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Abstract

Weproposeanew boostingalgorithm.Thisboostingalgorithmis anadaptiveversionof theboostby
majority algorithmandcombinesboundedgoalsof theboostby majority algorithmwith theadaptivity
of AdaBoost.

Themethodusedfor makingboost-by-majorityadaptiveis to considerthelimit in whicheachof the
boostingiterationsmakesanin�nitesimally smallcontribution to theprocessasa whole. This limit can
bemodeledusingthedifferentialequationsthatgovernBrownianmotion.Thenew boostingalgorithm,
namedBrownBoost,is basedon �nding solutionsto thesedifferentialequations.

Thepaperdescribestwo methodsfor �nding approximatesolutionsto thedifferentialequations.The
�rst is a methodthat resultsin a provably polynomial time algorithm. The secondmethod,basedon
theNewton-Raphsonminimizationprocedure,is muchmoreef�cient in practicebut is not known to be
polynomial.

1 INTRODUCTION

The AdaBoostboostingalgorithmhasbecomeover the last few yearsa very popularalgorithmto usein
practice. The two main reasonsfor this popularityaresimplicity andadaptivity. We say that AdaBoost
is adaptivebecausethe amountof updateis chosenasa functionof the weightederrorof thehypotheses
generatedby theweaklearner. In contrast,theprevioustwo boostingalgorithms[9, 4] weredesignedbased
on the assumptionthat a uniform upperbound,strictly smallerthan1/2, exists on the weightederror of
all weakhypotheses.In practice,thecommonbehavior of learningalgorithmsis that their errorgradually
increaseswith thenumberof boostingiterationsandasa result,thenumberof boostingiterationsrequired
for AdaBoostis far smallerthanthenumberof iterationsrequiredfor thepreviousboostingalgorithms.

The“boostby majority” algorithm(BBM), suggestedby Freund[4], hasappealingoptimalityproperties
but hasrarely beenusedin practicebecauseit is not adaptive. In this paperwe presentandanalyzean
adaptive versionof BBM which we call BrownBoost(the reasonfor thenamewill becomeclearshortly).
Webelieve thatBrownBoostwill beausefulalgorithmfor real-world learningproblems.

While thesuccessof AdaBoostis indisputable,thereis increasingevidencethat thealgorithmis quite
susceptibleto noise. Oneof themostconvincing experimentalstudiesthatestablishthis phenomenonhas
beenrecentlyreportedby Dietterich[3]. In his experimentsDiettrich comparesthe performanceof Ad-
aBoostandbagging[2] on somestandardlearningbenchmarksandstudiesthe dependenceof theperfor-
manceon theadditionof classi�cationnoiseto thetrainingdata.As expected,theerrorof bothAdaBoost
andbaggingincreasesasthenoiselevel increases.However, theincreasein theerroris muchmoresigni®-
cantin AdaBoost.Diettrichalsogivesaconvincingexplanationof thereasonof thisbehavior. Heshowsthat
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Figure1: A schematiccomparisonbetweenexamplesweightsasa functionof themargin for AdaBoostand
BBM

boostingtendsto assigntheexamplesto which noisewasaddedmuchhigherweight thanotherexamples.
As a result,hypothesesgeneratedin lateriterationscausethecombinedhypothesisto over-®t thenoise.

In this paperwe consideronly binaryclassi®cationproblems.We denotean exampleby
���������

where
�

is the instanceand
�
	���
����������

is the label. The weightsthatAdaBoostassignsto example
���������

is
����������� �� where !

���������#"%$&���'�(�

,
�)	*��
#���������

is the label in the training setand
$&���'�

is the combined
“strong” hypothesiswhich is aweightedsumof theweakhypothesesthatcorrespondsto theinstance

�
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where
5

.

denotestheweightederrorof
$

.

with respectto theweightingthatwasusedfor generatingit. We
call !

���������

the“margin” of theexample
���������

. It is easyto observe that if, for a givenexample
���&���9�

the
predictionof mosthypothesesis incorrect,i.e.

$

.

���'�(�:";
��

then !

���&���9�

becomesa largenegative number
andtheweightof theexampleincreasesvery rapidlyandwithoutbound.

To reducethisproblemseveralauthorshavesuggestedusingweightingschemesthatusefunctionsof the
margin thatincreasemoreslowly than �

� , for example,thealgorithm“Gentle-Boost”of Friedmanetal. [7];
however, noneof thesuggestionshave theformalboostingpropertyasde®nedin thePAC framework.

The experimentalproblemswith AdaBoostobserved by Dietterichandthe variousrecentattemptsto
overcometheseproblemshave motivatedusto have anotherlook at BBM. Theweightsthatareassignedto
examplesin thatalgorithmarealsofunctionsof themargin. < However, theform of thefunctionthatrelates
themargin andtheweightis startlinglydifferentthantheoneusedin AdaBoost,asis depictedschematically
in Figure1. Theweight is a non-monotonefunctionof themargin. For smallvaluesof !

���������

theweight
increasesas !

���������

decreasesin a way very similar to AdaBoost;however, from somepoint onwards,the
weightdecreasesas !

���&���9�

decreases.
Thereasonfor thislargedifferencein behavior is thatBBM is analgorithmthatis optimizedto minimize

the training error within a pre-assignednumberof boostingiterations. As the algorithm approachesits
predeterminedend, it becomeslessandlesslikely that exampleswhich have large negative margins will
eventually becomecorrectly labeled. Thus it is more optimal for the algorithmsto “give up” on those
examplesandconcentrateits effort on thoseexampleswhosemargin is a smallnegative number.

To useBBM oneneedsto pre-specifyanupperbound
�>=�?@
1A

on theerrorof theweaklearneranda
“target” error

5CBED

. In thispaperweshow how to getrid of theparameter
A

. Theparameter
5

still hasto be
speci®ed.Its speci®cationis verymuchakin to makinga “bet” asto how accuratewecanhopeto makeour
®nal hypothesis,in otherwords,how muchinherentnoisethereis in thedata.As weshallshow, setting

5

to
zerotransformsthenew algorithmbackinto AdaBoost.It canthusbesaidthatAdaBoostis a specialcase

F

As BBM generatesmajority rulesin which all of thehypotheseshave thesameweight,themargin is a linearcombinationof
thenumberof weakhypothesesthatarecorrectandthenumberof iterationssofar.
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of thenew algorithmwherethe initial “bet” is that theerrorcanbereducedto zero. This intuition agrees
well with thefactthatAdaBoostperformspoorlyon noisydatasets.

To derive BrownBoostwe analyzedthe behavior of BBM in the limit whereeachboostingiteration
makesa verysmallchangein thedistribution andthenumberof iterationsincreasesto in®nity. In this limit
we show thatBBM' s behavior is closelyrelatedto Brownianmotionwith noise. This relationleadsus to
thedesignof thenew algorithmaswell asto theproofof its mainproperty.

Thepaperis organizedasfollows. In Section2 we show therelationshipbetweenBBM andBrownian
motionandderive themain ingredientsof BrownBoost. In Section4 we describeBrownBoostandprove
our main theoremregardingits performance.In Section5 we show therelationshipbetweenBrownBoost
andAdaBoostandsuggesta heuristicfor choosinga valuefor BrownBoost's parameter. In Section6 we
prove that (a variantof) BrownBoostis indeeda boostingalgorithmin the PAC sense.In Section7 we
presenttwo solutionsto the numericalproblemthat BrownBoostneedsto solve in order to calculatethe
weightsof thehypotheses.We presenttwo solutions,the®rst is anapproximatesolutionthatis guaranteed
to work in polynomialtime, thesecondis probablymuchfasterin practice,but we don't yet have a proof
thatit is ef®cient in all cases.In Section8 wemake afew remarkson thegeneralizationerrorweexpectfor
BrownBoost.Finally, in Section9 wedescribesomeopenproblemsandfuturework.

2 DERIVATION

In this sectionwe describean intuitive derivation of algorithmBrownBoost. The derivation is basedon
a “thought experiment” in which we considerthe behavior of BBM when the boundon the error of the
weaklearneris madeincreasinglycloseto

�>=�?

. This thoughtexperimentshows thatthereis acloserelation
betweenboostby majorityandBrownianmotionwith drift. This relationgivestheintuition behindBrown-
Boost.Theclaimsmadein this sectionarenot fully rigorousandtherearenot proofs;however, we hopeit
will helpthereaderunderstandthesubsequentmoreformalsections.

In orderto useBBM two parametershave to bespeci®edaheadof time: thedesiredaccuracy
5 BED

and
a non-negative parameter

A B D

suchthat theweaklearningalgorithmis guaranteedto alwaysgeneratea
hypothesiswhoseerror is smallerthan

�>=�? 
6A

. Theweightingof theexampleson eachboostingiteration
dependsdirectlyon thepre-speci®edvalueof

A

. Ourgoalhereis to getrid of theparameter
A

and,instead,
createa versionof BBM that “adapts”to theerrorof thehypothesesthat it encountersasit runsin a way
similar to AdaBoost.

We startby ®xing
�

to somesmall positive value,small enoughthat we expectmostof the weakhy-
pothesesto have errorsmallerthan

�>=�? 


�

. Givenahypothesis
$

whoseerroris
�>=�? 
 A

,
A B

�

wede®ne
$��

to be
$

�

���'� "

�

� �

$&���'���

with probability
�

=>A

D �

with prob.
� �C


�

=>A ��=�?

���

with prob.
� �C


�

=>A ��=�?��

It is easyto checkthattheerrorof
$	� ���7�

is exactly
�>=�? 


�

. Assumeweusethis hypothesisandproceedto
thefollowing iteration.

Note that if
�

is very small, thenthe changein the weightingof the examplesthat occursafter each
boostingiterationis alsovery small. It is thuslikely that thesamehypothesiswould have anerrorof less
than

�>=�?�


�

for many consecutive iterations. In otherwords,insteadof calling the weaklearnerat each
boostingiteration,we caninsteadreusethe samehypothesisover andover until its error becomeslarger
than

�>=�?#


�

, or, in otherwordsvery close
 to
�>=�?

. UsingBBM in this fashionwill resultin a combined
hypothesisthatis aweightedmajorityof weakhypotheses,whereeachhypothesishasanintegercoef®cient

�

If theerrorof � is largerthan 
�������� thentheerrorof ��������� is smallerthan 
������ � .

3



thatcorrespondsto thenumberof boostingiterationsthatit “survived”. Wehavethusarrivedatanalgorithm
whosebehavior is verysimilar to thevariantof AdaBoostsuggestedby SchapireandSingerin [12]. Instead
of choosingtheweightsof weakhypothesesaccordingto theirerror, wechooseit sothattheerrorof thelast
weakhypothesison thealtereddistribution is (verycloseto) 1/2.

Note that thereis somethingreally strangeaboutthe alteredhypothesesthat we arecombining: they
containa largeamountof arti®cially addednoise.On eachiterationwherewe use

$&���'�

we addto it some
new independentnoise;in fact, if

�

is very small thenthe behavior of
$�� ���7�

is dominatedby the random
noise! the contribution of the actual“useful” hypothesis

$

beingproportionalto
�

=>A

. Still, thereis no
problemin principle,in usingthis modi®cationof BBM and,aslong aswe cangetat least �

�

�

�




032 � �>=�5����

boostingiterationsweareguaranteedthattheexpectederrorof the®nalhypothesiswouldbesmallerthan
5

.
In a sense,we have just describedanadaptive versionof BBM. We have analgorithmwhich adaptsto

theperformanceof its weakhypotheses,andgeneratesaweightedmajorityvoteasits ®nal hypothesis.The
moreaccuratetheweakhypothesis,themoreiterationsof boostingit participatesin, andthusthelargerthe
weightit receive in thecombined®nal hypothesis.This is exactly whatwe werelooking for. However, our
needto set

�

to be very small, togetherwith the fact that the numberof iterationsincreaseslike �

�

�

�




�

makestherunningtime of thisalgorithmprohibitive.
To overcomethis problem,we pushthe thoughtexperimenta little further; we let

�

approach
D

and
characterizethe resulting“limit algorithm”. Considersome®xed example

�

andsome®xed “real” weak
hypothesis

$

. How canwe characterizethebehavior of thesumof randomlyalteredversionsof
$

, i.e. of
$

�

<

���7� � $
�




���7� �

� � �

where
$

�

<

� $
�




�

� � �

arerandomizedalterationsof
$

as
���

D

?
As it turnsout, this limit canbe characterized,underthe properscaling,asa well-known stochastic

processcalledBrownianmotionwith drift. � More precisely, let usde®netwo realvaluedvariables� and
�

whichwecanthink aboutas“time” and“position”. Wesetthetimeto be �

"

�


�� , sothatthetimeat theend
of theboostingprocess,after �

�

�

�




�

iterations,is aconstantindependentof
�

, andwede®nethe“location”
by �

!	�

�

�

� "

�


���


�

���

,

���

<

$

�

�

���'�

�

Thenas
���

D

thestochasticprocess!��

�

�

�

approachesa well de®nedcontinuoustime stochasticprocess
!

�

�

�

whichfollowsaBrownianmotioncharacterizedby its mean�

�

�

�

andvariance�



�

�

�

whichareequalto

�

�

�

� "��

�

�

�

A �������

���

�




�

�

� "

�

�

where
�>=�?�

A �

�

�

is theweightederror of the hypothesis
$

at time � . Again, this derivation is not meant
asa proof, sowe make no attemptto formally de®nethenotionof limit usedhere;this is merelya bridge
to getusto a continuous-timenotionof boosting.Notethatin this limit we considerthedistribution of the
predictionof the example,i.e. the normaldistribution that resultsfrom the Brownian motion of the sum

$��

<

���7� � $ �




���7� �

� � �

.
Sofar we have describedthebehavior of thealteredweakhypothesis.To completethepicturewe now

describethecorrespondinglimit for theweightingfunctionde®nedin BBM. Theweightingfunctionused
thereis thebinomialdistribution (Equation(1) in [4]):
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 �
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�

</2

�

�

(1)

3

For an excellent introductionto Brownian motion seeBreiman[1]; especiallyrelevant is Section12.2,which describesthe
limit usedhere.
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Notethatthesumcontains5 ���	6

�

� termsof constantaveragemagnitudeandis multipliedby � ratherthan�

�

, thusthemaximal
valueof thesumdivergesto 798 as �9:<; ; however, thevarianceof =

&

�?> � convergesto a limit.

4



where!

� is thetotalnumberof boostingiterations,� is theindex of thecurrentiteration,and ! is thenumber
of correctpredictionsmadesofar. Usingthede®nitionsfor � and ! � givenabove andletting

�+�

D

we get
that �

.

�

approachesa limit which is (up to anirrelevantconstantfactor)

�

�

�

�

!

� "

�����
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�

!

�

�

����� 
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� *

(2)

where
� " 0	��


�
�

�

�




!

� . Similarly, we ®nd thatthelimit of thepotentialfunction(Equation(6) in [4])
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(3)

is
�

�

�

�

!

� "

�

?

�

�4


erf
�

!

�

�

� ���4


�

�

�4


� ���

(4)

whereerf
��� �

is theso-called“error function”:

erf
��� � "

?

�

���

�

�

���

�

�

�

�

To simplify our notation,we shall usea slightly different potential function. The useof this potential
functionwill beessentiallyidenticalto theuseof

�

.

�

in [4].
Given the de®nitionsof �

�

!

�

�

���

�

�

�

�

!

�

and
�

�

�

�

!

�

we cannow translatethe BBM algorithminto the
continuoustimedomain.In thisdomainwecan,insteadof runningBBM ahugenumberof verysmallsteps,
solve a differentialequationwhich de®nesthevalueof � thatcorrespondsto a distribution with respectto
which theerrorof theweakhypothesisis exactlyonehalf.

However, insteadof following this route,we now abandonthe intuitive trail that leadus here,salvage
the de®nitionsof the variables�

�

!

�����

�

�

�

�

!

�

and
�

�

�

�

!

�

anddescribealgorithmBrownBoostusingthese
functionsdirectly, without referringto theunderlyingintuitions.

3 PRELIMIN ARIES

We assumethe label
�

that we areto predictis either
���

or

��

. As in SchapireandSinger's work [12],
we allow “con®dencerated” predictionswhich arereal numbersfrom the range �


����������

. The error of a
prediction  

�

is de®nedto be
error

�

 

� ����� ""! �@


 

�#!/";�C
 �

 

�

�

We caninterpret  

�

asa randomizedpredictionby predicting
���

with probability
� � �

 

����=�?

and

��

with
probability

� � 


 

�9��=�?

. In this caseerror
�

 

� ������=�?

is theprobability thatwe make a mistaken prediction.A
hypothesis

$

is a mappingfrom instancesinto �


������ ���

. We shall be interestedin the averageerror of a
hypothesiswith respectto a trainingset.A perfecthypothesisis onefor which

$����'�(� ";�

for all instances,
anda completelyrandomoneis onefor which

$

.

���'� " D

for all instances.We call a hypothesisa “weak”
hypothesisif its error is slightly betterthanthatof randomguessing,which, in our notation,correspondto
anaverageerrorslightly smallerthan

�

. It is convenientto measurethestrengthof aweakhypothesisby its
$&%(')'�*�+-,(.�/0%21 with thelabelwhich is

� �>=43 �6587

���

<

$����

�

�(�

�

";�C
 � �>=43 �95:7

���

<

error
� $����

�

�����

�

�

.
Boostingalgorithmsarealgorithmsthat de®nedifferentdistributions over the training examplesand

usea “weak” learner(sometimescalled a “base” learner)to generatehypothesesthat are slightly better
thanrandomguessingwith respectto the generateddistributions. By combininga numberof theseweak
hypothesesthe boostingalgorithmcreatesa combinedhypothesiswhich is very accurate.We denotethe
correlationof thehypothesis

$

.

by
A

.

andassumethatthe
A

.

's aresigni®cantlydifferentfrom zero.
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Inputs:
Training Set: A set of

3

labeledexamples: �

" ���

<

���

<

���

� � �

�>���

7

���

7

�

where
�

.

	����

and
�

.

	

��
����������

.
WeakLearn — A weaklearningalgorithm.

�

— apositive realvaluedparameter.
�

BED

— asmallconstantusedto avoid degeneratecases.

Data Structures:
prediction value: With eachexamplewe associatea realvaluedmargin. Themargin of example

���&���9�

on
iteration � is denoted!

.

���������

Theinitial predictionvaluesof all examplesis zero !

<

��������� " D

.

Initialize “remainingtime”
�

<

" �

.
Do for �

" ��� ? �

� � �

1. Associatewith eachexamplea positive weight

�

.

��������� "

�

�7� �
	 � ��� �  

2��

	  

�


�


2. Call WeakLearn with thedistribution de®nedby normalizing
�

.

���&���9�

andreceive from it ahypoth-
esis

$

.

���7�

whichhassomeadvantageover randomguessing
5

� ��� �  

�

.

��������� $

.

���7�(� " A

.

BED

.

3. Let �

���

and � berealvaluedvariablesthatobey thefollowing differentialequation:

�

�

�

�

"

�

"

5

����� �� ����

�������




<




�

!

.

��������� ��� $

.

���7�(� � �

.




�

�


��

$

.

���7�(�

5

� ��� �  ����

��� ���




<




�

!

.

��������� ��� $

.

���'�(� � �

.




�

�




�

(5)

Where!

.

���&���9��� $

.

���'�(�

and
�

.

areall constantsin thiscontext.
Given the boundaryconditions �

" D

,
� " D

solve the setof equationsto ®nd �

.

"

���

B%D

and
�

.

" �

� suchthateither �!�#"

� or ���

" �

.

.

4. Updatethepredictionvalueof eachexampleto

!

.

2&<

��������� "

!

.

��������� �

�

.

$

.

���'�(�

5. update“remainingtime”
�

.

2&<

" �

.




�

.

Until
�

.

2&<

"

D

Output the®nal hypothesis,

if p
���'� 	

�


#���������

then p
���7� "

erf
�

5%$

.

�

<

�

.

$

.

���'�

�
�

*

if p
���'�4	 ��
����������

then p
���'� "

sign
�

$

,.

�

<

�

.

$

.

���7�

*

Figure2: Algorithm BrownBoost
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4 THE ALGORITHM

Algorithm BrownBoostis describedin Figure2. It receivesasaninput parametera positive realnumber
�

.
This numberdeterminesour targeterrorrate;thelarger it is, thesmallerthetargeterror. This parameteris
usedto initialize thevariable

�

, whichcanbeseenasthe“count-down” clock. Thealgorithmstopswhenthis
clock reacheszero.Thealgorithmmaintains,for eachexample

���������

in thetrainingsetits margin !

���������

.
The overall structureof the algorithm is similar to that of AdaBoost. On iteration � a weight

�

.

���������

is associatedwith eachexampleandthenthe weaklearneris calledto generatea hypothesis
$

.

��� �

whose
correlationis

A

.

.
Giventhehypothesis

$

.

thealgorithmchoosesa weight �

.

and,in addition,a positive number�

.

which
representsthe amountof time that we cansubtractfrom the count-down clock

�

.

. To calculate�

.

and �

.

thealgorithmcalculatesthesolutionto thedifferentialEquation(5). In a lemmabelow we show thatsuch
a solution exists and in later sectionswe discussin more detail the amountof computationrequiredto
calculatethesolution.Given �

.

and �

.

we updatethemarginsandthecount-down clockandrepeat.Unlike
AdaBoostwe cannotstopthe algorithmat an arbitrarypoint but ratherhave to wait until the count-down
clock,

�

.

, reachesthevaluezero.At thatpointwestopthealgorithmandoutputourhypothesis.Interestingly,
the naturalhypothesisto outputis a stochasticrule. However, we canusea thresholdedtruncationof the
stochasticruleandgetadeterministicrulewhoseerrorboundis atmosttwiceaslargeasthestochasticrule.

In orderto simplify ournotationin therestof thepaper, weshallusethefollowing shorternotationwhen
referringto aspeci®citeration.Wedroptheiterationindex � andusetheindex

�

to referto speci®cexamples
in thetrainingset.For example

���

�

���

�

�

andparameters
�

and � wede®nethefollowing quantities:

�

�

"

!

.

���

�

���

�

�7� �

.

old margin
�

�

" $

.

���

�

�(�

� step
�

�

"

�

�

���

�

�




� new margin

�

�

" �����
� �

�

�

�


�


 

5

.

���	�
� �

�

�

.


�


 

weight

Usingthisnotationwecanrewrite thede®nitionof � as

�

���#�

�

� "

5

�

�����

� 


�




�

= � �

�

�

5

�

�����

� 


�




�

= � �

"-,

�

�

�

�

�

whichweshallalsowrite as
�

�����

�

� "�

�

�

�

�

which is a shorthandnotationthatdescribestheaveragevalueof �

� with respectto thedistribution de®ned
by �

� .
The two mainpropertiesof thedifferentialequationthatareusedin theanalysisaretheequationsfor

thepartialderivatives:
�

�

�

�

"

?

�

��

�

�

�

�

� 
�

�

�

�

��
��

�

�

��� "

?

� Cov
�

�

�

�

�

�

�

(6)

WhereCov
�

�

�

�

�

�

standsfor the covarianceof �

� and �

� with respectto the distribution de®nedby �

� .
Similarly we ®nd that�

�

Thesecleanexpressionsfor thederivativesof � arereminiscentof derivativesof thepartition function thatareoftenusedin
StatisticalMechanics.However, we don't at thispoint have a clearphysicalinterpretationof thesequantities.
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�

�

�

�

"

?

�

�



�

�

�

��

�

�

�

�

� 
�

���

�

�


��

�

" 


?

� Cov
�

�

�

�

�

�

�

�

(7)

Thefollowing lemmashows thatthedifferentialEquation(5) is guaranteedto have asolution.

Lemma 1 For anysetof real valuedconstants
�

<

�

� � �

�����

, �

<

�

� � �

�

�

�

, There is oneandonly onefunction
���

�

�

�

such that �

� D � " D

and

�

�

��� �

�

�

"
	8�����

�

�8"

5

�

��� � �




�

�

�

2

���

�

��
� 

�




���

�

5

�

��� � �




�

�

�

2

���

�

��
  

�




�

andthis functionis continuousandcontinuouslydifferentiable.

Proof: In AppendixA
Thelemmaguaranteesthatthereexistsafunctionthatsolvesthedifferentialequationandpassesthrough

� " D �

�

" D

. As
A

.

B;D

we know that thederivative of this functionat zerois positive. As thesolution
is guaranteedto have a continuous®rst derivative, thereareonly two possibilities. Either we reachthe
boundarycondition �

"

� or thederivative remainslargerthan � , in whichcasewewill reachtheboundary
condition �

"<�

.

. It is alsoclearthatwithin therange�

	

�

D �

�
�

�

thereis a one-to-onerelationshipbetween
� and

�

. Wecanthususeeither � or
�

asanindex to thesolutionof thedifferentialequation.
Wenow prove themaintheoremof thispaper, whichstatesthemainpropertyof BrownBoost.Notethat

thereareno inequalitiesin thestatementor in theproof,only strictequalities!

Theorem 2 If algorithmBrownBoostexits themainloop (i.e. there existssome�nite � such that
5

.

�

.��

�

)
thenthe�nal hypothesisobeys:

�

3

7

,

���

<

! �

�


�� ���

�

� !�" �C


erf
�

�

� �

�

Proof: Wede®nethepotentialof theexample
���&���9�

at time �

BED

on iteration � to be

�

.

� 


��������� "

erf
�

�

�
�

�

!

.

���&���9����� $

.

���'�(��� �

.




�

�

�

�

andtheweightof theexampleto be
�

.

� 


��������� "

�����

�




�

�

�

!

.

���&���9� � � $

.

���7�(��� �

.




�

�




�

where!

.

����������� �

.

and
$

.

���'�(�

dependonly on � and
�

dependson the“time” � .
The centralquantityin the analysisof BrownBoostis theaveragepotentialover the trainingdata. As

weshow below, this quantityis aninvariantof thealgorithm.In otherwords,theaveragepotentialremains
constantthroughouttheexecutionof BrownBoost.

Whenthealgorithmstarts,!

<

���&���9� "�D

for all examples,
��" D

,
�

<

" �

and �

"�D

; thusthepotentialof
eachexampleis erf

�
�

� �

andtheaveragepotentialis thesame.
Equatingtheaveragepotentialat thebeginningto theaveragepotentialat theendwegetthat

3

erf
�

�

� � " ,

� ��� �� 

�

$

2&<

�

�

��������� " ,

����� �� 

erf
�

!

$

2&<

���������

�
�

�

"
,

� ��� �� 

erf ��

�

5 $

.

�

<

�

.

$

.

���7�

�

�

�

� ��

" ,

� ��� �� 

�

erf
�

5
$

.

�

<

�

.

$

.

���'�

�
�

*

�
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Pluggingin thede®nitionof the®nalprediction
� ���7�

, dividing bothsidesof theequationby

 3

andadding
�

to eachsidewe get:

�C


erf
�

�

� � " �4


�

3

,

����� �� 

� � ���7�8"

�

3

,

� ��� �  

! �@
�� ���7� !

Which is thestatementof thetheorem.
Wenow show thattheaveragepotentialdoesnotchangeasa functionof time.
It followsdirectly from thede®nitionsthatfor any iteration � andany example

���������

, thepotentialof the
exampledoesnotchangebetweenboostingiterations:

�

.

�

�

	

��������� "

�

.

2&<

�

�

���&���9�

. Thustheaveragepotential
doesnotchangeat theboundarybetweenboostingiterations.

It remainsto show that the averagepotentialdoesnot changewithin an iteration. To simplify the
equationsherewe use,for a ®xed iteration � , the notation

�

�

�

�

�

and �

�

�

�

�

to replace
�

.

� 


���

�

���

�

�

and
�

.

� 


���

�

���

�

�

respectively. For asingleexampleweget

�

�

�

�

�

�

�

�8"

?

�

�

�

�

�

�

���

�

�

�

�

�

�


E���

Thesolutionto thedifferentialequationrequiresthat

�

�

�

�

"

�

�

�

By usingthede®nitionof �

�

�

�

�

and � andaveragingoverall of theexamplesweget:

�

�

�

�

3

7

,

���

<

�

�

�

�

�8"

?

��3

��� 	

�

�

7

,

���

<

�

�

�

�

�

�

�

�

� 


7

,

�%�

<

�

�

�

�

��
 � "

?

��3

�
�
	

5
7

�%�

<

�

�

�

�

�

5 7

�%�

<

�

�

�

�

�

�

�

�

�

7

,

�%�

<

�

�

�

�

�

�

�

�

�&


7

,

�%�

<

�

�

�

�

��

�

" D

whichshows thattheaveragepotentialdoesnotchangewith time andcompletestheproof.

5 CHOOSING THE VALUE OF 


RunningBrownBoostrequireschoosinga parameter
�

aheadof time. This might causeusto think thatwe
have not improvedmuchon thesituationwehadwith BBM. Therewehadtwo parametersto chooseahead
of time:

A

and
5

. With BrownBoostwe have to chooseonly oneparameter:
�

, but this still seemsto benot
quiteasgoodaswe hadit with AdaBoost.Therewehave noparameterswhatsoever! Or do we?

In this sectionwe show that in fact thereis a hiddenparametersettingin AdaBoost. AdaBoostis
equivalentto settingthetargeterror

5

in BrownBoostto zero.
Observe thefunctionalrelationshipbetween

�

and
5

we give in Theorem2:
5 " � 


erf
�

�

� �

. Second,
notethat if we let

5

�

D

thenwe getthat
�

���

. It would thusbeinterestingto characterizethebehavior
of ouralgorithmaswe let

�

���

.
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The solutionof Equation(5) in Figure2 implies that, if the algorithmreachesthe “normal” solution
where�

�

�

� "

� and �

" D

thenthesolution � �

���

� satis®es

5 7

�%�

<

�������




�

�

�

2

��� �

�

��


�

 

�




� �

�

5 7

�%�

<

�������




�

�

�

2

�

�

�

�

��


�

 

�




�

" D

Now, assumethat
! $

.

���7� ! �

�

.

and �

.

areall boundedby someconstant
�

for iteration �

" ���

� � �

���

and
let

�

� �

; it is easyto seethatundertheseconditions
0��	





���

���

�

= � ��" �

while all othertermsremain
boundedby

�

�

. We thushave

0���





���

5 7

�%�

<

��� ���




�

�

�

2

�

�

�

�

��


�

 

�




� �

�

5 7

���

<

��� ���




�

�

�

2

�

�

�

�

��


�

 

�




�

" 0���





���

5 7

�%�

<

��� �

�




�

�

�

2 


�

�

�

�

�

���

��


�

 




�

�

�

5 7

���

<

��� �

�




�

�

�

2 


�

�

�

�

�

�

�

��


�

 




�

"

5
7

�%�

<

�����

� 
 ?9���

�

�

�

�

�

�

���

�

�

5
7

�%�

<

�����

� 
 ?9���

�

�

�

�

�

�

���

" D

Notethatin this limit therearenodependencieson
�

or on � � whichcancelwith thedenominator. Plugging
in thede®nitionsof

�

� and �

� we getthattheconditionfor thechoiceof
�

is

5

����� �� 

�����
�


 ?

�

5

.

�

<

.

�

�

<

�

.

�

$

.

�

���7�(� � �

�

$

.

�

���'�(�

� �

$

.

���'�(�

�������


 ?

�

5

.

�

<

.

�

�

<

�

.

�

$

.

�

���'�(�����

�

$

.

�

���'�(�

� �

" D

If we stareat this lastequationsuf®ciently long we realizethat theconditionthat it de®neson thechoice
of theweightof the � ' th hypothesis�

.

" �

� is identical to theonede®nedby SchapireandSingerin their
generalizedversionof AdaBoost([12],Theorem3).

Note however that anothereffect of letting
�

increasewithout boundis that our algorithmwill never
reachtheconditionto exit theloop,andthuswecannotapplyTheorem2 to boundtheerrorof thecombined
hypothesis.On theotherhand,wecanusetheboundsprovenfor AdaBoost.�

If we set
� " D

we get trivially that the algorithmexits the loop immediately. We canthusdevise a
reasonableheuristicto choose

�

. Startby runningAdaBoost(which correspondsto setting
�

very large in
ouralgorithm)andmeasuretheerrorof theresultingcombinedhypothesisonaheld-outtestset.If thiserror
is very small thenwe aredone.On theotherhand,if theerror is large, thenwe set

�

so that theobserved
erroris equalto

��


erf
�

�
�>�

andrunouralgorithmagainto seewhetherwecanreachtheloop-exit condition.
If not - we decrease

�

further, if yes,we increase
�

. Repeatingthis binarysearchwe canidentify a locally
optimal valueof

�

, i.e. a valueof
�

for which BrownBoostexits the loop andthe theoreticalboundholds
while slightly largersettingof

�

will causeBrownBoostto never achieve
5

.

�

. �

�

andexit theloop.
It remainsopenwhetherthis is alsotheglobal maximumof

�

, i.e., whetherthe legitimatevaluesof
�

form an(openor closed)segmentbetween
D

andsome
�

max
BED

.
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Parameter: �

BED

1. Solve Equation(5) to ®nd
�

�

�

� � .

2. Let �

"��/?�� �'032


� .

3. If ���

�

A




.

=

� thenlet
�

�

.

�

�

.

�8";���

�

�

���

�

.

4. If � ���

A




.

=

� then®nd
D

" �

�

" ��� for which
5

�

�

�

�

�

�3�

"	� andthe corresponding
� �

andlet
�

�

.

�

�

.

� ";��� � �

�

� �6A




.

=

�

�

.

Figure 3: A variant of step3 in algorithmBrownBoost(Figure2). This variant is provably a boosting
algorithmin thePAC sense.

6 BrownBoostIS A BOOSTING ALGORITHM

So far we have shown that BrownBoosthassomeinterestingpropertiesthat relateit to BBM andto Ad-
aBoost.However, we have not yet shown that it is indeeda boostingalgorithmin thePAC sense.In other
words,that it providesa polynomialtime transformationof any weakPAC learningalgorithmto a strong
PAC learningalgorithm.


Therearetwo partsto showing that thealgorithmis a PAC learningalgorithm. First, we shouldshow
thatwhentheerrorsof theweakhypothesesareall smallerthan

�>=�? 
 A

for some
A BED

thenthealgorithm
will reachany desirederror level

5

within a numberof boostingiterationsthat is poly-logarithmicin
�>=�5

.
Secondly, we needto show thatsolvingthedifferentialequationcanbedoneef®ciently, i.e. in polynomial
time.

In this sectionwe show the ®rst part, the issueof ef®ciency will be addressedin the next section. In
orderto show that a poly-logarithmicnumberof iterationssuf®ces,we needto show that the “remaining
time” parameter,

�

.

decreasesby a constantif theerrorsareuniformly boundedaway from
�>=�?

. As it turns
out, this is not thecasefor BrownBoostitself. Indeed,thedecreasein

�

.

canbearbitrarily smallevenwhen
theerroris constant.However, asweshallsee,in thiscasethereis averysimplechoicefor � and

�

in which
� is suf®ciently large. This choiceis not anexactsolutionof thedifferentialequation,but, aswe shallsee,
its in�uence on theaveragepotentialis suf®ciently small.

In Figure3 wedescribethevariantof BrownBoostwhichutilizesthisobservation.Thedesiredproperty
of this variantis statedin thefollowing theorem.

Theorem 3 Assumethat weare usingthevariantof BrownBoostdescribedin Figure 3. Let
�>= � D B-5 B�D

bea desiredaccuracyandset
� ";�

erf �

<

� � 
65����


 and �

" � 5�= � �


 .
If theadvantagesof theweakhypothesessatisfy

7

,
.

�

<

� A




.




�




�

�

�

� "��/?2�

�






�

032 ? � ? 0 2

�

5

Thenthealgorithmterminatesandthetraining error of the�nal hypothesisis at most
?/5

.
�

This proof, in fact, follows a similar routeto the proof of Theorem2, but in this casethe potentialfunction andthe weight
functionareessentiallythesamebecause���

6����
��� ���

6��
, while in ourcase���

6����
� erf ����� .

�

As aresultof therecentinterestin AdaBoostmany authorshavestartedreferringto theiralgorithmsasªboostingºalgorithms.
On theotherhand,to thebestof our knowledge,only thealgorithmsin [9, 4, 6, 12] andthealgorithmpresentedherehave been
provento be boostingalgorithms. It is this authorsfeeling that the term ªboostingºin thecontext of conceptlearningshouldbe
reservedfor algorithmswhichareprovento beboostingalgorithmsin thePAC sense.
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Corollary 4 If
A

.

B A

for all � thenthenumberof boostingiterationsrequiredby BrownBoostto generate
a hypothesiswhoseerror is

5

is ��

��� A 


�

�

�




� 032 � �>=�5����




�

(ignoring factors of order
032C032 �>=�5

.)

Proof: As
�

� �

,
� 


erf
�

�

� � "

�/�




=

�

�

��� � �

�

� �>���

. Thusit is suf®cient to set
� " 032 �>=�5

to guarantee
thattheinitial potentialis smallerthan

5

. Pluggingthis choiceof
�

into thestatementof Theorem3 proves
thecorollary.

7 Solving the differ ential equation

In orderto show that BrownBoostis an ef�cient PAC boostingalgorithmit remainsto be shown how we
canef®ciently solve thedifferentialEquation(5). We shallshow two methodsfor doingthat,the®rst is of
theoreticalinterest,aswecanprove thatit requiresonly polynomialtime. Thesecondis amethodwhich in
practiceis muchmoreef®cientbut for which we have yet to prove thatit requiresonly polynomialnumber
of steps.

7.1 A polynomial time solution

Thesolutiondescribedin thissectionis basedoncalculatinga®nitestepsolutionto thedifferentialequation.
In otherwords,we startwith �

�

" D

,
�

�

" D

. Given �

$

���

$ we calculate�

$ andusingit we calculatea
smallupdateof �

$

���

$ to arriveat
�

$

2&<

. Werepeatthisprocessuntil �

$

�

� atwhichpointwestopandgo
to thenext iterationof BrownBoost.We alsocheckat eachpoint if thetotal weightis smallerthat � and,if
it is, follow theprescriptionin Figure3 andset �

$

2&<

"

�

$

" A

�

$

=

� ,
�

$

2&<

" �

$ .
Thesesmallupdatesdo not solve thedifferentialequationexactly, however, we canshow that thetotal

decreasein theaveragepotentialthatthey causecanbemadearbitrarilysmall.
This solutionmethodcorrespondsto solving the differentialequationby a small-stepapproximation.

Clearly, this is a crudeapproximationandtheconstantswe usearefar from optimal. Thepoint hereis to
show thattherequiredcalculationcanbedonein polynomialtime. In thenext sectionwedescribeasolution
methodwhich is muchmoreef®cient in practice,but for whichwedon't yethave a proofof ef®ciency.

Theorem 5 For any
�>=�? B 5 B D

, if we choose
�

so that
�

�


 �32 � ��� ��� 032 ��� =�5����

, and use, in step3 of
BrownBoostthesettings�

.

" 
 � 2 � 5 � A

.

�

, �

.

"

�




.

=��

, thenthetotal decreasein theaverage potentialis at
most

� ?/5�=

�

�

.

Proof: in AppendixC
Giventhis approximationwe getthatBrownBoostis indeeda poly-timeboostingalgorithmin thePAC

sense.Wesketchtheanalysisof this algorithmbelow.
Let

5CB D

beasmallconstantwhichis ourdesiredaccuracy. Supposewehaveaweaklearningalgorithm
which can,for any distribution of examples,generatea hypothesiswhosecorrelationis larger than

5

. Then
weset

�

to belargeenoughsothat
�

�


��

�

��� 0 2���� =�5����

and
5

�

� 


erf
��� �0� ���

. Bothconditionsaresatis®ed
by

� "

�

�	�

��


� �>=�5����

. If we now useBrownBoostwith theapproximatesolutiondescribedin Theorem5.
We areguaranteedto stopwithin

�9��� =�5




� "

�

� 032 � �>=�5���=�5




�

iterations.Thetrainingerrorof thegenerated
hypothesis,which is the®nal potential,is at most

� �+��� ?�=

�

�>� 5

.

7.2 A morepractical solution

In this sectionwe describean alternative methodfor solving the differentialequation,which, we believe
(andsomeinitial experimentsindicate),is muchmoreef®cientandaccuratethenthepreviousmethod.
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As we know from theproof of Theorem2, theexactsolutionto Equation(5) is guaranteedto leave the
averagepotentialof the examplesin the trainingsetunchanged.In otherwords,thesolutionfor

�

and �

shouldsatisfy
7

,

�%�

<

erf
�

�

�

���

�

�




�

�
�

�

"

7

,

�%�

<

erf
�

�

�

�
�

�

Ontheotherhand,theboundarycondition
A " D

correspondsto theequation
7

,

���

<

�����

� 


���

�

� �

�

�




�

�




�

*

�

�

" D

�

(8)

We thushave two nonlinearequationsin two unknowns, � and
�

, to which we wish to ®nd a simultaneous
solution.

We suggestusingNewton-Raphsonmethodfor ®nding thesolution. In orderto simplify thenotation,
we use

�

to index theexamplesin thesample.Recallthat � is theboostingiterationthatwe will keep®xed
in this derivation.

We de®ne �

�

�

"

�

�#�

�

�

, and �

�

�

"

� �

�

� 
����

. Usingthis notationwe write thetwo non-linearequationsas
thecomponentsof a functionfrom

�


 to
�


 :

	8�

�

�

� "

�
	

,

�

�

�

��� �

�




�

�

���

�

�

�

�

�

�

�

�

�




�

�

,

�

�

erf
�

�

�

�

�

�

�

�

�

�

�

�

�




erf
�

�

�

�

�

���



�

Ourgoalis to ®nd �

� suchthat
	8�

�

�

�8"

�

D � D �

. TheNewton-Raphsonmethodgeneratesasequenceof approx-
imatesolutions �

�

<

�

�

�




�

� � �

�

�

�

$ usingthefollowing recursion:

�

�

$

2&<

"

�

�

$


 ��� 	8�

�

�

���

�

<

	8�

�

�

$

�8�

where
� 	

is theJacobianof thefunction
	

.
Usingthenotation�

�

" �

�

�

�

�

�

�

�

� , �

�

"

�

�

�

�

�


�


and

�

"-,

�

�

�

���-"-,

�

�

�

�

�

�

�

�

�

"-,

�

�

�

�

�

��� "-,

�

�

�

�

�

�




�

�

wecanwrite theJacobianasfollows:

� 	8�

�

�

�8"�?
	


��+= � � = �

�

=
�

�

� 


�

=
�

�

�
�

In orderto calculatetheinverseof
� 	8�

�

�

�

we®rst calculatethedeterminantof
� 	8�

�

�

�

, which is:




���

��� 	8�

�

�

��� " �

�
�

�

�

���

�


��

�

�
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Usingtheadjointof
� 	8�

�

�

�

we canexpresstheinverseas:

��� 	8�

�

�

���

�

<

"


 ?




���

��� 	8�

�

�

���

	

�

= �

�

� � = �

�

= �

�

� �+= � �

CombiningtheseEquations,usingthesubscript! to denotethevalueof “constants”onthe ! ' th iteration
of Newton-Raphson,anddenoting




$

" ,

�

�

erf
�

�

�

�

$
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we®nd thattheNewton-Raphsonupdatestepis:
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If we divide theenumeratoranddenominatorby
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$ we getanexpressionof theupdatestepthat is a
functionof expectedvalueswith respectto thedistribution de®nedby normalizingtheweights�
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How ef®cient is this solutionmethod?Newton-Raphsonmethodsareguaranteedto have anasymptoti-
cally quadraticrateof convergencefor twice differentiableconditions.This meansthat theerrordecreases
at therateof �

�

�
�

.

�

�

whenthestartingpoint is “suf®ciently close”to thecorrectsolution.Wearecurrently
trying to show thattheerrorin thesolutiondecreasesatasimilarratewhenwestartfrom aneasyto calculate
startingpoint,suchastheonesuggestedin Theorem5.

8 THE GENERALIZA TION ERROR OF BrownBoost

In [11] Schapireet al. prove theorems(Theorems1,2) which boundthe generalizationerror of a convex
combinationof classi®ersasa function of the margin distribution of the samecombination.Clearly, this
theoremcanbeappliedto theoutputof BrownBoost.Moreover, we claim thatBrownBoostis moreappro-
priatethanAdaBoostfor minimizingthesebounds.Thisis becausetheboundsconsistof two terms:the®rst
is equalto thefractionof trainingexampleswhosemargin is smallerthan � andthesecondis proportional
to

�>=

� . In caseswherethedatais verynoisyonecanclearlygetbetterboundsby “giving up” onsomeof the
noisytrainingexamplesandallocatingthemto the®rst termandby doingthatincreasing� anddecreasing
thesecondterm.Unlike AdaBoost,BrownBoostcanbetuned,usingtheparameter

�

, to achieve thiseffect.
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Oneissuethatmight beimportantis controllingthe
�

<

normof thecoef®cientsof theweakhypotheses.
In thetheoremweassumethat

5

.

!

�

.

!/" �

. As stated,BrownBoostdoesnothaveany controlover thenorm
of thecoef®cients.However, asimpletrick canbeusedto make surethatthe

�

<

normis alwaysboundedby
1. Supposethattheweaklearnergeneratesthehypothesis

$

.

. Insteadof ®ndingthecoef®cient �

.

for
$

.

, we
canusethefollowing alteredversionof
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Supposethat
5

.

�

<

�%�

<

!

�

�

! " �

, then,aslong as �

.

"

�

all of thecoef®cientsremainpositive andtheir sum
remains1. The casewhere �

.

" �

is degeneratein this casebecauseit effectively eliminatesall of the
previoushypothesesfrom thenew combinationandonly thenew hypothesisremains.In this casewe can
remove all of theprevioushypothesesfrom thecombinationandstartingthealgorithmwith thecombined
hypothesisbeing

$

.

���7�

.

9 CONCLUSIONS AND FUTURE WORK

Wehave shown thatBrownBoostis aboostingalgorithmthatpossessessomeinterestingproperties.Weare
planningto experimentwith thisalgorithmextensively in thenearfutureto seehow it performsin practice.

Thereareseveral technicalissuesthatwe would like to resolve regardingBrownBoost.We would like
to show that theNewton-Raphsonmethod,or somethingsimilar to it, is guaranteedto converge quickly to
thesolutionof thedifferentialequation.We would like to know whethertherecanbemorethanonelocal
maximumfor

�

. And we would alsolike to formalizethe noiseresistantpropertiesof the algorithmand
characterizethetypesof noiseit canovercome.

It seemsthat BrownBoost is optimizing a function of the margin that is much more closely related
to the boundproven in [11] than AdaBoost. In this regard it seemslike it can be a methodfor “direct
optimizationof margins” assuggestedby Masonet. al. [8]. Experimentsareneededin orderto seewhether
this theoreticaladvantagepansout in practice.

TherelationshipbetweenboostingandBrownianmotionhasbeenstudiedfurtherby Schapire[10] and
by FreundandOpper[5].
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A PROOF OF LEMMA 1

Proof: To prove thelemmawe useastandardLipschitzconditionon ordinarydifferentialequations,which
westateagainherein aslightly simpli®edform

Theorem 6 (Theorem 7.1.1in [13]) Let
	

be de�ned andcontinuouson thestrip
�

�

" � ��������� ! �

"

�

"

�

��� 	 � �

,
� �

� �nite. Further let there bea constant� such that

! 	8�������

<

� 
�	8���&���




!

"��

! �
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 �




!

for all
�1	

�

� �

�

�

andall
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<

���




	��

. Thenfor every
�

�

	

�

� �

�

�

andevery
�

�

	��

there existsexactlyone
function

�7���'�

such that

1.
�7���'�

is continuousandcontinuouslydifferentiablefor
� 	
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� �

�

�

2.
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�
���'� " 	8���&���'���7���

, for
� 	
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3.
�7���
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�
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As
	

is in®nitely differentiableit suf®cesto prove a boundon thepartialderivative of
	

with respectto
� . In ourcase

	8���#�

�

� "

� . FromEquation(6) weknow that
�

�

�

�

"

?
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�

�

�

�

�

�

(9)

So it is suf®cient if we prove thatwithin any strip



� "

�

" � thevalueof �

.

and �

.

arealsouniformly
bounded.Thereis a®nitenumberof examplesthus

��" 
��

�

.

!
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.

!

and
� " 
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.

!

�

.
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are®nite.� It remains
to show anupperboundon �

.
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.

� �

�

.




� . Unfortunately� is not boundedon thestrip sowe needto
work a little harder.

To overcomethe problemwith � potentiallybeingunboundedwe ®x somereal number
�

B D

and
de®ne��� to beaclippedversionof thefunction � :
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Notethe ��� is equalto � whenever
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" � , andis continuouseverywhere.Thepartialderivative
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magnitudeof �
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is boundedby
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. Using Equation(9) we concludethat ��� satis®es
theconditionsof Theorem6 for thestrip
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, from which we concludethatthereis oneandonly
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the function is boundedin
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. Setting
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B

�

�

we
concludethatthesolutionof thedifferentialequationde®nedby �
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���@�
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is thesameasthesolutionof the
differentialequationde®nedby �

�����

�

�

.
Finally, asolutionexistsfor any settingof �

B D

andall of thesesolutionsmustconformto eachother.
Thusthereis onesolutionof thedifferentialequationfor thewholerealline.

B Proof of Theorem 3

Proof: Theproofconsistsof two parts,correspondingto thetwo casesthatthealgorithmcanfollow oneach
iteration. In eachcasewe show two properties.First, we show that thedifferencein the“remainingtime”

�

.
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.

2&<

is alwaysat least
A
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=

� . Second,weshow thatthetotaldecreasein theaveragepotentialfrom time
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<

" �
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5

. Theparameter
�

is chosensothattheinitial potentialis
� 

5

. Combining
theseclaimswe get that the®nal potentialis at least

� 
 ?/5

. Fromthis lower boundon the®nal potential,
usingthesameargumentasin theproofof Theorem2 we®nd thattheerrorof the®nalhypothesisis atmost

?/5

.

CaseI: Averageweight at least � thr oughout the iteration
The idea of this part of the proof is the following. The initial boundaryof the differential equationis
�

� D �#" A

.

,
� " D

, �

" D

, the ®nal boundaryis �
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� andthenusethefollowing integral:
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In fact,we assumein thealgorithmthat 	 � 
 . However, we usethis moregeneralproof in orderto notethat thebounded
rangeassumptionis nota requirementfor theexistanceof a solutionto thedifferentialequation.
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Wenow computethelower bound
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. UsingEquations(6,7)wegetthat
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Toboundthissumweboundtheabsolutevalueof eachterm.By de®nition� "

�

. All theotherexpectations
canbeboundedusingthefollowing lemma.
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Theproofof thelemmais givenlater.
We continuewith the proof of caseI. By assumption,in this case
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CombiningEquations10 and11 we ®nd that,on iterationswherethetotal weightremainsabove � ,
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� .
As for conservation of the averagepotential,we alreadyknow, from the proof of Theorem2, that on

iterationswherewe usethe exact solutionof the differentialequationthe total potentialdoesnot change.
Thiscompletestheproof for caseI.

CaseII: Averageweight smaller than � at somepoint within the iteration
In this casetheclaim that
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� follows directly from theconstructionof thealgorithm.What
remainsto beshown in thiscaseis thatthedecreasein theaveragepotentialis suf®ciently small.To do this
weshow thatthespeedof thedecreasein thepotentialasa functionof time is smallerthan

5�= �

, asthetotal
time is
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thisgivesthatthemaximaltotaldecreasein thepotentialis
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.
Thederivative of theaveragepotentialw.r.t. � is theaverageweightbecause:
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It remainsto beshown that if theaverageweightat somepoint is smallerthan � that it will remainsmaller
than

5�= �

for when
�

is keptunchangedand � is increasedby a quantitysmalleror equalto
�>=

� (recall that
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). To thisendwe usethefollowing lemma.
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Lemma 8 If
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wherethelastinequalityfollows from theconstraint
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which impliesthat � "
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. Thiscompletes
theproofof caseII.
Proof of Lemma 7:
It is easyto seethatto prove thelemmait is suf®cient to show for thecase
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Weseparatethesumin theLHS of Equation(15) into threeparts:
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where�

"
�

0 2 � ?�=

�

�

. Notethatas � "

?�=

� , �

�

�

.
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Next we show that the third sumin Equation(16) is small relative to anexpressionrelatedto the®rst
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CombiningEquations16 and17 weget
7

,.

�

<

�

.

�

�

�

�

	

"

,

�

	��

�

�

.

�

�

�

�

	

� ,

��	

�

	��




�

�

.

�

�

�

�

	

� ,




�
	

�

	

�

.

�

�

�

�

	

" �

,

�

	��

�

�

�

�

�

	

�)?

�

,

��	

�

	��




�

�

�

�

�

	

� ,

�

	��

�

�

�

�

�

	

"

?

�

,

�

	��




�

�

�

�

�

	

"

?

�

7

,.

�

<

�

�

�

�

	

whichprovesEquation(15)andcompletestheproofof thelemma.
Proof of Lemma 8
We®x
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As weassumethat
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� B D

thelastexpressionis positive andmonotonicallyincreasingin
�

� . Thusthe
only extremum,which is themaximum,occurswhenall the

�

� s areequalandthusall equalto
� 0327� �>=

�

�

.
Pluggingthisvalueinto all of the

�

� s in Equation(14)completestheproof.

C Proof of theorem5

Proof:
The proof follows the sameline as the proof of Theorem2. The differencehereis that ratherthan

showing that theaveragepotentialstayscompletelyconstant,we show that its decreaseon any iterationis
small.

In whatfollows we®x theboostingiteration � . Wedenotethepotentialof anexample
���������

on iteration
� by
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erf
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is viewedastheconstantpartand �

���&���9�+" � $

.
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� is thevariablepart.
We startby focusingon thechangein thepotentialof a singleexample

���������

anda singleiteration � .
Later, we will boundthechangein theaveragepotentialover all examplesin a speci®citeration. Finally,
we will sumthechangeover all iterations.For this ®rst partwe ®x anddrop the indices � and

���������

. We
concentrateon thechangein

�

asa functionof � .
As

�

�

�

�

hasanin®nite numberof derivativeswith respectto � wecanusetheTaylorexpansionof third
orderto estimateit:
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where� is somenumberin therange
� D �

�

�

. Computingthederivativesweget:
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By consideringthevariability of thelasttermwith � wegetthefollowing bound:
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Fromourchoiceof �

.

and �

.

we getthefollowing boundon
!

�

���&���9� !

for all examples
���������
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In orderto getanupperboundon thedecreasein theaveragepotentialon iteration � we sumInequal-
ity (18)over theexamplesin thetrainingset.Weestimatethesumfor eachpower of � in (18)separately.

To boundthesumof the®rst termin (18)weusethede®nitionof
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andthefactthat �
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To upperboundthesumof thesecondtermin (18) weusetheboundon
!

�

���&���9� !

. Weseparatethesum
into two partsaccordingto thevalueof
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For thecase
�'��������� B � =��

we usethefollowing technicallemmawhoseproof is givenlater.

Lemma 9 If
� ����� 5

arenon-negativerealnumbers such that
� B 
 �32 � ��� ��� 032&��� =�5����

and
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CombiningLemma9 with theconditionon
�

andthesettingof �

.

givenin thestatementof thetheoremwe
get
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wherethe®rst inequalityfollows from thefactthatareatmost
3

termsin thesum.
Finally, we boundthelasttermin (18)by usingtheassumptionthat �
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5

andtheboundon � givenin
Equation(19)
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Combiningthe boundsgiven in Equations(20,21,22)and(23) we get the following boundon the de-
creasein theaveragepotentialon iteration � :
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Summingthis boundover all iterations � andusing the assumptionthat
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we get that the total
decreasefrom theinitial potentialto the®nal potentialis
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Usingthesameargumentasin theproofof Theorem2 wegetthestatementof this theorem.
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