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Abstract. We introduceand analyzea new algorithmfor linear classi cation which combinesRosenblats
perceptroralgorithmwith HelmboldandWarmuths leave-one-outnethod.Like Vapnik's maximal-magin clas-
si er, ouralgorithmtakesadvantageof datathatarelinearly separablevith large maigins. Comparedo Vapnik's
algorithm,however, oursis muchsimplerto implementiandmuchmoreef cient in termsof computatiortime.
We alsoshow thatour algorithmcanbeef ciently usedin very high dimensionakpacesisingkernelfunctions.
We performedsomeexperimentsisingour algorithm,andsomevariantsof it, for classifyingimagesof handwrit-
tendigits. Theperformancef ouralgorithmis closeto, but notasgoodas,the performancef maximal-magin
classi erson the sameproblem,while saving signi cantly on computatiortime andprogrammingeffort.

1. Intr oduction

Oneof themostin uential developmentsn thetheoryof machindearningin thelastfew
yearsis Vapnik's work on supportvectormachinegSVM) (Vapnik,1982).Vapnik'sanal-
ysis suggestshe following simple methodfor learningcomplex binary classi®ers.First,
usesome®xed mapping to maptheinstancesnto somevery high dimensionakpace
in which thetwo classesrelinearly separable Thenusequadraticprogrammingo ®nd
thevectorthatclassi®esll the datacorrectlyandmaximizeshe magin, i.e.,theminimal
distancebetweerthe separatindiyperplaneandtheinstances.

Therearetwo maincontritutionsof hiswork. The®rstis a proof of a new boundonthe
differencebetweerthetrainingerrorandthetesterrorof alinearclassi®erthatmaximizes
themawgin. Thesigni®canceof thisboundis thatit depend®nly onthe sizeof themaigin
(or the numberof supportvectors)andnot on the dimension.It is superiorto the bounds
thatcanbegivenfor arbitraryconsistentinearclassi®ers.

The secondcontributionis a methodfor computingthe maximal-magin classi®eref®-
ciently for somespeci®chigh dimensionamappings.This methodis basedn theideaof
kernelfunctions,which aredescribedn detailin Sectior4.

The main partof algorithmsfor ®nding the maximal-magin classi®eris a computation
of a solutionfor alarge quadraticprogram.The constraintsn the programcorrespondo
thetrainingexamplessotheirnumbercanbevery large. Much of therecentpracticalwork
onsupporivectormachiness centeren ®ndingef®cientwaysof solvingthesequadratic
programmingproblems.

In this paper we introducea nen andsimpleralgorithmfor linear classi®catiorwhich
takesadwantageof datathat are linearly separablawvith large magins. We namedthe
new algorithmthevoted-peception algorithm. The algorithmis basedon thewell known



perceptronalgorithm of Rosenblatf{1958, 1962) and a transformationof online learn-
ing algorithmsto batchlearningalgorithmsdevelopedby HelmboldandWarmuth(1995).
Moreover, following the work of Aizerman,Bravermanand Rozonoer(1964), we shov

thatkernelfunctionscanbe usedwith our algorithmsothatwe canrun our algorithmef®-
cientlyin very high dimensionakpacesOur algorithmandits analysisinvolve little more
thancombiningthesethreeknown methods.On the otherhand,the resultingalgorithmis

very simpleandeasyto implement,andthe theoreticalboundson the expectedgeneral-
izationerror of the new algorithmarealmostidenticalto the boundsfor SVM's given by

VapnikandChenonenkis(1974)in thelinearly separablease.

We repeatedsomeof the experimentsperformedby Cortesand Vapnik (1995)on the
useof SVM on the problemof classifyinghandwrittendigits. We testedboth the voted-
perceptroralgorithmanda variantbasedon averagingratherthanvoting. Theseexper
imentsindicatethat the useof kernel functionswith the perceptronalgorithmyields a
dramaticimprovementin performancepoth in testaccurag andin computationtime.
In addition,we foundthat, whentrainingtime is limited, the voted-perceptroalgorithm
performsbetterthanthe traditional way of usingthe perceptroralgorithm (althoughall
methodsconverge eventuallyto roughlythe sameevel of performance).

Recently Friess,Cristianini and Campbell(1998) have experimentedwith a different
onlinelearningalgorithmcalledtheadatron. This algorithmwassuggestedy Anlaufand
Biehl (1989)asamethodfor calculatinghelargestmagin classi®er(alsocalledthe“max-
imally stableperceptron”).They provedthattheir algorithmcorvergesasymptoticallyto
thecorrectsolution.

Our paperis organizedasfollows. In Section2, we describethe voted perceptroral-
gorithm. In Section3, we derive upperboundson the expectedgeneralizatiorerror for
boththelinearly separablendinseparableases.ln Section4, we review the methodof
kernelsanddescribehow it is usedin our algorithm. In Section5, we summarizehere-
sultsof our experimentson the handwrittendigit recognitionproblem.We concludewith
Section6 in whichwe summarizeur obsenrationsontherelationsbetweerthetheoryand
theexperimentsandsuggessomenaw openproblems.

2. TheAlgorithm

Weassumehatall instancesrepointsx . Weuse x todenotegheEuclideariength
of x. For mostof the paperwe assumehatlabels arein

Thebasisof our studyis thecIassmaperceptroralgorlthmlnventeoby Rosenblat{1958,
1962).Thisis avery simplealgorithmmostnaturallystudiedn theonlinelearningmodel.

The online perceptroralgorithm startswith an initial zero predictionvector Lt
predictsthe label of anew instancex to be sign  x . If this predictiondiffersfrom
thelabel , it updateghepredictionvectorto x. If thepredictionis correctthen

is notchangedTheprocesghenrepeatsith thenext example.

The mostcommonway the perceptroralgorithmis usedfor learningfrom a batchof
training examplesis to run the algorithmrepeatedlythroughthe training setuntil it ®nds
a predictionvectorwhich is correcton all of the training set. This predictionrule is then
usedfor predictingthelabelsonthetestset.



Block (1962), Novikoff (1962) and Minsky and Papert(1969) have shavn thatif the
dataare linearly separablethenthe perceptroralgorithmwill makea ®nite numberof
mistakesandtherefore,if repeatedlycycled throughthe training set, will corvergeto a
vectorwhich correctlyclassi®esll of the examples.Moreover, the numberof mistakeds
upperboundeddy afunctionof the gapbetweerthe positve andnegative examplesafact
thatwill becentralto our analysis.

In this paper we proposeto usea more sophisticatednethodof applyingthe online
perceptroralgorithmto batchlearning,namely avariationof thelease-one-outmethodof
HelmboldandWarmuth(1995).In thevoted-pecepton algorithm we storemoreinforma-
tion duringtrainingandthenusethis elaboraténformationto generatédetterpredictions
onthetestdata.Thealgorithmis detailedin Figurel. Theinformationwe maintainduring
trainingis thelist of all predictionvectorsthatwere generate@ftereachandevery mis-
take. For eachsuchvector we countthe numberof iterationsit “survives” until the next
mistakeis made;we referto this countasthe “weight” of the predictionvector To cal-
culatea predictionwe computethe binarypredictionof eachoneof the predictionvectors
andcombineall thesepredictionsby a weightedmajority vote. The weightsusedarethe
survival timesdescribedabove. This makesintuitive senseas“good” predictionvectors
tendto survivefor alongtime andthushave largerweightin the majority vote.

3. Analysis

In this sectionwe give ananalysiof thevoted-perceptroalgorithmfor the case in
which the algorithmrunsexactly oncethroughthetraining data.We alsoquotea theorem
of VapnikandChenonenkis(1974)for thelinearly separablease.This theorembounds
thegeneralizatiorerrorof theconsistenperceptrorfioundafterthe perceptroralgorithmis
runto convergence.Interestingly for the linearly separablease thetheoremgyield very
similar bounds.

As we shallseein the experimentsthe algorithmactuallycontinuego improve perfor
manceafter . We have no theoreticakxplanationfor thisimprovement.

If thedataarelinearly separablethenthe perceptroralgorithmwill eventuallyconvemge
on someconsistenhypothesigi.e., a predictionvectorthatis correcton all of thetraining
examples). As this predictionvector makesno further mistakes;t will eventuallydom-
inate the weightedvote in the voted-perceptromlgorithm. Thus, for linearly separable
data,when , the voted-perceptromalgorithm corvergesto the regular useof the
perceptroralgorithm,whichis to predictusingthe ®nal predictionvector

As we have recentlylearned,the performanceof the ®nal predictionvector hasbeen
analyzedby Vapnikand Chenonenkis(1974). We discusstheir boundat the end of this
section.

We now give our analysisfor the case . The analysisis in two partsandmostly
combinesknown material. First, we review the classicalanalysisof the online percep-
tron algorithmin the linearly separablease,aswell as an extensionto the inseparable
case.Secondwe review ananalysisof the leave-one-outonversionof anonlinelearning
algorithmto a batchlearningalgorithm.



Training

Input: alabeledtrainingset x X
numberof epochs
Output: alist of weightedperceptrons
Initialize: , ,

Repeat times:

- For
Computeprediction: sign X
If then .
else X ;
Prediction
Given: thelist of weightedperceptrons:

anunlabelednstancex
computea predictedabel asfollows:

sign X sign

Figure 1. Thevoted-perceptroalgorithm.

3.1. Theonline percepton algorithmin the sepaable case

Ouranalysigs basedn thefollowing well known result®rst provedby Block (1962)and
Novikoff (1962). The signi®canceof this resultis that the numberof mistakesdoesnot
dependonthedimensionof theinstancesThis givesreasorto believe thatthe perceptron
algorithmmight performwell in high dimensionakpaces.

THEOREM 1 (BLOCK, NOVIKOFF) Let X X beasequenceflabeled
exampleswith  x . Supposéhat there existsa vector sud that and
X for all exampledsn the sequenceThenthe numberof mistakesnadeby the

online percepton algorithmon this sequencés at most

Proof: Althoughtheproofis well known, we repeait for completeness.

Let  denotethepredictionvectorusedprior to the th mistake.Thus, and,if
the th mistakeoccurson x then X and X .
We have



Therefore,

Similarly,
X X
Therefore,
Combining,gives
whichimplies proving thetheorem. O

3.2. Analysisfor theinsepanblecase

If the dataare not linearly separablehenTheoreml cannotbe useddirectly. However,
we now give a generalizedrersionof thetheoremwhich allows for somemistakesn the
training set. As far aswe know, this theoremis new, althoughthe proof techniqueis
very similar to thatof KlasnerandSimon (1995, Theoren2.2). Seealsotherecentwork
of Shave-Taylor and Cristianini (1998)who usedthis techniqueto derive generalization
errorbounddor ary largemagin classi®er

THEOREM 2 Let X X beasequenceflabeledexamplesvith x
. Let beanyvectorwith andlet . De ne thedeviation of eat example
as
X
andde ne . Thenthe numberof mistakesf the online perception algo-

rithm on this sequencé boundedy

Proof: Thecase followsfrom Theoreml, sowe canassumehat
The proofis basedn a reductionof theinseparableaseto a separableasein a higher
dimensionakpace As we will seethereductiondoesnotchangehealgorithm.

We extendtheinstancespace to by adding new dimensionspnefor each
example. Let x denotethe extensionof the instancex . We setthe ®rst
coordinate®f x equalto x . We setthe 'th coordinatedo  where is a positive

realconstantvhosevaluewill be speci®edater Therestof the coordinate®f x areset
to zero.

Next we extendthe comparisorvector to . We usethe constant
, which we calculateshortly, to ensurethatthe lengthof  is one. We setthe ®rst
coordinate®f equalto . Wesetthe ‘th coordinateo . Itiseasy

to checkthatthe appropriatenormalizationis



Considerthevalueof X

X
X _
X
X X
Thusthe extendedpredictionvector  achivesa magin of on the ex-

tendedexamples.
In orderto apply Theoreml, we needa boundon thelengthof the instances As
x forall , andtheonly additionalnon-zeracoordinatéhasvalue ,wegetthat x
. Usingthesevaluesin Theoreml we getthatthe numberof mistakesf theonline
perceptroralgorithmif runin the extendedspaceds at most

Setting ~ minimizesthe boundandyields the boundgivenin the statemenbf
thetheorem.

To ®nish the proof we shaw thatthe predictionsof the perceptroralgorithmin the ex-
tendedspaceareequalto the predictionsof the perceptrorin the original space.We use

to denotethe predictionvectorusedfor predictingtheinstancex in the original space

and to denotethepredictionvectorusedfor predictingthe correspondingnstancex in
theextendedspace Theclaimfollowsby inductionover of thefollowing three
claims:

1. The®rst coordinate®f areequaltothoseof
2. The 'th coordinateof  is equalto zero.

3. sign X sign X

3.3. Corvertingonlineto batch

We now have analgorithmthatwill makefew mistakesvhenpresentedvith theexamples
one by one. However, the setupwe are interestedin hereis the batchsetupin which
we are given a training set, accordingto which we generatea hypothesiswhich is then
testedon aseperatéestset. If thedataarelinearly separabléhentheperceptroralgorithm
eventuallyconvergesandwe canusethis ®nal predictionrule asour hypothesisHowever,
the datamight not be separabl®r we might not wantto wait till convergenceis achieved.



In this casewe have to decideon the bestpredictionrule giventhe sequencef different
classi®erghatthe online algorithmgenaratesOne solutionto this problemis to usethe
predictionrule thathassurvivedfor thelongesttime beforeit waschanged A prediction
rule thathassurvivedfor along time is likely to be betterthanonethathasonly survived
for afew iterations.Thismethodwassuggestetty Gallant(1986)who calledit thepodet
method Littlestone(1989),suggested two-phasemethodin which the performanceof
all of therulesis testedon a seperateestsetandthe rule with the leasterroris thenused.
Herewe useadifferentmethodfor convertingtheonline perceptroralgorithminto abatch
learningalgorithm;themethodcombinesall of therulesgeneratedby the onlinealgorithm
afterit wasrunfor justa singletime throughthetrainingdata.

We now describeHelmboldandWarmuths (1995)very simple“leave-one-out’'method
of corverting an online learningalgorithminto a batchlearningalgorithm. Our voted-
perceptronalgorithmis a simple applicationof this generalmethod. We startwith the
randomizedversion. Given a training set X X andan unlabeledin-
stancex, we do thefollowing. We selecta number in uniformly atrandom.
We thentakethe ®rst examplesin the training sequencend appendthe unlabeledn-
stanceto the end of this subsequenceWe run the online algorithmon this sequencef
length , andusethepredictionof the onlinealgorithmon thelastunlabelednstance.

In the deterministideave-one-outorversion,we modify therandomizedeave-one-out
conversionto makeit deterministidn theobviousway by choosinghe mostlikely predic-
tion. Thatis, we computethe predictionthatwould resultfor all possiblechoicesof in

, andwe takemajority vote of thesepredictions.lt is straightforwardo shov
thattakinga majority vote runstherisk of doublingthe probabilityof mistakewhile it has
the potentialof signi®cantlydecreasingt. In this work we decidedto focusprimarily on
deterministiovoting ratherthanrandomization.

Thefollowing theorenfollows directly from HelmboldandWarmuth(1995). (Seealso
KivinenandWarmuth(1997)andCesa-Bianchétal. (1997).)

THEOREM 3 Assumall examplesx  are geneatedi.i.d. Let betheexpectednum-
ber of mistakeghat the onlinealgorithm makeson a randomlygeneatedsequencef

examples.Thengiven randomtraining examplesthe expectedorobability that
therandomizedeave-one-outornversionof makesa mistakeon a randomlygeneated
testinstanceis at most . For thedeterministideave-one-outorversion,this
expectedprobability is at most

3.4. Puttingit all together

It canbe veri®edthatthe deterministideave-one-outonversionof the online perceptron
algorithmis exactly equivalentto the voted-perceptroalgorithmof Figurel with
Thus,combiningTheorem® and3, we have:

COROLLARY 1 Assume all examples are geneated i.i.d. at random. Let
X X be a sequencef training examplesand let x bea
testexample Let x . For and , let



Thenthe probability (over the choice of all examples)hat the voted-pecepton
algorithmwith doesnot predict ontestinstancex is at most
(whee theexpectationis alsooverthe choiceof all examples).

In fact,the sameproofyieldsaslightly strongeistatementvhich depend®nly on exam-
plesonwhich mistakesoccur Formally, this canbe statedasfollows:

COROLLARY 2 Assumall examplesare geneatedi.i.d. at random.Supposehatwerun

the online percepton algorithmonceon thesequence x X , and
that mistake®ccuronexampleswithindices . Rede ne X
andrede ne

X

Now supposethat we run the voted-pecepton algorithm on training examples

X X for a singleepot. Thenthe probability (overthe choice of all
examples}hatthevoted-peceptonalgorithmdoesnotpredict ontestinstance
X is at most
(whee theexpectationis alsooverthe choiceof all examples).

A rathersimilar theoremwasproved by VapnikandChenonenkis(1974,Theorem6.1)
for trainingthe perceptroralgorithmto convergenceandpredictingwith the ®nal percep-
tronvector

THEOREM 4 (VAPNIK AND CHERVONENKIS) Assumaeall examplesare geneatedi.i.d.
at random. Supposethat we run the online percepton algorithm on the sequence

X X repeatedlyuntil corvergence,and that mistakesoccur on
atotal of exampleswith indices . Let X ,andlet
X
Assume with probability one
Nowsupposehatwe run the percepton algorithmto cornveigenceontraining examples
X X . Thentheprobability (overthechoiceof all examples}hat

the nal perception doesnotpredict ontestinstancex is at most



(whee theexpectationis alsooverthe choiceof all examples).

For the separableaseg(in which canbesetto zero),Corollary2 is almostidentical
to Theorem4. Onedifferencas thatin Corolary2, weloseafactorof 2. Thisis becauseve
usethedeterministialgorithm,ratherthantherandomizedne. Theother moreimportant
differencdsthat ,thenumberof mistakeghattheperceptrormakeswill almostcertainly
be larger whenthe perceptroris run to corvergencethanwhenit is run just for a single
epoch. This givesus someindicationthat runningthe voted-perceptromlgorithm with

might be betterthanrunningit to corvergence;however, our experimentsdo not
supporthis prediction.

Vapnik (to appear)also givesa very similar boundfor the expectederror of support-
vectormachinesTherearetwo differencedbetweerthebounds First, thesetof vectorson
whichthe perceptrormakesa mistakeis replaceddy the setof “essentiasupportvectors.
Secondtheradius is the maximaldistanceof ary supportvectorfrom someoptimally
chosenvector ratherthanfrom the origin. (Thesupportvectorsarethetrainingexamples
whichfall closesto the decisionboundary)

4. Kemel-basedClassi cation

We have seenthat the voted-perceptrormalgorithm has guaranteegerformancebounds
whenthe dataare (almost) linearly separable.However, linear separabilityis a rather
strict condition. Oneway to makethe methodmorepowerful is by addingdimensionsor
featuregdo theinput space.Thesenew coordinatesarenonlinearfunctionsof the original
coordinatesUsuallyif weaddenougtcoordinatesve canmakethedatalinearlyseparable.
If theseparations suf®ciently good(in thesensesf Theoremdl and?2) thentheexpected
generalizatiorerrorwill besmall(providedwe do notincreasehecompleity of instances
too muchby maoving to the higherdimensionakpace).

However, from a computationapoint of view, computingthe valuesof the additional
coordinateganbecomeprohibitively hard. This problemcansometimede solvedby the
elegantmethodof kernelfunctions.Theuseof kernelfunctionsfor classi®catiorproblems
wasproposedy suggestediizerman,BravermanandRozonoer(1964)who speci®cally
describech methodfor combiningkernelfunctionswith theperceptroralgorithm.Contin-
uing their work, Boser GuyonandVapnik (1992) suggestedising kernelfunctionswith
SVM's.

Kernelfunctionsarefunctionsof two variables x y which canberepresentedsan
innerproduct  x y for somefunction andsome . In other
words,we cancalculate x y by mappingx andy to vectors x and y andthen
takingtheirinnerproduct.

For instancean importantkernel function that we usein this paperis the polynomial
expansion

Xy Xy 1)



Thereexist generalconditionsfor checkingif a functionis a kernelfunction. In this par
ticular case,however, it is straightforwardo construct witnessingthat is a kernel

function. For instancefor and , we canchoose
y - - - - - -
In generalfor ,wecande®ne x tohaveonecoordinate x foreachmonomial
x of degreeat most over the variables , andwhere is anappropriately
choserconstant.

Aizerman,BravermanandRozonoeobseredthatthe perceptroralgorithmcanbefor-
mulatedn suchawaythatall computationgnvolvinginstancesirein factin termsof inner
productsx y betweerpairsof instancesThus,if wewantto mapeachinstancex to avec-
tor x in ahigh dimensionakpacewe only needto be ableto computeinnerproducts

X y , whichis exactly whatis computedoy a kernelfunction. Conceptuallythen,
with the kernelmethod,we canwork with vectorsin a very high dimensionakpaceand
the algorithm's performanceonly dependson linear separabilityin this expandedspace.
Computationallyhowever, we only needto modify the algorithmby replacingeachinner
productcomputatiorx y with akernelfunctioncomputation x y . Similarobsenrations
weremadeby Boser GuyonandVapnikfor Vapnik's SVM algorithm.

In this paper we obsere thatall the computationsn the voted-perceptrofearningal-
gorithminvolving instancesanalsobe written in termsof inner products,which means
thatwe canapplythe kernelmethodto the voted-perceptroalgorithmaswell. Referring
to Figure 1, we seethat both training and predictioninvolve inner productsbetweenin-
stancex andpredictionvectors . In orderto performthis operatioref®ciently, we store
eachpredictionvector  in animplicit form, asthe sumof instanceshatwereaddedor
subtractedn orderto createit. Thatis,each canbewrittenandstoredasasum

for appropriaténdices . We canthuscalculatetheinnerproductwith x as

To useakernelfunction , wewould merelyreplacesachx xby x x.
Computingthe predictionof the ®nal vector  on a testinstancex requires kernel
calculationswhere is the numberof mistakesmadeby the algorithmduring training.

Naively, thepredictionof the voted-perceptromwould seento require kernelcalcu-
lationssincewe needto compute  x for each ,andsince itselfinvolvesa sumof
instancesHowever, takingadwantageof therecurrence X X X X, it

is clearthatwe cancomputehepredictionof thevoted-perceptroalsousingonly kernel
calculations.

Thus, calculatingthe prediction of the voted-perceptromvhen using kernelsis only
mawginally more expensve than calculatingthe predictionof the ®nal predictionvector
assuminghatbothmethodsaretrainedfor the samenumberof epochs.
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Figure 2. Learningcurvesfor algorithmstestedon NIST data.

5. Experiments

In our experimentswe followed closelythe experimentalsetupusedby CortesandVap-
nik (1995)in their experimentson the NIST OCR database.We choseto usethis setup
becausehe datasets widely availableandbecausé.eCunet al. (1995)have publisheda
detailedcomparisorof the performancef someof the bestdigit classi®catiorsystemsn
thissetup.

Examplesn this NIST databaseonsisif labeleddigitalimagesof individualhandwrit-
tendigits. Eachinstancds a matrix in which eachentryis an8-bit representation
of a grey value, andlabelsare from the set . The datasetconsistsof 60,000
trainingexamplesand10,000testexamples.We treateachimageasavectorin , and,
like CortesandVapnik,we usethepolynomialkernelsof Eq. (1) to expandthis vectorinto
very high dimensions.

To handlemulticlassdata,we essentiallyreducedo 10 binary problems. Thatis, we
trainedthe voted-perceptroalgorithmoncefor eachof the 10 classesWhentrainingon
class , wereplacedeachlabeledexample x (where ) by the binary-
labeledexample x if andby x if . Let

bethesequencef weightedpredictionvectorswhich resultfrom trainingon class .

To make predictionson a new instancex, we tried four differentmethods. In each
method,we ®rst computea score for each andthen predictwith the
labelreceving the highestscore:



Table 1. Resultof experiment®n NIST 10-clasOCRdatawith . Therows markedSup\éc
and Mistakegive averagenumberof supportvectorsandaveragenumberof mistakes.All otherrows
give testerrorratein percenfor thevariousmethods.

| o1 1 2 3 4 10 30
Vote 10.7 8.5 8.3 8.2 8.2 8.1
Avg. (unnorm) | 10.9 8.7 8.5 8.4 8.3 8.3
(norm) 10.9 8.5 8.3 8.2 8.2 8.1
Last (unnorm) | 16.0 14.7 13.6 13.9 13.7 135
(norm) 15.4 14.1 13.1 135 13.2 13.0
Rand. (unnorm)| 22.0 15.7 14.7 14.3 141 13.8
(norm) 215 15.2 14.2 13.8 13.6 13.2
Sup\éec 2,489 19,795 24,263 26,704 28,322 32,994
Mistake 3,342 25,461 48,431 70,915 93,090 223,657
Vote 6.0 2.8 24 2.2 21 1.8 1.8
Avg. (unnorm) 6.0 2.8 2.4 2.2 2.1 1.9 1.8
(norm) 6.2 3.0 25 2.3 2.2 1.9 1.8
Last (unnorm) 8.6 4.0 3.4 3.0 2.7 2.3 2.0
(norm) 8.4 3.9 3.3 3.0 2.7 2.3 1.9
Rand. (unnorm)| 13.4 5.9 4.7 4.1 3.8 2.9 2.4
(norm) 13.2 5.9 4.7 41 3.8 29 2.3
Sup\éec 1,639 8,190 9,888 10,818 11,424 12,963 13,861
Mistake 2,150 10,201 15,290 19,093 22,100 32,451 41,614
Vote 5.4 2.3 1.9 1.8 17 1.6 1.6
Avg. (unnorm) 5.3 2.3 1.9 1.8 1.7 1.6 15
(norm) 55 25 2.0 1.8 1.8 1.6 15
Last (unnorm) 6.9 3.1 25 2.2 2.0 1.7 1.6
(norm) 6.8 3.1 25 2.2 2.0 17 1.6
Rand. (unnorm)| 11.6 49 3.7 3.2 29 2.2 1.8
(norm) 11.5 438 3.7 3.2 29 2.2 1.8
Sup\éec 1,460 6,774 8,073 8,715 9,102 9,883 10,094
Mistake 1,937 8,475 11,739 13,757 15,129 18,422 19,473

The®rst methodis to computesachscoreusingtherespectie ®nal predictionvector:
X

This methodis denotedlast (unnormalized)’in theresults.A variantof this methodis to
computescoresafter®rst normalizingthe®nal predictionvectors:

X

This methodis denoted‘last (normalized)’in the results. Note that normalizingvectors
hasno effectfor binary problemsput canplausiblybeimportantin the multiclasscase.

The next method(denoted‘vote”) usesthe analogof the deterministicleave-one-out
corversion.Herewe set



Table 2. Resultsof experimenton NIST 10-classOCR datawith . Therows marked
Sup\éc and Mistakegive averagenumberof supportvectorsandaveragenumberof mistakes.All
otherrows give testerrorratein percentfor the variousmethods.

| o1 1 2 3 4 10 30

Vote 5.4 2.2 1.8 17 1.6 1.6 1.6
Avg. (unnorm) 5.3 2.2 1.8 1.7 1.7 1.6 1.6
(norm) 55 2.3 1.9 17 1.6 1.6 1.6

Last (unnorm) 6.5 2.8 2.3 2.0 1.9 1.6 1.6
(norm) 6.5 2.8 2.3 2.0 1.9 1.6 1.6

Rand. (unnorm)| 11.5 4.6 3.5 3.1 2.7 2.1 1.8
(norm) 11.3 45 3.4 3.0 2.7 21 1.8

Sup\éec 1,406 6,338 7,453 7,944 8,214 8,673 8,717
Mistake 1,882 7,977 10,543 11,933 12,780 14,375 14,538
Vote 5.7 2.2 1.9 1.8 1.8 17 17
Avg. (unnorm) 5.7 2.3 1.9 1.8 1.7 1.7 1.7
(norm) 5.7 2.3 1.9 1.8 17 17 1.6

Last (unnorm) 6.6 3.0 2.2 1.9 1.9 1.8 1.7
(norm) 6.3 29 21 1.9 1.9 17 17

Rand. (unnorm)| 11.9 4.7 3.5 3.0 2.7 2.1 1.9
(norm) 11.5 45 3.4 29 2.6 2.0 1.8

Sup\éec 1,439 6,327 7,367 7,788 7,990 8,295 8,313
Mistake 1,953 8,044 10,379 11,563 12,215 13,234 13,289
Vote 6.0 25 21 2.0 1.9 1.9 1.9
Avg. (unnorm) 6.2 2.5 2.1 2.0 1.9 1.9 1.9
(norm) 6.0 25 21 2.0 1.9 1.8 1.8

Last (unnorm) 7.3 3.2 2.4 2.2 2.0 1.9 1.9
(norm) 6.9 3.0 2.3 21 2.0 1.9 1.9

Rand. (unnorm)| 12.8 5.0 3.8 3.3 3.0 2.3 2.0
(norm) 12.1 438 3.6 3.2 2.8 2.2 2.0

Sup\éec 1,488 6,521 7,572 7,947 8,117 8,284 8,285
Mistake 2,034 8,351 10,764 11,892 12,472 13,108 13,118

sign X

Thethird method(denoted'average(unnormalized)”usesanavelageof thepredictions
of thepredictionvectors

As in the “last” method,we alsotried a variant(denoted‘average(normalized)”)using
normalizedpredictionvectors:

X




Table 3. Resultsof experimentn individual classeausing polynomial kernelswith

. Therows markedSup\éc

andMistakegive averagenumberof supportvectorsandaveragenumberof mistakes. All otherrows give testerrorratein

percentor thevariousmethods.

label | 0 1 2 3 4 5 6 7 8 9

Vote 0.7 05 1.3 1.5 1.4 1.4 0.9 1.3 1.8 2.1
Avg. (unnorm) 0.7 05 1.3 15 1.3 1.3 0.9 1.3 1.8 2.0
(norm) 0.7 05 1.3 1.5 1.4 1.4 0.9 1.3 1.8 2.1

Last 1.0 0.7 1.7 2.1 1.5 2.8 1.2 1.8 2.4 2.7
Rand. 21 13 3.0 3.7 3.0 3.2 2.2 2.7 4.7 4.5
Sup\ec 133 89 180 228 179 202 136 160 285 290
Mistake 133 89 180 228 179 202 136 160 285 290
Vote 03 0.3 0.6 0.5 0.5 0.5 0.5 0.6 0.7 0.9
Avg. (unnorm) 03 0.2 0.6 0.5 0.5 0.5 0.4 0.6 0.7 0.9
(norm) 03 0.2 0.6 0.6 0.5 0.5 0.4 0.6 0.8 1.0

Last 05 05 1.0 1.1 0.7 0.8 0.5 1.0 1.2 1.3
Rand. 0.8 0.6 1.4 1.5 1.2 1.3 0.9 1.2 1.9 2.1
Sup\ec 506 407 782 996 734 849 541 738 1,183 1,240
Mistake 506 407 782 996 734 849 541 738 1,183 1,240
Vote 0.2 0.2 0.4 0.4 0.4 0.4 0.3 0.5 0.6 0.7
Avg. (unnorm) 0.2 0.2 0.4 0.4 0.4 0.4 0.3 0.5 0.6 0.7
(norm) 0.2 0.2 0.4 0.4 0.4 0.4 0.3 0.5 0.6 0.7

Last 0.2 0.2 0.4 0.4 0.4 0.4 0.4 0.5 0.6 0.7
Rand. 03 0.3 0.5 0.6 0.5 0.6 0.5 0.6 0.8 0.9
Sup\ec 736 636 1,164 1,504 1,075 1,271 817 1,103 1,833 1,899
Mistake 837 824 1,339 1,796 1,218 1,487 951 1,323 2,278 2,323
Vote 0.2 0.2 0.4 0.4 0.4 0.4 0.4 0.5 0.6 0.7
Avg. (unnorm) 0.2 0.2 0.4 0.4 0.4 0.4 0.3 0.5 0.6 0.6
(norm) 0.2 0.2 0.4 0.4 0.4 0.4 0.3 0.5 0.6 0.6

Last 0.2 0.2 0.4 0.4 0.4 0.4 0.4 0.5 0.6 0.7
Rand. 0.2 0.3 0.5 0.5 0.4 0.5 0.4 0.5 0.6 0.7
Sup\ec 740 643 1,168 1,512 1,078 1,277 823 1,103 1,856 1,920
Mistake 844 843 1,345 1,811 1,222 1,497 960 1,323 2,326 2,367
Cortes& Vapnik 0.2 01 0.4 0.4 0.4 0.5 0.3 0.4 0.5 0.6
Sup\ec 1,379 989 1,958 1,900 1,224 2,024 1,527 2,064 2,332 2,765

The ®nal method(denoted‘random (unnormalized)”),is a possibleanalogof the ran-
domizedleave-one-oumethodin which we predictusingthe predictionvectorsthat exist
atarandomlychoseritime slice” Thatis,let bethenumberof roundsexecuted(i.e.,the
numberof examplesprocessethy theinnerloop of thealgorithm)sothat

for all . To classifyx, we choosea “time slice”

thenset

uniformly at random.We



Table4. Resultsof experiment®n NIST datawhendistinguishing?9°from all otherdigits. The
rows markedSup\éc and Mistakegive averagenumberof supportvectorsandaveragenumber
of mistakesAll otherrows givetesterrorratein percentfor thevariousmethods.

| 01 1 2 3 4 10 30
Vote 45 3.9 3.8 3.8 3.8 3.7
Avg. (unnorm) | 4.5 3.9 3.8 3.8 3.8 3.7
(norm) 4.6 3.9 3.9 3.8 3.8 3.8
Last 7.9 6.4 5.7 6.3 5.8 5.9
Rand. 8.3 6.7 6.5 6.3 6.2 6.2
Sup\éec 513 4,085 5,240 5,888 6,337 7,661
Mistake 513 4,085 7,880 11,630 15,342 37,408
Vote 24 1.2 1.0 0.9 0.9 0.8 0.8
Avg. (unnorm) | 2.4 1.2 1.0 1.0 0.9 0.9 0.8
(norm) 25 1.3 11 1.0 1.0 0.9 0.8
Last 41 1.8 1.6 1.6 1.3 11 1.0
Rand. 5.5 2.8 2.2 1.9 1.8 14 11
Sup\éec 337 1,668 2,105 2,358 2,527 2,983 3,290
Mistake 337 1,668 2,541 3,209 3,744 5,694 7,715
Vote 2.2 1.0 0.8 0.8 0.7 0.7 0.7
Avg. (unnorm) | 2.1 0.9 0.8 0.8 0.7 0.7 0.6
(norm) 2.2 1.0 0.8 0.8 0.8 0.7 0.6
Last 2.9 1.3 1.0 1.0 0.8 0.7 0.7
Rand. 4.9 2.2 17 15 14 1.0 0.8
Sup\éec 302 1,352 1666 1,842 1,952 2,192 2,283
Mistake 302 1,352 1,867 2,202 2,448 3,056 3,318
Vote 21 0.9 0.8 0.7 0.7 0.7 0.7
Avg. (unnorm) | 2.0 0.9 0.8 0.7 0.7 0.7 0.6
(norm) 21 1.0 0.8 0.8 0.7 0.7 0.6
Last 2.7 1.3 1.0 0.8 0.8 0.7 0.7
Rand. 45 21 1.6 14 1.2 0.9 0.7
Sup\éec 290 1,240 1,528 1669 1,746 1,899 1,920
Mistake 290 1,240 1,648 1,882 2,020 2,323 2,367
Vote 2.2 0.9 0.8 0.7 0.7 0.7 0.7
Avg. (unnorm) | 2.2 0.9 0.8 0.7 0.7 0.7 0.7
(norm) 2.2 1.0 0.8 0.8 0.7 0.7 0.7
Last 2.7 1.3 1.0 0.9 0.8 0.7 0.7
Rand. 4.6 2.0 15 1.3 1.2 0.9 0.8
Sup\éec 294 1,229 1502 1,628 1,693 1,817 1,827
Mistake 294 1,229 1,598 1,798 1,908 2,132 2,150
Vote 2.3 0.9 0.8 0.8 0.8 0.8 0.7
Avg. (unnorm) | 2.3 0.9 0.8 0.8 0.8 0.7 0.7
(norm) 2.3 1.0 0.8 0.8 0.8 0.7 0.7
Last 2.7 1.3 1.0 0.9 0.8 0.8 0.7
Rand. 4.7 21 1.6 1.3 1.2 0.9 0.8
Sup\éec 302 1,263 1,537 1,655 1,715 1,774 1,776
Mistake 302 1,263 1,625 1,810 1,916 2,035 2,039



where istheindex of the®nal vectorwhich existedattime for label . Formally, is
thelargestnumberin satisfying

Theanalogousiormalizednethod(“Random(normalized)”)uses

X

Ouranalysids applicableonly for the case®f votedor randomlychosemredictionsand
where . However, in the experimentswe ranthe algorithmwith  upto . When
usingpolynomialkernelsof degree5 or more,the databecomedinearly separableThus,
afterseveraliterationstheperceptroralgorithmcorvergesto aconsistenpredictionvector
andmakeso moremistakes After this happensthe®nal perceptrorgainsmoreandmore
weightin both “vote” and“averag€. This tendsto have the effect of causingall of the
variantsto corverge eventuallyto the samesolution. By reachingthis limit we compare
the voted-perceptroalgorithmto the standardvay in which the perceptroralgorithmis
used,whichis to ®nd a consistenpredictionrule.

We performedexperimentswith polynomialkernelsfor dimensions (which cor
respondgo no expansion)up to . We preprocessethe dataon eachexperimentby
randomlypermutingthe trainingsequenceEachexperimentwasrepeated O times,each
time with a differentrandompermutatiorof the training examples. For , We were
only ableto run theexperimentfor tenepochdor reasonsvhich aredescribedelow.

Figure2 shaws plots of the testerror asa function of the numberof epochgor four of
the predictionmethods— “vote” andthe unnormalizedrersionsof “last,” “average’and
“random” (we omittedthenormalizedversiongor the sakeof readability). Testerrorsare
averagedover the multiple runsof the algorithm,andareplottedonepoint for every tenth
of anepoch.

Someof the resultsare also summarizechumericallyin Tables1 and 2 which shawv
(average)testerror for several valuesof  for the seven differentmethodsin the rows
marked“Vote] “Avg. (unnorm); etc. The rows marked“Sup\vec” shav the numberof
“supportvectors; thatis, thetotal numberof instanceshatactuallyareusedin computing
scoresasabove. In otherwords,this is the sizeof the unionof all instancen which a
mistakeoccuredduring training. The rows marked“Mistake” shawv the total numberof
mistakegnadeduringtrainingfor the 10 differentlabels.In every casewe have averaged
overthemultiple runsof thealgorithm.

Thecolumncorrespondingp is helpfulfor gettinganideaof how thealgorithms
performon smallerdatasetsincein this case gachalgorithmhasonly usedatenthof the
availabledata(about6000trainingexamples).

Ironically, the algorithmrunsslowestwith smallvaluesof . For largervaluesof , we
move to a muchhigherdimensionakpacein which the databecomedinearly separable.
For smallvaluesof — especiallyfor — thedataarenotlinearly separablevhich
meanghatthe perceptroralgorithmtendsto makemary mistakeswvhich slows down the
algorithmsigni®cantly Thisis why, for , we couldnotevencompletearunoutto 30



epochdut hadto stopat (afteraboutsix daysof computation)In comparisonfor

, we canrun 30 epochdn about25 hours,andfor or , acompleteruntakes
about8 hours.(All runningtimesareon a singleSGIMIPS R10000processorunningat
194MHZ.)

The mostsigni®cantimprovementin performancas clearly between and
The migrationto a hlgherdlmensmnalspacemakegatremendousilfferencecomparedo
runningthe algorithmin the given space.The improvementgor arenot nearlyas
dramatic.

Our resultsindicatethat voting andaveragingperformbetterthanusingthelast vector
Thisis especiallytrue prior to corvergenceof the perceptrorupdates For , thedata
arehighly inseparablesoin this casetheimprovementpersistdor aslongaswe wereable
to runthealgorithm.For higherdimensiong ), thedatabecomesnoreseparabland
theperceptrorupdaterule corverges(or almostcorverges),in which caseheperformance
of all the predictionmethodsds very similar. Still, evenin this casethereis anadwantage
to usingvoting or averagingfor arelatively smallnumberof epochs.

Theredoesnot seemto be ary signi®cantdifferencebetweenvoting and averagingin
termsof performance.However, using randomvectorsperformsthe worstin all cases.
This standsn contrasto our analysiswhich appliesonly to randomvectorsandgivesan
upperboundon the error of averagevectorswhich is twice the error of the randomized
vectors.A morere®nedanalysisof the effect of averagingis requiredto betterexplain the
obseredbehaior.

Using normalizedvectorsseemdo sometimeselp a bit for the “last” method,but can
helpor hurt performanceslightly for the“average’method;in ary casethedifferencesn
performancdetweerusingnormalizedandunnormalized/ectorsarealwaysminor.

LeCunetal. (1995)give adetailedcomparisorof algorithmson this datasetThebestof
thealgorithmsthatthey testeds (aratherold versionof) boostingontop of the neuralnet
LeNet4 which achievesanerrorrateof 0.7%. A versionof the optimalmaigin classi®er
algorithm(Cortes& Vapnik,1995),usingthe samekernelfunction,performssigni®cantly
betterthanours,achieving atesterrorrateof 1.1%for

Table 3 shawvs how the variantsof the perceptroralgorithmperformon the ten binary
problemscorrespondingo the 10 classlabels. For this table,we ®x , andwe also
compareperformanceo thatreportedby CortesandVapnik (1995)for SVM's. Table4
givesmoredetailsof how the perceptrormethodsperformon the single binary problem
of distinguishing'9” from all otherimages Note thatthesebinary problemscomeclosest
to thetheorydiscussectarlierin the paper It is interestingthatthe perceptroralgorithm
generallyendsup usingfewer supportvectorsthanwith the SVM algorithm.

6. Conclusionsand Summary

The mostsigni®cantresultof our experimentds thatrunningthe perceptroralgorithmin
ahigherdimensionakpaceusingkernelfunctionsproducewery signi®cantmprovements
in performanceyielding accurag levelsthatarecomparablethoughstill inferior, to those
obtainablewith support-ectormachinesOn the otherhand,our algorithmis muchfaster
andeasierto implementthanthelatter method.In addition,the theoreticabnalysisof the
expectederrorof the perceptroralgorithmyields very similar boundsto thoseof support-



vectormachineslt is anopenproblemto developabettertheoreticainderstandingf the
empiricalsuperiorityof support-ectormachines.

We also®nd it signi®cantthatvoting andaveragingwork betterthanjust usingthe ®nal
hypothesis. This indicatesthat the theoreticalanalysis,which suggestsaising voting, is
capturingsomeof thetruth. On the otherhand,we do not have a theoreticakxplanation
for theimprovementin performancdollowing the®rst epoch.
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Notes

1. Storingall of thesevectorsmight seeman excessie wasteof memory However, aswe shall see,when
perceptrongareusedtogethemith kernelsthe excessn memoryandcomputitionis really quite minimal.

2. Nationallnstitutefor StandardeindTechnologySpecialDatabas8. See
http://lwww.research.att.com/ yann/ocr/  for informationon obtainingthis datasetandfor a
list of relevantpublications.
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