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Abstract. We introduceandanalyzea new algorithmfor linear classi�cationwhich combinesRosenblatt's
perceptronalgorithmwith HelmboldandWarmuth's leave-one-outmethod.Like Vapnik'smaximal-margin clas-
si�er, ouralgorithmtakesadvantageof datathatarelinearlyseparablewith largemargins.Comparedto Vapnik's
algorithm,however, oursis muchsimplerto implement,andmuchmoreef�cient in termsof computationtime.
We alsoshow thatour algorithmcanbeef�ciently usedin very high dimensionalspacesusingkernelfunctions.
Weperformedsomeexperimentsusingouralgorithm,andsomevariantsof it, for classifyingimagesof handwrit-
tendigits. Theperformanceof ouralgorithmis closeto, but notasgoodas,theperformanceof maximal-margin
classi�erson thesameproblem,while saving signi�cantly on computationtime andprogrammingeffort.

1. Intr oduction

Oneof themostin�uential developmentsin thetheoryof machinelearningin thelastfew
yearsis Vapnik'swork onsupportvectormachines(SVM) (Vapnik,1982).Vapnik'sanal-
ysissuggeststhe following simplemethodfor learningcomplex binaryclassi®ers.First,
usesome®xed mapping

�

to mapthe instancesinto somevery high dimensionalspace
in which the two classesarelinearly separable.Thenusequadraticprogrammingto ®nd
thevectorthatclassi®esall thedatacorrectlyandmaximizesthemargin, i.e., theminimal
distancebetweentheseparatinghyperplaneandtheinstances.

Therearetwo maincontributionsof hiswork. The®rst is a proofof a new boundon the
differencebetweenthetrainingerrorandthetesterrorof a linearclassi®erthatmaximizes
themargin. Thesigni®canceof thisboundis thatit dependsonly on thesizeof themargin
(or thenumberof supportvectors)andnot on thedimension.It is superiorto thebounds
thatcanbegivenfor arbitraryconsistentlinearclassi®ers.

The secondcontribution is a methodfor computingthemaximal-margin classi®eref®-
ciently for somespeci®chighdimensionalmappings.Thismethodis basedon theideaof
kernelfunctions,whicharedescribedin detail in Section4.

Themainpartof algorithmsfor ®nding themaximal-margin classi®eris a computation
of a solutionfor a largequadraticprogram.Theconstraintsin theprogramcorrespondto
thetrainingexamplessotheirnumbercanbevery large.Muchof therecentpracticalwork
onsupportvectormachinesis centeredon®ndingef®cientwaysof solvingthesequadratic
programmingproblems.

In this paper, we introducea new andsimpleralgorithmfor linearclassi®cationwhich
takesadvantageof datathat are linearly separablewith large margins. We namedthe
new algorithmthevoted-perceptron algorithm.Thealgorithmis basedon thewell known
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perceptronalgorithm of Rosenblatt(1958,1962) and a transformationof online learn-
ing algorithmsto batchlearningalgorithmsdevelopedby HelmboldandWarmuth(1995).
Moreover, following the work of Aizerman,BravermanandRozonoer(1964),we show
thatkernelfunctionscanbeusedwith ouralgorithmsothatwecanrunouralgorithmef®-
ciently in very highdimensionalspaces.Ouralgorithmandits analysisinvolvelittle more
thancombiningthesethreeknown methods.On theotherhand,theresultingalgorithmis
very simpleandeasyto implement,andthe theoreticalboundson the expectedgeneral-
izationerrorof thenew algorithmarealmostidenticalto theboundsfor SVM's givenby
VapnikandChervonenkis(1974)in thelinearlyseparablecase.

We repeatedsomeof the experimentsperformedby CortesandVapnik (1995)on the
useof SVM on theproblemof classifyinghandwrittendigits. We testedboth thevoted-
perceptronalgorithmanda variantbasedon averagingratherthanvoting. Theseexper-
imentsindicatethat the useof kernel functionswith the perceptronalgorithm yields a
dramaticimprovementin performance,both in test accuracy and in computationtime.
In addition,we foundthat,whentraining time is limited, the voted-perceptronalgorithm
performsbetterthanthe traditionalway of usingthe perceptronalgorithm(althoughall
methodsconvergeeventuallyto roughlythesamelevel of performance).

Recently, Friess,Cristianini andCampbell(1998)have experimentedwith a different
onlinelearningalgorithmcalledtheadatron. Thisalgorithmwassuggestedby Anlauf and
Biehl (1989)asamethodfor calculatingthelargestmargin classi®er(alsocalledthe“max-
imally stableperceptron”).They provedthat their algorithmconvergesasymptoticallyto
thecorrectsolution.

Our paperis organizedasfollows. In Section2, we describethe votedperceptronal-
gorithm. In Section3, we derive upperboundson the expectedgeneralizationerror for
both the linearly separableandinseparablecases.In Section4, we review themethodof
kernelsanddescribehow it is usedin our algorithm. In Section5, we summarizethere-
sultsof our experimentson thehandwrittendigit recognitionproblem.We concludewith
Section6 in whichwesummarizeourobservationsontherelationsbetweenthetheoryand
theexperimentsandsuggestsomenew openproblems.

2. The Algorithm

Weassumethatall instancesarepointsx ����� . Weuse  ! x  ! to denotetheEuclideanlength
of x. For mostof thepaper, weassumethatlabels" arein #�$&%�')(*%�+ .

Thebasisof ourstudyis theclassicalperceptronalgorithminventedby Rosenblatt(1958,
1962).This is averysimplealgorithmmostnaturallystudiedin theonlinelearningmodel.
The online perceptronalgorithmstartswith an initial zero predictionvector ,.-0/ . It
predictsthelabelof a new instancex to be 1"2- sign3�,54 x 6 . If this predictiondiffersfrom
thelabel " , it updatesthepredictionvectorto ,�-7,8(9" x. If thepredictionis correctthen

, is not changed.Theprocessthenrepeatswith thenext example.
The mostcommonway the perceptronalgorithmis usedfor learningfrom a batchof

trainingexamplesis to run thealgorithmrepeatedlythroughthe trainingsetuntil it ®nds
a predictionvectorwhich is correcton all of the trainingset. This predictionrule is then
usedfor predictingthelabelson thetestset.
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Block (1962),Novikoff (1962)andMinsky andPapert(1969)have shown that if the
dataare linearly separable,then the perceptronalgorithmwill makea ®nite numberof
mistakes,andtherefore,if repeatedlycycled throughthe training set,will converge to a
vectorwhichcorrectlyclassi®esall of theexamples.Moreover, thenumberof mistakesis
upperboundedby afunctionof thegapbetweenthepositiveandnegative examples,a fact
thatwill becentralto ouranalysis.

In this paper, we proposeto usea more sophisticatedmethodof applyingthe online
perceptronalgorithmto batchlearning,namely, avariationof theleave-one-outmethodof
HelmboldandWarmuth(1995).In thevoted-perceptronalgorithm,westoremoreinforma-
tion duringtrainingandthenusethis elaborateinformationto generatebetterpredictions
onthetestdata.Thealgorithmis detailedin Figure1. Theinformationwemaintainduring
training is the list of all predictionvectorsthatweregeneratedaftereachandevery mis-
take. For eachsuchvector, we countthe numberof iterationsit “survives” until the next
mistakeis made;we refer to this countasthe“weight” of the predictionvector. � To cal-
culatea predictionwecomputethebinarypredictionof eachoneof thepredictionvectors
andcombineall thesepredictionsby a weightedmajority vote. Theweightsusedarethe
survival timesdescribedabove. This makesintuitive senseas“good” predictionvectors
tendto survivefor a long timeandthushave largerweightin themajorityvote.

3. Analysis

In thissection,wegiveananalysisof thevoted-perceptronalgorithmfor thecase� - % in
which thealgorithmrunsexactly oncethroughthetrainingdata.We alsoquotea theorem
of VapnikandChervonenkis(1974)for the linearly separablecase.This theorembounds
thegeneralizationerrorof theconsistentperceptronfoundaftertheperceptronalgorithmis
run to convergence.Interestingly, for thelinearly separablecase,thetheoremsyield very
similarbounds.

As we shallseein theexperiments,thealgorithmactuallycontinuesto improve perfor-
manceafter � - % . Wehave no theoreticalexplanationfor this improvement.

If thedataarelinearlyseparable,thentheperceptronalgorithmwill eventuallyconverge
onsomeconsistenthypothesis(i.e.,a predictionvectorthatis correctonall of thetraining
examples).As this predictionvectormakesno further mistakes,it will eventuallydom-
inate the weightedvote in the voted-perceptronalgorithm. Thus, for linearly separable
data,when ����� , the voted-perceptronalgorithmconvergesto the regular useof the
perceptronalgorithm,which is to predictusingthe®nal predictionvector.

As we have recentlylearned,the performanceof the ®nal predictionvectorhasbeen
analyzedby VapnikandChervonenkis(1974). We discusstheir boundat theendof this
section.

We now give our analysisfor thecase� - % . The analysisis in two partsandmostly
combinesknown material. First, we review the classicalanalysisof the online percep-
tron algorithmin the linearly separablecase,aswell as an extensionto the inseparable
case.Second,we review ananalysisof theleave-one-outconversionof anonlinelearning
algorithmto a batchlearningalgorithm.
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Training
Input: a labeledtrainingset � 3 x

�

')"

�

6 '������)' 3 x �2')"���6��

numberof epochs�

Output: a list of weightedperceptrons� 3�,

�

'	�

�

6 '������)'�3 ,�
�'	��
�6��


 Initialize: ��� -�� , ,

�

� - / , �

�

� -�� .


 Repeat� times:

– For �	- %�'������)'	� :
� Computeprediction: 1"�� - sign3�,�
&4 x � 6

� If 1" - " then � 
 � -�� 
 ( % .
else, 
��

�

� -7, 
 ( " � x � ;
�


��

�

� - % ;
��� -�� ( % .

Prediction
Given: thelist of weightedperceptrons:� 3 ,

�

'��

�

6 '������)' 3�,



'��



6��

anunlabeledinstance:x
computea predictedlabel 1" asfollows:

�

-




�

���

�

�
� sign3 ,

�
4 x 6! 1"&- sign3

�

6"�

Figure1. Thevoted-perceptronalgorithm.

3.1. Theonlineperceptron algorithmin theseparablecase

Ouranalysisis basedon thefollowing well known result®rst provedby Block (1962)and
Novikoff (1962). The signi®canceof this result is that the numberof mistakesdoesnot
dependon thedimensionof theinstances.Thisgivesreasonto believe thattheperceptron
algorithmmightperformwell in highdimensionalspaces.

THEOREM 1 (BLOCK , NOVIKOFF) Let � 3 x
�

')"

�

6 '������)'�3 x �
' "

�
6�� beasequenceof labeled

exampleswith  ! x �  ! $#&% . Supposethat there existsa vector ' such that  ! '  ! - % and
"��)3�'54 x � 6)(+* for all examplesin thesequence. Thenthenumberof mistakesmadeby the
onlineperceptron algorithmon this sequenceis at most 3,%.-�* 6�/ .

Proof: Althoughtheproof is well known, we repeatit for completeness.
Let ,


 denotethepredictionvectorusedprior to the � th mistake.Thus, ,

�

- / and,if
the � th mistakeoccurson 3 x �

' "
�

6 then "
�

3�,



4 x �
60#�� and ,


1�

�

-7,



( "
� x � .

We have

,

��

�

42'5-7,



4!'8( "
�

33'54 x �
6)( ,



4�' (4*��
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Therefore,, 
1�

�

42' (�� * .
Similarly,

 ! ,�
1�

�

 ! 

/

-. ! ,�
  ! 

/

(�� "�� 3 ,�
&4 x � 6	(  ! x�   

/

#  ! ,�
  ! 

/

(4%

/

�

Therefore, ! , 
��

�

 ! / #�� %./ .
Combining,gives

�

� % (   ,�
��

�

 ! ( ,�
��

�

4!' ( � *

which implies � # 3 % - * 6 / proving thetheorem.

3.2. Analysisfor theinseparablecase

If the dataarenot linearly separablethenTheorem1 cannotbe useddirectly. However,
we now give a generalizedversionof thetheoremwhich allows for somemistakesin the
training set. As far as we know, this theoremis new, althoughthe proof techniqueis
very similar to thatof KlasnerandSimon(1995,Theorem2.2). Seealsotherecentwork
of Shawe-Taylor andCristianini (1998)who usedthis techniqueto derive generalization
errorboundsfor any largemargin classi®er.

THEOREM 2 Let �)3 x
�

' "

�

6 '������)'�3 x �
')"

�
6 � beasequenceof labeledexampleswith  ! x �  ! #

% . Let ' beanyvectorwith  ! '  ! -.% andlet *���� . De�ne thedeviation of each example
as

�

�
-��
	���#���' *2$9"

�
33'54 x �

6)+�'

andde�ne 
 -�� �

�

���

�

�

/

�

. Thenthenumberof mistakesof theonlineperceptron algo-
rithm on this sequenceis boundedby

�

% (�


* �

/

�

Proof: Thecase
 - � followsfrom Theorem1, sowecanassumethat 
���� .
Theproof is basedona reductionof theinseparablecaseto a separablecasein a higher

dimensionalspace.As wewill see,thereductiondoesnotchangethealgorithm.
We extendthe instancespace�

�

to �

�

�
�

by adding � new dimensions,onefor each
example. Let x �

�

�.�

�

�
�

denotethe extensionof the instancex � . We set the ®rst �

coordinatesof x �

�

equalto x � . We setthe 3�� (+� 6 ' th coordinateto � where � is a positive
realconstantwhosevaluewill bespeci®edlater. Therestof thecoordinatesof x�

�

areset
to zero.

Next we extendthe comparisonvector ' �7�

�

to '�� � �

�

�
�

. We usethe constant
�

, which we calculateshortly, to ensurethat the lengthof '�� is one. We setthe ®rst �

coordinatesof '�� equalto ' -

�

. Wesetthe 3�� (�� 6 ' th coordinateto 3 "��

�

� 6 -�3

�

� 6 . It is easy
to checkthattheappropriatenormalizationis

�

-

�

%�(�


/

-��

/
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Considerthevalueof " � 33' ��4 x �

�

6 :

"��)3�'

�

4 x �

�

6 - "��

�

'�4 x �

�

( �

" �

�

�

�

� �

-

" � 3�'�4 x� 6

� (

�

�

�

(

" � 3�'�4 x� 6

� (

* $ " � 33'54 x � 6

�

-

*

� �

Thustheextendedpredictionvector '

� achievesa margin of * -

�

%�(�


/

- �

/

on theex-
tendedexamples.

In orderto applyTheorem1, we needa boundon the lengthof the instances.As % (

 ! x �  ! for all � , andtheonlyadditionalnon-zerocoordinatehasvalue� , wegetthat  ! x �

�

  / #

%./�( � / . Usingthesevaluesin Theorem1 wegetthatthenumberof mistakesof theonline
perceptronalgorithmif run in theextendedspaceis at most

3,%./�(�� / 6 3 %�(�
 /�-�� / 6

*

/

�

Setting � -

�

% 
 minimizesthe boundandyields the boundgivenin the statementof
thetheorem.

To ®nish the proof we show that the predictionsof theperceptronalgorithmin the ex-
tendedspaceareequalto thepredictionsof the perceptronin theoriginal space.We use

,�� to denotethepredictionvectorusedfor predictingtheinstancex � in theoriginal space
and , �

�

to denotethepredictionvectorusedfor predictingthecorrespondinginstancex �

�

in
theextendedspace.Theclaimfollowsby inductionover %.#�� #�� of thefollowing three
claims:

1. The®rst � coordinatesof ,

�

�

areequalto thoseof ,
� .

2. The 3�� (4� 6 ' th coordinateof ,

�

�

is equalto zero.

3. sign3�,

�

�

4 x �

�

6�- sign3�, � 4 x � 6 .

3.3. Convertingonlineto batch

Wenow have analgorithmthatwill makefew mistakeswhenpresentedwith theexamples
one by one. However, the setupwe are interestedin hereis the batchsetupin which
we aregivena training set,accordingto which we generatea hypothesis,which is then
testedonaseperatetestset.If thedataarelinearlyseparablethentheperceptronalgorithm
eventuallyconvergesandwecanusethis ®nalpredictionruleasourhypothesis.However,
thedatamight not beseparableor wemight not wantto wait till convergenceis achieved.
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In this case,we have to decideon thebestpredictionrule giventhesequenceof different
classi®ersthat the onlinealgorithmgenarates.Onesolutionto this problemis to usethe
predictionrule thathassurvivedfor thelongesttime beforeit waschanged.A prediction
rule thathassurvivedfor a long time is likely to bebetterthanonethathasonly survived
for a few iterations.Thismethodwassuggestedby Gallant(1986)whocalledit thepocket
method. Littlestone(1989),suggesteda two-phasemethodin which the performanceof
all of therulesis testedon a seperatetestsetandtherulewith theleasterror is thenused.
Hereweuseadifferentmethodfor convertingtheonlineperceptronalgorithminto abatch
learningalgorithm;themethodcombinesall of therulesgeneratedby theonlinealgorithm
afterit wasrun for justa singletimethroughthetrainingdata.

We now describeHelmboldandWarmuth's (1995)very simple“leave-one-out”method
of converting an online learningalgorithm into a batchlearningalgorithm. Our voted-
perceptronalgorithm is a simpleapplicationof this generalmethod. We startwith the
randomizedversion. Given a training set � 3 x

�

' "

�

6 '������)' 3 x�
')"

�
6�� andan unlabeledin-

stancex, we do thefollowing. We selecta number� in #1��'������ '	� + uniformly at random.
We thentakethe ®rst � examplesin the trainingsequenceandappendthe unlabeledin-
stanceto the endof this subsequence.We run the online algorithmon this sequenceof
length � ( % , andusethepredictionof theonlinealgorithmon thelastunlabeledinstance.

In thedeterministicleave-one-outconversion,we modify therandomizedleave-one-out
conversionto makeit deterministicin theobviouswayby choosingthemostlikely predic-
tion. That is, we computethepredictionthatwould resultfor all possiblechoicesof � in

#1��'������ '���+ , andwe takemajority voteof thesepredictions.It is straightforwardto show
thattakingamajorityvoterunstherisk of doublingtheprobabilityof mistakewhile it has
thepotentialof signi®cantlydecreasingit. In this work we decidedto focusprimarily on
deterministicvoting ratherthanrandomization.

Thefollowing theoremfollowsdirectly from HelmboldandWarmuth(1995). (Seealso
KivinenandWarmuth(1997)andCesa-Bianchietal. (1997).)

THEOREM 3 Assumeall examples3 x ')"�6 are generatedi.i.d. Let � betheexpectednum-
ber of mistakesthat the onlinealgorithm � makeson a randomlygeneratedsequenceof

� ( % examples.Thengiven � randomtraining examples,theexpectedprobability that
therandomizedleave-one-outconversionof � makesa mistakeon a randomlygenerated
testinstanceis at most � -�3,� ( %�6 . For thedeterministicleave-one-outconversion,this
expectedprobability is at most��� -�3,�.(7%�6 .

3.4. Puttingit all together

It canbeveri®edthat thedeterministicleave-one-outconversionof theonlineperceptron
algorithmis exactly equivalentto thevoted-perceptronalgorithmof Figure1 with � - % .
Thus,combiningTheorems2 and3, wehave:

COROLLARY 1 Assume all examples are generated i.i.d. at random. Let
� 3 x

�

' "

�

6 '������)'�3 x � ')"���6 � be a sequenceof training examplesand let 3 x �
�

�

')"��
�

�

6 be a
testexample. Let % - �
	 �

���

�

�

�
�

�

 ! x�
  . For  ! '   -.% and * � � , let
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�

3 �
	���#1��'�**$ " � 33'54 x � 6 + 6
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Thenthe probability (over the choiceof all � ( % examples)that the voted-perceptron
algorithmwith � - % doesnotpredict " � �

�

on testinstancex � �

�

is at most

�

� ( %
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�

% (�
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(where theexpectationis alsooverthechoiceof all � ( % examples).

In fact,thesameproofyieldsaslightly strongerstatementwhichdependsonly onexam-
plesonwhichmistakesoccur. Formally, thiscanbestatedasfollows:

COROLLARY 2 Assumeall examplesare generatedi.i.d. at random.Supposethatwerun
theonlineperceptron algorithmonceon thesequence�)3 x

�

')"

�

6 '������ ' 3 x�
�

�

')"
�

�

�

6�� , and
that � mistakesoccuronexampleswith indices�

�

'������)'���
 . Rede�ne% -�� 	 �

����� �


  ! x ���  ! ,
andrede�ne
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-
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�

�




�

�

�

���

� 	 ��#���' *2$ "�����33'�4 x ��� 6)+! 
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Now suppose that we run the voted-perceptron algorithm on training examples
� 3 x

�

' "

�

6 '������)'�3 x �
')"

�
6 � for a singleepoch. Thenthe probability (over the choiceof all

��( % examples)thatthevoted-perceptronalgorithmdoesnotpredict "
�

�

�

ontestinstance
x �

�

�

is at most

�

� ( %

	#"

��$�#

�
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(where theexpectationis alsooverthechoiceof all � ( % examples).

A rathersimilar theoremwasprovedby VapnikandChervonenkis(1974,Theorem6.1)
for trainingtheperceptronalgorithmto convergenceandpredictingwith the®nal percep-
tronvector.

THEOREM 4 (VAPNIK AND CHERVONENKIS) Assumeall examplesare generated i.i.d.
at random. Supposethat we run the online perceptron algorithm on the sequence

� 3 x
�

' "

�

6 '������)'�3 x �
�

�

')"��
�

�

6�� repeatedlyuntil convergence,and that mistakesoccur on
a total of � exampleswith indices�

�

'������)'	�

 . Let %7- � 	 �

� ��� �



 ! x �

�� ! , andlet

*8- � 	 �

���

�

���

�

�

�

��


����� �




"�����3�'�4 x ����6!�

Assume* � � with probabilityone.
Nowsupposethatwerun theperceptron algorithmto convergenceontrainingexamples

� 3 x
�

' "

�

6 '������)'�3 x � ')"���6 � . Thentheprobability(overthechoiceof all � (�% examples)that
the�nal perceptron doesnotpredict "��

�

�

on testinstancex �
�

�

is at most
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(where theexpectationis alsooverthechoiceof all � ( % examples).

For theseparablecase(in which 
 ��� � canbesetto zero),Corollary2 is almostidentical
to Theorem4. Onedifferenceis thatin Corolary2,weloseafactorof 2. Thisis becausewe
usethedeterministicalgorithm,ratherthantherandomizedone.Theother, moreimportant
differenceis that � , thenumberof mistakesthattheperceptronmakes,will almostcertainly
be larger whenthe perceptronis run to convergencethanwhenit is run just for a single
epoch. This givesus someindicationthat runningthe voted-perceptronalgorithmwith

� - % might be betterthanrunningit to convergence;however, our experimentsdo not
supportthisprediction.

Vapnik (to appear)alsogivesa very similar boundfor the expectederror of support-
vectormachines.Therearetwo differencesbetweenthebounds.First,thesetof vectorson
whichtheperceptronmakesa mistakeis replacedby thesetof “essentialsupportvectors.”
Second,theradius % is themaximaldistanceof any supportvectorfrom someoptimally
chosenvector, ratherthanfrom theorigin. (Thesupportvectorsarethetrainingexamples
which fall closestto thedecisionboundary.)

4. Kernel-basedClassi�cation

We have seenthat the voted-perceptronalgorithm hasguaranteedperformancebounds
when the dataare (almost) linearly separable.However, linear separabilityis a rather
strict condition.Oneway to makethemethodmorepowerful is by addingdimensionsor
featuresto theinput space.Thesenew coordinatesarenonlinearfunctionsof theoriginal
coordinates.Usuallyif weaddenoughcoordinateswecanmakethedatalinearlyseparable.
If theseparationis suf®cientlygood(in thesensesof Theorems1 and2) thentheexpected
generalizationerrorwill besmall(providedwedonotincreasethecomplexity of instances
toomuchby moving to thehigherdimensionalspace).

However, from a computationalpoint of view, computingthe valuesof the additional
coordinatescanbecomeprohibitivelyhard.This problemcansometimesbesolvedby the
elegantmethodof kernelfunctions.Theuseof kernelfunctionsfor classi®cationproblems
wasproposedby suggestedAizerman,BravermanandRozonoer(1964)who speci®cally
describedamethodfor combiningkernelfunctionswith theperceptronalgorithm.Contin-
uing their work, Boser, GuyonandVapnik (1992)suggestedusingkernelfunctionswith
SVM's.

Kernelfunctionsarefunctionsof two variables�93 x ' y 6 which canberepresentedasan
innerproduct

�

3 x 6 4

�

3 y 6 for somefunction
�

� �

�

� ��� andsome � � � . In other
words,we cancalculate�93 x ' y 6 by mappingx andy to vectors

�

3 x 6 and
�

3 y 6 andthen
takingtheir innerproduct.

For instance,an importantkernel function that we usein this paperis the polynomial
expansion

�93 x ' y 6 - 3 % ( x 4 y 6
	 � (1)
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Thereexist generalconditionsfor checkingif a functionis a kernelfunction. In this par-
ticular case,however, it is straightforwardto construct

�

witnessingthat � is a kernel
function.For instance,for � -�� and

�

- � , wecanchoose
�

3 x 6 - 3 % '��
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In general,for
�

� � , wecande®ne
�

3 x 6 to haveonecoordinate��� 3 x 6 for eachmonomial
� 3 x 6 of degreeat most

�

over thevariables�

�

'������ '��

�

, andwhere � is anappropriately
chosenconstant.

Aizerman,BravermanandRozonoerobservedthat theperceptronalgorithmcanbefor-
mulatedin suchawaythatall computationsinvolving instancesarein factin termsof inner
productsx 4 y betweenpairsof instances.Thus,if wewantto mapeachinstancex to avec-
tor

�

3 x 6 in a high dimensionalspace,we only needto beableto computeinnerproducts
�

3 x 6�4

�

3 y 6 , which is exactly whatis computedby a kernelfunction. Conceptually, then,
with thekernelmethod,we canwork with vectorsin a very high dimensionalspaceand
the algorithm's performanceonly dependson linear separabilityin this expandedspace.
Computationally, however, we only needto modify thealgorithmby replacingeachinner
productcomputationx 4 y with akernelfunctioncomputation�93 x ' y 6 . Similarobservations
weremadeby Boser, GuyonandVapnikfor Vapnik'sSVM algorithm.

In this paper, we observe thatall the computationsin the voted-perceptronlearningal-
gorithminvolving instancescanalsobewritten in termsof innerproducts,which means
thatwecanapplythekernelmethodto thevoted-perceptronalgorithmaswell. Referring
to Figure1, we seethat both trainingandpredictioninvolve inner productsbetweenin-
stancesx andpredictionvectors,�
 . In orderto performthisoperationef®ciently, westore
eachpredictionvector , 
 in an implicit form, asthesumof instancesthatwereaddedor
subtractedin orderto createit. Thatis, each,�
 canbewrittenandstoredasa sum

,�
&-


	


�

�

�

�

�

"���� x � �

for appropriateindices�

�

. We canthuscalculatetheinnerproductwith x as

,



4 x -


	


�

�

�

�

�

"
�

� 3 x �
� 4 x 62�

To usea kernelfunction � , wewouldmerelyreplaceeachx �
� 4 x by � 3 x �

� ' x 6 .
Computingthe predictionof the ®nal vector ,


 on a test instancex requires� kernel
calculationswhere � is the numberof mistakesmadeby the algorithmduring training.
Naively, thepredictionof thevoted-perceptronwouldseemto require� 3,��/ 6 kernelcalcu-
lationssinceweneedto compute,

�

4 x for each� #�� , andsince�

�

itself involvesasumof
� $*% instances.However, takingadvantageof therecurrence,

�

�

�

4 x -7,

�

4 x (&"�����3 x ��� 4 x 6 , it
is clearthatwecancomputethepredictionof thevoted-perceptronalsousingonly � kernel
calculations.

Thus, calculatingthe predictionof the voted-perceptronwhen using kernelsis only
marginally moreexpensive thancalculatingthe predictionof the ®nal predictionvector,
assumingthatbothmethodsaretrainedfor thesamenumberof epochs.
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Figure2. Learningcurvesfor algorithmstestedon NIST data.

5. Experiments

In our experiments,we followedcloselytheexperimentalsetupusedby CortesandVap-
nik (1995)in their experimentson theNIST OCR database./ We choseto usethis setup
becausethedatasetis widely availableandbecauseLeCunet al. (1995)have publisheda
detailedcomparisonof theperformanceof someof thebestdigit classi®cationsystemsin
thissetup.

Examplesin thisNIST databaseconsistof labeleddigital imagesof individualhandwrit-
tendigits. Eachinstanceis a �

���

�

�

matrix in whicheachentryis an8-bit representation
of a grey value,and labelsare from the set #���'������ '���+ . The datasetconsistsof 60,000
trainingexamplesand10,000testexamples.Wetreateachimageasavectorin �

���
	

, and,
like CortesandVapnik,weusethepolynomialkernelsof Eq.(1) to expandthisvectorinto
very highdimensions.

To handlemulticlassdata,we essentiallyreducedto 10 binary problems.That is, we
trainedthevoted-perceptronalgorithmoncefor eachof the10 classes.Whentrainingon
class� , we replacedeachlabeledexample 3 x �)' "�� 6 (where "�� � #1��'������ '
� + ) by thebinary-
labeledexample 3 x � ')(*%�6 if "�� -�� andby 3 x�)' $ % 6 if "1��
 -�� . Let

� 3 ,��

�

'����

�

6 '������ ' 3�,��


��

'����


��

6��

bethesequenceof weightedpredictionvectorswhich resultfrom trainingonclass� .
To makepredictionson a new instancex, we tried four different methods. In each

method,we ®rst computea score �

�

for each � � #���'������)'
� + and thenpredictwith the
labelreceiving thehighestscore:

1"&- 	���� �
	��

�

�

�

�
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Table1. Resultsof experimentsonNIST 10-classOCRdatawith ���������	��
 . TherowsmarkedSupVec
andMistakegive averagenumberof supportvectorsandaveragenumberof mistakes.All otherrows
give testerrorratein percentfor thevariousmethods.

�

� 0.1 1 2 3 4 10 30

�
��� Vote 10.7 8.5 8.3 8.2 8.2 8.1
Avg. (unnorm) 10.9 8.7 8.5 8.4 8.3 8.3

(norm) 10.9 8.5 8.3 8.2 8.2 8.1
Last (unnorm) 16.0 14.7 13.6 13.9 13.7 13.5

(norm) 15.4 14.1 13.1 13.5 13.2 13.0
Rand. (unnorm) 22.0 15.7 14.7 14.3 14.1 13.8

(norm) 21.5 15.2 14.2 13.8 13.6 13.2
SupVec 2,489 19,795 24,263 26,704 28,322 32,994
Mistake 3,342 25,461 48,431 70,915 93,090 223,657

�
��� Vote 6.0 2.8 2.4 2.2 2.1 1.8 1.8
Avg. (unnorm) 6.0 2.8 2.4 2.2 2.1 1.9 1.8

(norm) 6.2 3.0 2.5 2.3 2.2 1.9 1.8
Last (unnorm) 8.6 4.0 3.4 3.0 2.7 2.3 2.0

(norm) 8.4 3.9 3.3 3.0 2.7 2.3 1.9
Rand. (unnorm) 13.4 5.9 4.7 4.1 3.8 2.9 2.4

(norm) 13.2 5.9 4.7 4.1 3.8 2.9 2.3
SupVec 1,639 8,190 9,888 10,818 11,424 12,963 13,861
Mistake 2,150 10,201 15,290 19,093 22,100 32,451 41,614

�
��
 Vote 5.4 2.3 1.9 1.8 1.7 1.6 1.6
Avg. (unnorm) 5.3 2.3 1.9 1.8 1.7 1.6 1.5

(norm) 5.5 2.5 2.0 1.8 1.8 1.6 1.5
Last (unnorm) 6.9 3.1 2.5 2.2 2.0 1.7 1.6

(norm) 6.8 3.1 2.5 2.2 2.0 1.7 1.6
Rand. (unnorm) 11.6 4.9 3.7 3.2 2.9 2.2 1.8

(norm) 11.5 4.8 3.7 3.2 2.9 2.2 1.8
SupVec 1,460 6,774 8,073 8,715 9,102 9,883 10,094
Mistake 1,937 8,475 11,739 13,757 15,129 18,422 19,473

The®rst methodis to computeeachscoreusingtherespective ®nal predictionvector:

�

�

- ,��


��

4 x �

Thismethodis denoted“last (unnormalized)”in theresults.A variantof this methodis to
computescoresafter®rst normalizingthe®nal predictionvectors:

�

�

-

,

�


��

4 x

 ! ,

�


��

 ! 

�

This methodis denoted“last (normalized)”in the results.Note that normalizingvectors
hasnoeffect for binaryproblems,but canplausiblybeimportantin themulticlasscase.

The next method(denoted“vote”) usesthe analogof the deterministicleave-one-out
conversion.Hereweset
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Table 2. Resultsof experimentson NIST 10-classOCR datawith � �

�

���	��� . The rows marked
SupVec andMistakegive averagenumberof supportvectorsandaveragenumberof mistakes.All
otherrowsgivetesterrorratein percentfor thevariousmethods.

�

� 0.1 1 2 3 4 10 30

�
�

�

Vote 5.4 2.2 1.8 1.7 1.6 1.6 1.6
Avg. (unnorm) 5.3 2.2 1.8 1.7 1.7 1.6 1.6

(norm) 5.5 2.3 1.9 1.7 1.6 1.6 1.6
Last (unnorm) 6.5 2.8 2.3 2.0 1.9 1.6 1.6

(norm) 6.5 2.8 2.3 2.0 1.9 1.6 1.6
Rand. (unnorm) 11.5 4.6 3.5 3.1 2.7 2.1 1.8

(norm) 11.3 4.5 3.4 3.0 2.7 2.1 1.8
SupVec 1,406 6,338 7,453 7,944 8,214 8,673 8,717
Mistake 1,882 7,977 10,543 11,933 12,780 14,375 14,538

�
��� Vote 5.7 2.2 1.9 1.8 1.8 1.7 1.7
Avg. (unnorm) 5.7 2.3 1.9 1.8 1.7 1.7 1.7

(norm) 5.7 2.3 1.9 1.8 1.7 1.7 1.6
Last (unnorm) 6.6 3.0 2.2 1.9 1.9 1.8 1.7

(norm) 6.3 2.9 2.1 1.9 1.9 1.7 1.7
Rand. (unnorm) 11.9 4.7 3.5 3.0 2.7 2.1 1.9

(norm) 11.5 4.5 3.4 2.9 2.6 2.0 1.8
SupVec 1,439 6,327 7,367 7,788 7,990 8,295 8,313
Mistake 1,953 8,044 10,379 11,563 12,215 13,234 13,289

�
��� Vote 6.0 2.5 2.1 2.0 1.9 1.9 1.9
Avg. (unnorm) 6.2 2.5 2.1 2.0 1.9 1.9 1.9

(norm) 6.0 2.5 2.1 2.0 1.9 1.8 1.8
Last (unnorm) 7.3 3.2 2.4 2.2 2.0 1.9 1.9

(norm) 6.9 3.0 2.3 2.1 2.0 1.9 1.9
Rand. (unnorm) 12.8 5.0 3.8 3.3 3.0 2.3 2.0

(norm) 12.1 4.8 3.6 3.2 2.8 2.2 2.0
SupVec 1,488 6,521 7,572 7,947 8,117 8,284 8,285
Mistake 2,034 8,351 10,764 11,892 12,472 13,108 13,118

�

�
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Thethird method(denoted“average(unnormalized)”)usesanaverageof thepredictions
of thepredictionvectors

�

�
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As in the “last” method,we alsotried a variant(denoted“average(normalized)”)using
normalizedpredictionvectors:
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Table 3. Resultsof experimentson individual classesusingpolynomialkernelswith � �

�

. The rows markedSupVec
andMistakegiveaveragenumberof supportvectorsandaveragenumberof mistakes.All otherrows give testerrorratein
percentfor thevariousmethods.

label 0 1 2 3 4 5 6 7 8 9

�

����� � Vote 0.7 0.5 1.3 1.5 1.4 1.4 0.9 1.3 1.8 2.1
Avg. (unnorm) 0.7 0.5 1.3 1.5 1.3 1.3 0.9 1.3 1.8 2.0

(norm) 0.7 0.5 1.3 1.5 1.4 1.4 0.9 1.3 1.8 2.1
Last 1.0 0.7 1.7 2.1 1.5 2.8 1.2 1.8 2.4 2.7
Rand. 2.1 1.3 3.0 3.7 3.0 3.2 2.2 2.7 4.7 4.5

SupVec 133 89 180 228 179 202 136 160 285 290
Mistake 133 89 180 228 179 202 136 160 285 290

�

� � Vote 0.3 0.3 0.6 0.5 0.5 0.5 0.5 0.6 0.7 0.9
Avg. (unnorm) 0.3 0.2 0.6 0.5 0.5 0.5 0.4 0.6 0.7 0.9

(norm) 0.3 0.2 0.6 0.6 0.5 0.5 0.4 0.6 0.8 1.0
Last 0.5 0.5 1.0 1.1 0.7 0.8 0.5 1.0 1.2 1.3
Rand. 0.8 0.6 1.4 1.5 1.2 1.3 0.9 1.2 1.9 2.1

SupVec 506 407 782 996 734 849 541 738 1,183 1,240
Mistake 506 407 782 996 734 849 541 738 1,183 1,240

�

� ��� Vote 0.2 0.2 0.4 0.4 0.4 0.4 0.3 0.5 0.6 0.7
Avg. (unnorm) 0.2 0.2 0.4 0.4 0.4 0.4 0.3 0.5 0.6 0.7

(norm) 0.2 0.2 0.4 0.4 0.4 0.4 0.3 0.5 0.6 0.7
Last 0.2 0.2 0.4 0.4 0.4 0.4 0.4 0.5 0.6 0.7
Rand. 0.3 0.3 0.5 0.6 0.5 0.6 0.5 0.6 0.8 0.9

SupVec 736 636 1,164 1,504 1,075 1,271 817 1,103 1,833 1,899
Mistake 837 824 1,339 1,796 1,218 1,487 951 1,323 2,278 2,323

�

� 
�� Vote 0.2 0.2 0.4 0.4 0.4 0.4 0.4 0.5 0.6 0.7
Avg. (unnorm) 0.2 0.2 0.4 0.4 0.4 0.4 0.3 0.5 0.6 0.6

(norm) 0.2 0.2 0.4 0.4 0.4 0.4 0.3 0.5 0.6 0.6
Last 0.2 0.2 0.4 0.4 0.4 0.4 0.4 0.5 0.6 0.7
Rand. 0.2 0.3 0.5 0.5 0.4 0.5 0.4 0.5 0.6 0.7

SupVec 740 643 1,168 1,512 1,078 1,277 823 1,103 1,856 1,920
Mistake 844 843 1,345 1,811 1,222 1,497 960 1,323 2,326 2,367

Cortes& Vapnik 0.2 0.1 0.4 0.4 0.4 0.5 0.3 0.4 0.5 0.6
SupVec 1,379 989 1,958 1,900 1,224 2,024 1,527 2,064 2,332 2,765

The ®nal method(denoted“random(unnormalized)”),is a possibleanalogof the ran-
domizedleave-one-outmethodin which we predictusingthepredictionvectorsthatexist
atarandomlychosen“time slice.” Thatis, let � bethenumberof roundsexecuted(i.e., the
numberof examplesprocessedby theinnerloop of thealgorithm)sothat

� -


��

�

���

�

���

�

for all � . To classifyx, wechoosea “time slice” � �9#1��'������)'�� + uniformly at random.We
thenset

�

�

- ,
��

�

4 x
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Table4. Resultsof experimentsonNIST datawhendistinguishingª9ºfrom all otherdigits. The
rows markedSupVec andMistakegive averagenumberof supportvectorsandaveragenumber
of mistakes.All otherrowsgivetesterrorratein percentfor thevariousmethods.

�

� 0.1 1 2 3 4 10 30

����� Vote 4.5 3.9 3.8 3.8 3.8 3.7
Avg. (unnorm) 4.5 3.9 3.8 3.8 3.8 3.7

(norm) 4.6 3.9 3.9 3.8 3.8 3.8
Last 7.9 6.4 5.7 6.3 5.8 5.9
Rand. 8.3 6.7 6.5 6.3 6.2 6.2

SupVec 513 4,085 5,240 5,888 6,337 7,661
Mistake 513 4,085 7,880 11,630 15,342 37,408

��� � Vote 2.4 1.2 1.0 0.9 0.9 0.8 0.8
Avg. (unnorm) 2.4 1.2 1.0 1.0 0.9 0.9 0.8

(norm) 2.5 1.3 1.1 1.0 1.0 0.9 0.8
Last 4.1 1.8 1.6 1.6 1.3 1.1 1.0
Rand. 5.5 2.8 2.2 1.9 1.8 1.4 1.1

SupVec 337 1,668 2,105 2,358 2,527 2,983 3,290
Mistake 337 1,668 2,541 3,209 3,744 5,694 7,715

��� 
 Vote 2.2 1.0 0.8 0.8 0.7 0.7 0.7
Avg. (unnorm) 2.1 0.9 0.8 0.8 0.7 0.7 0.6

(norm) 2.2 1.0 0.8 0.8 0.8 0.7 0.6
Last 2.9 1.3 1.0 1.0 0.8 0.7 0.7
Rand. 4.9 2.2 1.7 1.5 1.4 1.0 0.8

SupVec 302 1,352 1,666 1,842 1,952 2,192 2,283
Mistake 302 1,352 1,867 2,202 2,448 3,056 3,318

���

�

Vote 2.1 0.9 0.8 0.7 0.7 0.7 0.7
Avg. (unnorm) 2.0 0.9 0.8 0.7 0.7 0.7 0.6

(norm) 2.1 1.0 0.8 0.8 0.7 0.7 0.6
Last 2.7 1.3 1.0 0.8 0.8 0.7 0.7
Rand. 4.5 2.1 1.6 1.4 1.2 0.9 0.7

SupVec 290 1,240 1,528 1,669 1,746 1,899 1,920
Mistake 290 1,240 1,648 1,882 2,020 2,323 2,367

��� � Vote 2.2 0.9 0.8 0.7 0.7 0.7 0.7
Avg. (unnorm) 2.2 0.9 0.8 0.7 0.7 0.7 0.7

(norm) 2.2 1.0 0.8 0.8 0.7 0.7 0.7
Last 2.7 1.3 1.0 0.9 0.8 0.7 0.7
Rand. 4.6 2.0 1.5 1.3 1.2 0.9 0.8

SupVec 294 1,229 1,502 1,628 1,693 1,817 1,827
Mistake 294 1,229 1,598 1,798 1,908 2,132 2,150

��� � Vote 2.3 0.9 0.8 0.8 0.8 0.8 0.7
Avg. (unnorm) 2.3 0.9 0.8 0.8 0.8 0.7 0.7

(norm) 2.3 1.0 0.8 0.8 0.8 0.7 0.7
Last 2.7 1.3 1.0 0.9 0.8 0.8 0.7
Rand. 4.7 2.1 1.6 1.3 1.2 0.9 0.8

SupVec 302 1,263 1,537 1,655 1,715 1,774 1,776
Mistake 302 1,263 1,625 1,810 1,916 2,035 2,039
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where�

�

is theindex of the®nal vectorwhichexistedat time � for label � . Formally, �

�

is
thelargestnumberin #1��'������ '��

�

+ satisfying

�

��


�

�

� �

�

�

�

�

# ���

Theanalogousnormalizedmethod(“Random(normalized)”)uses

�
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,
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Ouranalysisis applicableonly for thecasesof votedor randomlychosenpredictionsand
where � - % . However, in theexperiments,we ranthealgorithmwith � up to � � . When
usingpolynomialkernelsof degree5 or more,thedatabecomeslinearly separable.Thus,
afterseveraliterations,theperceptronalgorithmconvergesto aconsistentpredictionvector
andmakesnomoremistakes.After thishappens,the®nalperceptrongainsmoreandmore
weight in both “vote” and“average.” This tendsto have the effect of causingall of the
variantsto converge eventuallyto thesamesolution. By reachingthis limit we compare
the voted-perceptronalgorithmto the standardway in which the perceptronalgorithmis
used,which is to ®nd a consistentpredictionrule.

We performedexperimentswith polynomialkernelsfor dimensions
�

- % (which cor-
respondsto no expansion)up to

�

-�� . We preprocessedthedataon eachexperimentby
randomlypermutingthetrainingsequence.Eachexperimentwasrepeated10 times,each
time with a differentrandompermutationof the trainingexamples.For

�

- % , we were
only ableto run theexperimentfor tenepochsfor reasonswhicharedescribedbelow.

Figure2 shows plotsof the testerrorasa functionof thenumberof epochsfor four of
thepredictionmethods— “vote” andtheunnormalizedversionsof “last,” “average”and
“random”(weomittedthenormalizedversionsfor thesakeof readability).Testerrorsare
averagedover themultiple runsof thealgorithm,andareplottedonepoint for every tenth
of anepoch.

Someof the resultsare alsosummarizednumerically in Tables1 and 2 which show
(average)testerror for several valuesof � for the seven differentmethodsin the rows
marked“Vote,” “Avg. (unnorm),” etc. The rows marked“SupVec” show the numberof
“supportvectors,” thatis, thetotalnumberof instancesthatactuallyareusedin computing
scoresasabove. In otherwords,this is the sizeof the unionof all instanceson which a
mistakeoccuredduring training. The rows marked“Mistake” show the total numberof
mistakesmadeduringtrainingfor the10differentlabels.In every case,wehave averaged
over themultiple runsof thealgorithm.

Thecolumncorrespondingto � - � �!% is helpfulfor gettinganideaof how thealgorithms
performonsmallerdatasetssincein this case,eachalgorithmhasonly useda tenthof the
availabledata(about6000trainingexamples).

Ironically, thealgorithmrunsslowestwith smallvaluesof
�

. For largervaluesof
�

, we
move to a muchhigherdimensionalspacein which the databecomeslinearly separable.
For smallvaluesof

�

— especiallyfor
�

- % — thedataarenot linearly separablewhich
meansthat theperceptronalgorithmtendsto makemany mistakeswhich slows down the
algorithmsigni®cantly. This is why, for

�

- % , wecouldnotevencompletearunout to 30
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epochsbut hadto stopat � - %�� (afteraboutsix daysof computation).In comparison,for
�

- � , we canrun 30 epochsin about25 hours,andfor
�

-�� or � , a completerun takes
about8 hours.(All runningtimesareon a singleSGI MIPS R10000processorrunningat
194MHZ.)

Themostsigni®cantimprovementin performanceis clearlybetween
�

- % and
�

- � .
Themigrationto a higherdimensionalspacemakesa tremendousdifferencecomparedto
runningthealgorithmin thegivenspace.The improvementsfor

�

� � arenot nearlyas
dramatic.

Our resultsindicatethatvoting andaveragingperformbetterthanusingthelastvector.
This is especiallytrueprior to convergenceof theperceptronupdates.For

�

- % , thedata
arehighly inseparable,soin thiscasetheimprovementpersistsfor aslongaswewereable
to runthealgorithm.For higherdimensions(

�

� % ), thedatabecomesmoreseparableand
theperceptronupdateruleconverges(or almostconverges),in whichcasetheperformance
of all thepredictionmethodsis very similar. Still, evenin this case,thereis anadvantage
to usingvotingor averagingfor a relatively smallnumberof epochs.

Theredoesnot seemto be any signi®cantdifferencebetweenvoting andaveragingin
termsof performance.However, usingrandomvectorsperformsthe worst in all cases.
This standsin contrastto ouranalysis,which appliesonly to randomvectorsandgivesan
upperboundon the error of averagevectorswhich is twice the error of the randomized
vectors.A morere®nedanalysisof theeffectof averagingis requiredto betterexplain the
observedbehavior.

Usingnormalizedvectorsseemsto sometimeshelpa bit for the“last” method,but can
helpor hurt performanceslightly for the“average”method;in any case,thedifferencesin
performancebetweenusingnormalizedandunnormalizedvectorsarealwaysminor.

LeCunetal. (1995)giveadetailedcomparisonof algorithmsonthisdataset.Thebestof
thealgorithmsthatthey testedis (a ratherold versionof) boostingon top of theneuralnet
LeNet4 which achievesanerror rateof 0.7%. A versionof theoptimalmargin classi®er
algorithm(Cortes& Vapnik,1995),usingthesamekernelfunction,performssigni®cantly
betterthanours,achieving a testerrorrateof 1.1%for

�

-�� .
Table3 shows how the variantsof the perceptronalgorithmperformon the ten binary

problemscorrespondingto the 10 classlabels. For this table,we ®x
�

-�� , andwe also
compareperformanceto that reportedby CortesandVapnik (1995)for SVM's. Table4
givesmoredetailsof how theperceptronmethodsperformon thesinglebinaryproblem
of distinguishing“9” from all otherimages.Notethatthesebinaryproblemscomeclosest
to the theorydiscussedearlierin thepaper. It is interestingthat theperceptronalgorithm
generallyendsupusingfewersupportvectorsthanwith theSVM algorithm.

6. Conclusionsand Summary

Themostsigni®cantresultof our experimentsis thatrunningtheperceptronalgorithmin
ahigherdimensionalspaceusingkernelfunctionsproducesverysigni®cantimprovements
in performance,yieldingaccuracy levelsthatarecomparable,thoughstill inferior, to those
obtainablewith support-vectormachines.On theotherhand,ouralgorithmis muchfaster
andeasierto implementthanthelattermethod.In addition,thetheoreticalanalysisof the
expectederrorof theperceptronalgorithmyieldsvery similarboundsto thoseof support-
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vectormachines.It is anopenproblemto developabettertheoreticalunderstandingof the
empiricalsuperiorityof support-vectormachines.

We also®nd it signi®cantthatvotingandaveragingwork betterthanjust usingthe®nal
hypothesis.This indicatesthat the theoreticalanalysis,which suggestsusingvoting, is
capturingsomeof the truth. On theotherhand,we do not have a theoreticalexplanation
for theimprovementin performancefollowing the®rst epoch.
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Notes

1. Storingall of thesevectorsmight seeman excessive wasteof memory. However, as we shall see,when
perceptronsareusedtogetherwith kernels,theexcessin memoryandcomputitionis reallyquiteminimal.

2. NationalInstitutefor StandardsandTechnology, SpecialDatabase3. See
http://www.research.att.com/ � yann/ocr/ for informationon obtainingthis datasetandfor a
list of relevantpublications.
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