0 � 1 � ,
�

�

�

&

�

�	���$�A�3�����c�!% 1. As
is the casewhen � is a PSA, � is initially in its starting
state � 0. If its statein round

�

is � , thenthe actionit plays
is 1 with probability � ���h� , and0 with probability 1 Y � ���h� .
If theactionof thestrategy learningalgorithmat round

�

is
��O�� 0 � 1 � thenthe next stateis chosenrandomlyaccording
to theprobabilitydistributionde®nedby �	���$���h��� � . As before
welet � % � ��� . It is worthnotingthateveryautomatonwhich
hasbothprobabilistictransitionsandprobabilisticactionscan
betransformedinto anautomatonof approximatelythesame
sizewhichhasonly probabilistictransitions.

Fortnow andWhang[2] show that thereexist PTA's for
which thereis no optimalstrategy, even for penny-matching
(wherea strategy � is optimalwith respectto anadversary�

if lim inf  ����

���W�������X 

"

�8� � is maximized).Papadimitriou
andTsitsiklis [7] show thatcomputingtheexactpayoff of the
optimalstrategy (giventhat it exists) is �F�������	� -complete.
Unfortunately, this resultis not suf®cientto dismissthe pos-
sibility of an ef®cientstrategy learningalgorithm, because
suchan algorithmmustonly discover an approximatelyop-
timal strategy. In the following theoremwe claim that even
approximatingthe optimal payoff for

�

%����

���

��� � rounds
within W� 1]
	 � � is �F��������� -complete. As in the work of
PapadimitriouandTsitsiklis[7], we assumetheautomatonis
givenasinput to the algorithm. Clearly, if the automatonis
not given(asin thelearningsetting),theproblemof learning
anapproximatelyoptimalstrategy is at leastashard.

Theorem 5.2 For anygivennon-trivialgame5, theproblemof
approximating,within W� 1]�	 ��� , theoptimalexpectedpayoff
for playing the game 
 againsta given PTA � for

�

%

���

���

��� � roundsis ��� � ����� -complete.

5We saya gameis trivial � if all the entriesin its gamematrix have the
samevalue.

The proof of the theorem,which is ommitedfor lack of
space,is basedonareductionfromArthur-Merlin games.The
sizeof the automatonin the reductionis proportionalto the
numberof bits sentbetweenArthur andMerlin. This raises
the questionof whetherwe can do better for small PTA's
Ð namely, whethera good strategy can be found in time
exponentialin the size of the automatonbut polynomial in
1]^N . We show in the full versionof thepaperthat,givenan
automata,if the gameis playedfor

�

roundsthen sucha
strategy canbefoundef®ciently(wherethedependenceof the
runningtimeon

�

is linear).
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