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Abstract

We proposeanew boostingalgorithm. This boostingalgorithmis anadaptve versionof theboostby
majority algorithmandcombinesboundedgoalsof the boostby majority algorithmwith the adaptvity
of AdaBoost.

Themethodusedfor makingboost-by-majorityadaptieis to consideithelimit in which eachof the
boostingiterationsmakesanin nitesimally smallcontributionto the processaasawhole. Thislimit can
be modeledusingthe differentialequationghatgovernBrownianmaotion. The new boostingalgorithm,
namedBrownBoost,is basedn nding solutionsto thesedifferentialequations.

Thepaperdescribeswo methoddor nding approximatesolutionsto thedifferentialequationsThe

rst is a methodthatresultsin a provably polynomialtime algorithm. The secondmethod,basedon
the Newton-Raphsominimizationprocedureis muchmoreef cient in practicebut is not known to be
polynomial.

1 INTRODUCTION

The AdaBoosthoostingalgorithmhasbecomeover the last few yearsa very popularalgorithmto usein
practice. The two main reasondor this popularity are simplicity and adaptvity. We saythat AdaBoost
is adaptivebecause¢he amountof updateis choserasa function of the weightederror of the hypotheses
generatedby theweaklearner In contrastthe previoustwo boostingalgorithmg[9, 4] weredesignedased
on the assumptiorthat a uniform upperbound, strictly smallerthan 1/2, exists on the weightederror of
all weakhypotheseslin practice the commonbehaior of learningalgorithmsis thattheir error gradually
increasesvith the numberof boostingiterationsandasa result,the numberof boostingiterationsrequired
for AdaBoostis far smallerthanthe numberof iterationsrequiredfor the previous boostingalgorithms.

The"boostby majority” algorithm(BBM), suggestetdy Freund4], hasappealingpptimality properties
but hasrarely beenusedin practicebecauset is not adaptve. In this paperwe presentand analyzean
adaptve versionof BBM which we call BrownBoost(the reasorfor the namewill becomeclearshortly).
We believe thatBrownBoostwill bea usefulalgorithmfor real-world learningproblems.

While the succes®f AdaBoostis indisputablethereis increasingavidencethatthe algorithmis quite
susceptibldo noise. Oneof the mostcornvincing experimentalstudiesthat establishthis phenomenotas
beenrecentlyreportedby Dietterich[3]. In his experimentsDiettrich compareghe performanceof Ad-
aBoostandbagging[2] on somestandardearningbenchmarksand studiesthe dependencef the perfor
manceon the additionof classi cation noiseto thetraining data. As expected the error of both AdaBoost
andbaggingincreasessthe noiselevel increasesHowever, theincreasen the erroris muchmoresigni®-
cantin AdaBoost.Diettrich alsogivesa corvincing explanationof thereasorof thisbehaior. He shavsthat
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Figurel: A schematicomparisorbetweerexamplesweightsasafunctionof themagin for AdaBoostand
BBM

boostingtendsto assignthe examplesto which noisewasaddedmuchhigherweightthanotherexamples.
As aresult,hypothesegeneratedn lateriterationscausehe combinedhypothesigo over®t thenoise.

In this paperwe consideronly binary classi®catiorproblems.We denotean exampleby where
is theinstanceand is the label. The weightsthat AdaBoostassigngo example is
where , is the labelin the training setand is the combined

“strong” hypothesiswvhichis aweightedsumof the weakhypotheseshatcorrespondso theinstance :

where denotegheweightederrorof  with respecto theweightingthatwasusedfor generatingt. We
call the“margin” of the example . It is easyto obsere thatif, for a givenexample the
predictionof mosthypothesess incorrect,i.e. then becomes large negative number
andtheweightof the exampleincreasesery rapidly andwithoutbound.

Toreducehis problemseveralauthorshave suggestedsingweightingschemeshatusefunctionsof the
maigin thatincreasanoreslowly than , for example thealgorithm“Gentle-Boost"of Friedmaretal. [7];
however, noneof the suggestiontave the formal boostingpropertyasde®nedn the PAC framavork.

The experimentalproblemswith AdaBoostobsered by Dietterichandthe variousrecentattemptsto
overcometheseproblemshave motivatedusto have anothelook at BBM. Theweightsthatareassignedo
examplesn thatalgorithmarealsofunctionsof themaigin. However, theform of thefunctionthatrelates
themagin andtheweightis startlinglydifferentthanthe oneusedn AdaBoostasis depictedschematically

in Figurel. Theweightis a non-monotondunction of the maigin. For small valuesof the weight
increasesis decreasem away very similar to AdaBoost;however, from somepoint onwards,the
weightdeceasesas decreases.

Thereasorfor thislargedifferencan behaior is thatBBM is analgorithmthatis optimizedto minimize
the training error within a pre-assignechumberof boostingiterations As the algorithm approachests
predeterminednd, it becomedessandlesslikely that exampleswhich have large negative magins will
eventually becomecorrectly labeled. Thusit is more optimal for the algorithmsto “give up” on those
examplesandconcentratdts effort onthoseexamplesvhosemangin is a smallnegative number

To useBBM oneneeddo pre-specifyan upperbound on the errorof the weaklearneranda
“target” error . In this papemwe shav how to getrid of the parameter . The parameter still hasto be
speci®edlts speci®cations very muchakinto makinga“bet” asto how accurateve canhopeto make our
®nal hypothesisin otherwords,honv muchinherentnoisethereis in the data.As we shallshaw, setting to
zerotransformghe new algorithmbackinto AdaBoost.It canthusbe saidthat AdaBoostis a specialcase

As BBM generatesnajority rulesin which all of the hypothesesave the sameweight,the magin is alinear combinationof
the numberof weakhypotheseghatarecorrectandthe numberof iterationssofar.



of the new algorithmwherethe initial “bet” is thatthe error canbe reducedo zero. This intuition agrees
well with thefactthatAdaBoostperformspoorly on noisydatasets.

To derive BrownBoostwe analyzedthe behaior of BBM in the limit whereeachboostingiteration
makesa very smallchangdn thedistribution andthe numberof iterationsincreaseso in®nity. In thislimit
we shaw thatBBM's behaior is closelyrelatedto Brownian motion with noise. This relationleadsusto
thedesignof thenew algorithmaswell asto the proof of its mainproperty

The paperis organizedasfollows. In Section2 we shawv therelationshipbetweerBBM andBrownian
motion andderive the mainingredientsof BrownBoost. In Section4 we describeBrownBoostand prove
our maintheoremregardingits performance.ln Section5 we shav the relationshipbetweernBrownBoost
and AdaBoostand suggest heuristicfor choosinga valuefor BrownBoosts parameterIn Section6 we
prove that (a variant of) BrownBoostis indeeda boostingalgorithmin the PAC sense.In Section7 we
presenttwo solutionsto the numericalproblemthat BrownBoostneedsto solwe in orderto calculatethe
weightsof the hypothesesWe presentwo solutions the ®rst is anapproximatesolutionthatis guaranteed
to work in polynomialtime, the seconds probablymuchfasterin practice,but we don't yet have a proof
thatit is ef®cientin all casesln Section8 we make afew remarksonthe generalizatiorerrorwe expectfor
BrownBoost.Finally, in Section9 we describesomeopenproblemsandfuturework.

2 DERIVATION

In this sectionwe describean intuitive dervation of algorithm BrownBoost. The derivation is basedon
a “thought experiment”in which we considerthe behaior of BBM whenthe boundon the error of the
weaklearneris madeincreasinglycloseto . Thisthoughtexperimentshavs thatthereis a closerelation
betweerboostby majority andBrownian motionwith drift. Thisrelationgivestheintuition behindBrown-
Boost. The claimsmadein this sectionarenotfully rigorousandtherearenot proofs;however, we hopeit
will helpthereademnderstandhe subsequennoreformal sections.

In orderto useBBM two parameterfiave to be speci®edaheadf time: thedesiredaccurag and
anon-ngative parameter suchthatthe weaklearningalgorithmis guaranteedo alwaysgeneratea
hypothesisvhoseerroris smallerthan . Theweightingof the exampleson eachboostingiteration
dependdglirectly onthe pre-speci®edalueof . Ourgoalhereis to getrid of theparameter and,instead,
createa versionof BBM that“adapts”to the error of the hypotheseshatit encounterssit runsin a way
similarto AdaBoost.

We startby ®xing to somesmall positive value, small enoughthat we expectmostof the weakhy-

potheseso have errorsmallerthan . Givenahypothesis whoseerroris , we de®ne
to be
with probability
with proh
with proh
It is easyto checkthatthe errorof is exactly . Assumewe usethis hypothesisandproceedo

thefollowing iteration.
Note thatif is very small, thenthe changein the weighting of the examplesthat occursafter each
boostingiterationis alsovery small. It is thuslikely thatthe samehypothesisvould have anerror of less

than for mary consecutie iterations. In otherwords, insteadof calling the weaklearnerat each
boostingiteration, we caninsteadreusethe samehypothesisover and over until its error becomedarger
than , O, in otherwordsvery close to . Using BBM in this fashionwill resultin a combined

hypothesighatis aweightedmajority of weakhypothesesyhereeachhypothesisasanintegercoef®cient

If theerrorof islargerthan thentheerrorof is smallerthan



thatcorrespond#o thenumberof boostingterationsthatit “survived”. We have thusarrivedatanalgorithm
whosebehaior is very similarto thevariantof AdaBoostsuggestethy SchapireandSingerin [12]. Instead
of choosingheweightsof weakhypotheseaccordingo theirerror, we choosét sothattheerrorof thelast
weakhypothesinthealtereddistribution is (very closeto) 1/2.

Note that thereis somethingreally strangeaboutthe alteredhypotheseshat we are combining: they

containa large amountof arti®cially addednoise. On eachiterationwherewe use we addto it some
new independenhoise;in fact,if is very smallthenthe behaior of is dominatedby the random
noise! the contritution of the actual“useful” hypothesis being proportionalto . Still, thereis no

problemin principle,in usingthis modi®cationof BBM and,aslong aswe cangetatleast
boostingiterationswe areguaranteethattheexpectederrorof the®nal hypothesisvould besmallerthan .

In asensewe have just describecan adaptve versionof BBM. We have an algorithmwhich adaptso
the performancef its weakhypothesesandgenerates weightedmajority vote asits ®nal hypothesisThe
moreaccurateheweakhypothesisthe moreiterationsof boostingit participatesn, andthusthelargerthe
weightit receve in the combined®nal hypothesisThisis exactly whatwe werelooking for. However, our
needto set to bevery small, togetherwith the fact thatthe numberof iterationsincreasedike
makestherunningtime of this algorithmprohibitive.

To overcomethis problem,we pushthe thoughtexperimenta little further; we let appmoac and
characterizehe resulting“limit algorithm”. Considersome®xed example andsome®xed “real” weak
hypothesis . How canwe characterizéhe behaior of the sumof randomlyalteredversionsof , i.e. of

where arerandomizedilterationf as ?

As it turnsout, this limit canbe characterizedunderthe properscaling,asa well-knowvn stochastic
processalledBrownianmotionwith drift. More precisely let us de®netwo realvaluedvariables and
whichwe canthink aboutas“time” and“position”. We setthetimeto be , Sothatthetime attheend
of theboostingprocessafter iterations,s aconstantndependentf , andwe de®nethe“location”

by

Thenas the stochastiqrocess approaches well de®nedcontinuougtime stochastigrocess
which follows a Brownianmotioncharacterizety its mean andvariance which areequalto

where is the weightederror of the hypothesis attime . Again, this derivation is not meant
asa proof, sowe make no attemptto formally de®nethe notion of limit usedhere;this is merelya bridge
to getusto a continuous-timanotion of boosting.Notethatin this limit we considerthe distribution of the
predictionof the example,i.e. the normaldistribution that resultsfrom the Brownian motion of the sum

Sofarwe have describedhe behaior of the alteredweakhypothesis.To completethe picturewe now
describethe correspondingdimit for the weightingfunctionde®nedin BBM. The weightingfunctionused
thereis the binomialdistribution (Equation(1) in [4]):

a I - 1)

For an excellentintroductionto Brownian motion seeBreiman([1]; especiallyrelevantis Section12.2, which describeghe
limit usedhere.

Notethatthesumcontains termsof constantveragemagnitudeandis multipliedby ratherthan , thusthemaximal
valueof thesumdivergesto as : however, thevarianceof corvergesto alimit.

4



where isthetotal numberof boostingterations, istheindex of thecurrentiteration,and isthenumber
of correctpredictionsamadesofar. Usingthede®nitionsfor and givenabove andletting we get
that approachealimit whichis (upto anirrelevantconstanfactor)

(2)
where . Similarly, we ®nd thatthelimit of the potentialfunction (Equation(6) in [4])
- - 3)
is
- erf ———— 4)

whereerf istheso-called‘error function”:
erf —

To simplify our notation, we shall usea slightly different potentialfunction. The use of this potential
functionwill beessentiallydenticalto theuseof  in [4].

Given the de®nitionsof and we cannow translatethe BBM algorithminto the
continuougime domain.In thisdomainwe can,insteadof runningBBM a hugenumberof very smallsteps,
solve a differentialequationwhich de®nesthe valueof thatcorrespondso a distribution with respecto
which theerrorof theweakhypothesiss exactly onehalf.

However, insteadof following this route,we now abandorthe intuitive trail thatleadus here,sahage
the de®nitionsof the variables and and describealgorithm BrownBoostusing these
functionsdirectly, withoutreferringto the underlyingintuitions.

3 PRELIMIN ARIES

We assumdhelabel thatwe areto predictis either or . Asin Schapireand Singers work [12],
we allow “con®dencerated” predictionswhich arereal numbersfrom the range . Theerrorof a
prediction is de®nedto be

error

We caninterpret asarandomizedoredictionby predicting  with probability and  with
probability . In this caseerror is the probability that we malke a mistalen prediction. A
hypothesis is a mappingfrom instancesnto . We shall be interestedn the averageerror of a
hypothesiswith respecto atrainingset. A perfecthypothesigs onefor which for all instances,
anda completelyrandomoneis onefor which for all instancesWe call a hypothesisa “weak”
hypothesisf its erroris slightly betterthanthatof randomguessingwhich, in our notation,correspondo
anaverageerrorslightly smallerthan . It is corvenientto measurehe strengthof aweakhypothesisdy its
with thelabelwhichis error .
Boostingalgorithmsare algorithmsthat de®nedifferent distributions over the training examplesand
usea “weak” learner(sometimescalled a “base” learner)to generatenypotheseghat are slightly better
thanrandomguessingwith respecto the generatedlistributions. By combininga numberof theseweak
hypotheseshe boostingalgorithm createsa combinedhypothesiswhich is very accurate.We denotethe
correlationof thehypothesis by andassumehatthe 'saresigni®cantlydifferentfrom zero.
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Inputs:
Training Set: A setof labeledexamples: where and

WeakLeam — A weaklearningalgorithm.
— apositive realvaluedparameter
— asmallconstantsedto avoid degenerateases.

Data Structures:
prediction value: With eachexamplewe associata real valuedmargin. The magin of example on
iteration is denoted Theinitial predictionvaluesof all exampless zero

Initialize “remainingtime”
Do for

1. Associatewith eachexamplea positive weight

2. Call WeakLeam with thedistribution de®nedby normalizing andreceve from it ahypoth-
esis which hassomeadwantageover randomguessing
3. Let and berealvaluedvariableghatobey thefollowing differentialequation:
— (5)
Where and areall constantsn this context.
Given the boundaryconditions , solve the setof equationsgo ®nd and
suchthateither or

4. Updatethepredictionvalueof eachexampleto

5. update‘remainingtime”

Until

Output the®nal hypothesis,

if p then p eff —

if p then p sign

Figure2: Algorithm BrownBoost



4 THE ALGORITHM

Algorithm BrownBoostis describedn Figure2. It recevesasaninput parameten positive realnumber .
This numberdetermineur taigeterrorrate;the largerit is, the smallerthetargeterror This parameters
usedto initialize thevariable , which canbeseerasthe“count-davn” clock. Thealgorithmstopswhenthis
clock reachegero. Thealgorithmmaintains for eachexample in thetraining setits margin
The overall structureof the algorithmis similar to that of AdaBoost. On iteration a weight
is associateavith eachexampleandthenthe weaklearneris calledto generatea hypothesis whose
correlationis

Giventhehypothesis thealgorithmchoosesaweight and,in addition,a positve number which
representshe amountof time that we cansubtractfrom the count-devn clock . To calculate and
the algorithmcalculateghe solutionto the differential Equation(5). In alemmabelonv we shav thatsuch
a solution exists andin later sectionswe discussin more detail the amountof computationrequiredto
calculatethe solution.Given and we updatethe maginsandthe count-devn clock andrepeat.Unlike
AdaBoostwe cannotstopthe algorithmat an arbitrary point but ratherhave to wait until the count-davn
clock, ,reacheshevaluezero.At thatpointwe stopthealgorithmandoutputourhypothesisinterestingly
the naturalhypothesigo outputis a stochastiaule. However, we canusea thresholdedruncationof the
stochasticule andgeta deterministiaule whoseerrorboundis at mosttwice aslarge asthestochasticule.

In orderto simplify our notationin therestof thepaperwe shallusethefollowing shortemotationwhen
referringto aspeci®citeration.We droptheiterationindex andusetheindex toreferto speci®cexamples
in thetraining set. For example andparameters and we de®nethefollowing quantities:

old mamgin
step
nev margin

weight

Usingthis notationwe canrewrite thede®nitionof as

which we shallalsowrite as

whichis a shorthandnotationthatdescribeshe averagevalueof  with respecto thedistribution de®ned
by .
Thetwo main propertiesof the differentialequationthat are usedin the analysisarethe equationdor
the partialderivatives:

_ _ —Cov (6)

WhereCov standsfor the covarianceof and  with respecto the distribution de®nedby
Similarly we ®nd that

Thesecleanexpressiondor the derivativesof  arereminiscenif derivativesof the partition functionthatare often usedin
StatisticalMechanics However, we don't atthis point have a clearphysicalinterpretatiorof thesequantities.



— - -Cov @)
Thefollowing lemmashaws thatthe differentialEquation(5) is guaranteedo have a solution.

Lemmal For anysetof real valuedconstants , , Ther is oneand only onefunction
sud that and

andthis functionis continuousand continuoushdifferentiable

Proof: In AppendixA
Thelemmaguaranteethatthereexistsafunctionthatsolvesthedifferentialequatiorandpasseshrough
. As we know thatthe derivative of this function at zerois positive. As the solution
is guaranteedo have a continuous®rst dervative, thereare only two possibilities. Either we reachthe
boundarycondition or thederivative remaindargerthan , in which casewe will reachtheboundary
condition . It is alsoclearthatwithin therange thereis a one-to-onaelationshipbetween
and . Wecanthususeeither or asanindex to thesolutionof thedifferentialequation.
We now prove the maintheorenof this papeywhich stategshe mainpropertyof BrownBoost.Notethat
therearenoinequalitiesn the statemenor in the proof, only strictequalities!

Theorem 2 If algorithm BrownBoosgxits themainloop (i.e. there existssomenite  sud that )
thenthe nal hypothesi®beys:

— erf
Proof: We de®nethe potentialof the example attime oniteration tobe
erf —
andtheweightof the exampleto be
where and dependbnlyon and depend®nthe“time”

The centralquantityin the analysisof BrownBoostis the averagepotentialover the training data. As
we shav belaw, this quantityis aninvariant of thealgorithm.In otherwords,the averagepotentialremains
constanthroughouthe executionof BrownBoost.

Whenthealgorithmstarts, for all examples, , and ; thusthe potentialof
eachexampleiserf =~ andtheaveragepotentialis thesame.

Equatingthe averagepotentialat the beginningto the averagepotentialat the endwe getthat

erf = eff ———

erf —

ef —M ——



Pluggingin thede®nitionof the®nal prediction , dividing bothsidesof theequatiorby andadding
to eachsidewe get:

erf — —

Whichis the statemenbf thetheorem.

We now shaw thatthe averagepotentialdoesnot changeasa functionof time.

It follows directly from thede®nitionsthatfor ary iteration andary example , thepotentialof the
exampledoesnot changebetweerboostingterations: . Thustheaveragepotential
doesnot changeat the boundarybetweerboostingiterations.

It remainsto shawv that the averagepotentialdoesnot changewithin an iteration. To simplify the
equationsherewe use,for a ®xed iteration , the notation and to replace and

respectiely. For asingleexamplewe get

Thesolutionto the differentialequationrequiresthat

By usingthe de®nitionof and andaveragingoverall of theexampleswe get:

which shavs thatthe averagepotentialdoesnot changewith time andcompleteshe proof. B

5 CHOOSING THE VALUE OF

RunningBrownBoostrequireschoosinga parameter aheadof time. This might causeusto think thatwe
have notimproved muchon the situationwe hadwith BBM. Therewe hadtwo parameter$o chooseahead
of time: and . With BrownBoostwe have to chooseonly oneparameter: , but this still seemdo be not
quiteasgoodaswe hadit with AdaBoost.Therewe have no parametersvhatsoger! Or dowe?

In this sectionwe shav thatin fact thereis a hiddenparametersettingin AdaBoost. AdaBoostis
equvalentto settingthetamgeterror in BrownBoostto zero.

Obsere the functionalrelationshipbetween and we give in Theorem2: erf . Second,
notethatif we let thenwe getthat . It would thusbeinterestingto characterizeéhe behaior
of ouralgorithmaswe let



The solutionof Equation(5) in Figure2 impliesthat, if the algorithmreacheghe “normal” solution

where and thenthesolution satis®es
Now, assumehat and areall boundedby someconstant for iteration and
let ; it is easyto seethat undertheseconditions while all othertermsremain

boundedby . We thushave

Notethatin thislimit therearenodependenciesn oron whichcancelwith thedenominatarPlugging
in thede®nitionsof and we getthattheconditionfor thechoiceof is

If we stareat this last equationsuf®ciently long we realizethat the conditionthatit de®neson the choice
of theweightof the 'th hypothesis is identicalto the onede®nedby SchapireandSingerin their
generalizedrersionof AdaBoost([12],Theorem3).

Note however that anothereffect of letting increasewithout boundis that our algorithmwill never
reachtheconditionto exit theloop, andthuswe cannotapply Theoren? to boundthe errorof thecombined
hypothesisOnthe otherhand,we canusethe boundsprovenfor AdaBoost.

If we set we gettrivially thatthe algorithmexits the loop immediately We canthusdevise a
reasonabléeuristicto choose . Startby running AdaBoost(which correspondso setting very largein
ouralgorithm)andmeasureaheerrorof theresultingcombinechypothesionaheld-outtestset. If thiserror
is very smallthenwe aredone. On the otherhand,if the erroris large, thenwe set sothatthe obsered
errorisequalto  erf — andrunouralgorithmagainto seewhethemwe canreachtheloop-&it condition.
If not- we decrease further, if yes,we increase . Repeatinghis binary searchwe canidentify a locally
optimalvalueof , i.e. avalueof for which BrownBoostexits the loop andthe theoreticalboundholds
while slightly largersettingof will causeBrownBoostto never achieve andexit theloop.

It remainsopenwhetherthis is alsothe global maximumof , i.e., whetherthe legitimate valuesof
form an(openor closed)sggmentbetween andsome max
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Parameter:

1. Solve Equation(5) to ®nd

2. Let -
3. If thenlet
4. If then®nd for which andthe corresponding andlet

Figure 3: A variantof step3 in algorithm BrownBoost(Figure 2). This variantis provably a boosting
algorithmin the PAC sense.

6 BrownBoostlS A BOOSTING ALGORITHM

Sofar we have shawvn that BrownBoosthassomeinterestingpropertiesthat relateit to BBM andto Ad-
aBoost.However, we have not yet shawvn thatit is indeeda boostingalgorithmin the PAC sense.ln other
words, thatit providesa polynomialtime transformatiorof ary weak PAC learningalgorithmto a strong
PAC learningalgorithm.

Therearetwo partsto shaving thatthe algorithmis a PAC learningalgorithm. First, we shouldshav
thatwhenthe errorsof theweakhypotheseareall smallerthan for some thenthealgorithm
will reachary desirederrorlevel within a numberof boostingiterationsthatis poly-logarithmicin
Secondlywe needto shav thatsolvingthe differentialequationcanbe doneef®ciently; i.e. in polynomial
time.

In this sectionwe shav the ®rst part, the issueof ef®cieng will be addressedh the next section. In
orderto shav thata poly-logarithmicnumberof iterationssuf®ces,we needto shav thatthe “remaining
time” parameter decreaseby a constanif theerrorsareuniformly boundedaway from . Asit turns
out, thisis notthe casefor BrownBoostitself. Indeedthedecreasén  canbearbitrarily smallevenwhen
theerroris constantHowever, aswe shallsee jn thiscasethereis avery simplechoicefor and in which

is suf®ciently large. This choiceis not an exactsolutionof the differentialequation but, aswe shall see,
its in uence ontheaveragepotentialis suf®ciently small.

In Figure3 we describehevariantof BrownBoostwhich utilizesthis obseration. Thedesiredoroperty
of this variantis statedn thefollowing theorem.

Theorem 3 Assumehat we are usingthe variant of BrownBoostescribedn Figure 3. Let
bea desiedaccumlacyandset erf and
If theadvantgesof theweakhypothesesatisfy

Thenthealgorithmterminatesandthetraining error of the nal hypothesiss at most

This proof, in fact, follows a similar route to the proof of Theorem2, but in this casethe potentialfunction andthe weight
functionareessentialljthe samebecause , while in our case erf .

As aresultof therecentinterestin AdaBoostmary authorshave startedreferringto their algorithmsas2boosting@lgorithms.
On the otherhand,to the bestof our knowledge,only the algorithmsin [9, 4, 6, 12] andthe algorithmpresentederehave been
provento be boostingalgorithms. It is this authorsfeeling that the term 2boostingdn the context of conceptlearningshouldbe
resenedfor algorithmswhich areprovento be boostingalgorithmsin the PAC sense.
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Corollary 4 If for all thenthe numberof boostingiterationsrequited by BrownBoosto geneate
a hypothesisvhoseerror is is (ignoring factors of order )

Proof: As , erf . Thusit is suf®cientto set to guarantee
thattheinitial potentialis smallerthan . Pluggingthis choiceof into the statemenbf Theorem3 proves
thecorollary B

7 Solvingthe differ ential equation

In orderto shaw that BrownBoostis an efcient PAC boostingalgorithmit remainsto be shavn how we
canef®ciently solve the differentialEquation(5). We shallshav two methoddor doingthat,the ®rst is of
theoreticalinterestaswe canprove thatit requiresonly polynomialtime. The seconds a methodwhichin
practiceis muchmoreef®cientbut for which we have yetto prove thatit requiresonly polynomialnumber
of steps.

7.1 A polynomial time solution

Thesolutiondescribedn thissectionis basedn calculatinga®nite stepsolutionto thedifferentialequation.
In otherwords, we startwith , . Given we calculate  andusingit we calculatea
smallupdateof to arrive at . Werepeathis processuntil atwhich pointwe stopandgo
to the next iterationof BrownBoost.We alsocheckat eachpointif thetotal weightis smallerthat and,if
it is, follow the prescriptionin Figure3 andset

Thesesmallupdatesdo not solve the dlfferentlalequatlonexactly hcwever we canshaw thatthetotal
decreasén theaveragepotentialthatthey causecanbe madearbitrarily small.

This solutionmethodcorrespondgo solving the differential equationby a small-stepapproximation.
Clearly thisis a crudeapproximationandthe constantsve usearefar from optimal. The point hereis to
shaw thattherequiredcalculationcanbedonein polynomialtime. In thenext sectionwe describeasolution
methodwhichis muchmoreef®cientin practice but for whichwe don't yet have a proof of ef®ciengy.

Theorem5 For any , If we choose sothat , and use in step3 of
BrownBoosthe settings , , thenthetotal deceasein the average potentialis at
most B

Proof: in AppendixC

Giventhis approximatiorwe getthatBrownBoostis indeeda poly-time boostingalgorithmin the PAC
senseWe sketchtheanalysisof this algorithmbelow.

Let beasmallconstantvhichis ourdesiredaccurayg. Supposave have aweaklearningalgorithm
which can,for ary distribution of examples generatea hypothesisvhosecorrelationis largerthan . Then
weset tobelargeenouglsothat and erf . Bothconditionsaresatis®ed
by . If we now useBrownBoostwith the approximatesolutiondescribedn Theoremb.
We areguaranteedio stopwithin iterations. The training error of the generated
hypothesiswhichis the®nal potential,is at most B

7.2 A more practical solution

In this sectionwe describean alternatve methodfor solving the differential equation,which, we believe
(andsomeinitial experimentsndicate),is muchmoreef®cientandaccurateahenthe previousmethod.
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As we know from the proof of Theorem?2, the exactsolutionto Equation(5) is guaranteedo leave the
averagepotentialof the examplesin the training setunchangedln otherwords,the solutionfor  and
shouldsatisfy

ef —M8M erf —

Ontheotherhand,theboundarycondition corresponds$o theequation

(8)

We thushave two nonlinearequationsn two unknavns, and , to which we wish to ®nd a simultaneous
solution.

We suggesusing Newton-Raphsomethodfor ®nding the solution. In orderto simplify the notation,
weuse toindex the examplesin the sample.Recallthat is theboostingiterationthatwe will keep®xed
in this derivation.

We de®ne , and . Usingthis notationwe write the two non-linearequationsas
thecomponent®f afunctionfrom to

erff ——— erf —
Ourgoalisto®nd suchthat . TheNewton-Raphsomethodgenerates sequencef approx-
imatesolutions usingthefollowing recursion:
where is the Jacobiarof thefunction .
Usingthenotation , and
we canwrite the Jacobiarasfollows:
In orderto calculatetheinverseof we ®rst calculatethe determinanbf , whichis:
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Usingtheadjointof we canexpresstheinverseas:

CombiningtheseEquationsusingthesubscript to denotethevalueof “constants’onthe 'thiteration
of Newton-Raphsonanddenoting

erf — erf —

we ®nd thatthe Newton-Raphsompdatestepis:

and

If we divide the enumeratoanddenominatoiby we getan expressiorof the updatestepthatis a
functionof expectedvalueswith respecto thedistribution de®nedby normalizingthe weights

and

where

How ef®cientis this solutionmethod?Newton-Raphsomethodsareguaranteedo have anasymptoti-
cally quadraticrateof cornvergencefor twice differentiableconditions. This meanghatthe errordecreases
attherateof whenthestartingpointis “suf®ciently close”to the correctsolution.We arecurrently
trying to shaw thattheerrorin thesolutiondecreaseatasimilar ratewhenwe startfrom aneasyto calculate
startingpoint, suchasthe onesuggestetéh Theorenb.

8 THE GENERALIZA TION ERROR OF BrownBoost

In [11] Schapireet al. prove theoremqTheoremsl,2) which boundthe generalizatiorerror of a corvex
combinationof classi®ersasa function of the mamgin distribution of the samecombination. Clearly this
theoremcanbe appliedto the outputof BrownBoost.Moreover, we claim that BrownBoostis moreappro-
priatethanAdaBoostfor minimizingthesebounds.Thisis becaus¢heboundsconsistof two terms:the®rst
is equalto thefraction of training exampleswhosemagin is smallerthan andthe seconds proportional
to . Incasewherethedatais very noisyonecanclearlygetbetterboundsby “giving up” on someof the
noisytraining examplesandallocatingthemto the ®rst termandby doingthatincreasing anddecreasing
theseconderm. Unlike AdaBoost,BrownBoostcanbetuned,usingthe parameter, to achieve this effect.
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Oneissuethatmight beimportantis controllingthe  normof the coef®cientsof theweakhypotheses.
In thetheoremwe assumehat . As stated BrownBoostdoesnot have ary controloverthenorm
of the coef®cients.However, asimpletrick canbe usedto make surethatthe normis alwaysboundedoy
1. Supposé¢hattheweaklearnergeneratethe hypothesis . Insteadof ®ndingthecoefdcient for ,we
canusethefollowing alteredversionof

Supposehat , then,aslong as all of the coef®cientsremainpositive andtheir sum
remainsl. The casewhere is degeneratedn this casebecausét effectively eliminatesall of the
previous hypothese$rom the nev combinationandonly the new hypothesigemains.In this casewe can
remove all of the previous hypothese$rom the combinationandstartingthe algorithmwith the combined
hypothesideing

9 CONCLUSIONS AND FUTURE WORK

We have shavn thatBrownBoostis a boostingalgorithmthat possessesomeinterestingpropertiesWe are
planningto experimentwith this algorithmextensvely in the nearfutureto seehow it performsin practice.

Thereareseveraltechnicalissueghatwe would like to resole regardingBrownBoost. We would like
to shav thatthe Newton-Raphsomethod,or somethingsimilar to it, is guaranteedo corverge quickly to
the solutionof the differentialequation.We would like to know whethertherecanbe morethanonelocal
maximumfor . And we would alsolike to formalizethe noiseresistantpropertiesof the algorithmand
characteriz¢hetypesof noiseit canovercome.

It seemsthat BrownBoostis optimizing a function of the maigin that is much more closely related
to the boundproven in [11] than AdaBoost. In this regardit seemdike it canbe a methodfor “direct
optimizationof mamgins” assuggestetty Masonet. al. [8]. Experimentareneededn orderto seewhether
thistheoreticaladwantagepansoutin practice.

TherelationshipbetweerboostingandBrownian motion hasbeenstudiedfurtherby Schapird10] and
by FreundandOpper[5].
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A PROOF OF LEMMA 1

Proof: To prove thelemmawe usea standard.ipschitzconditionon ordinarydifferentialequationswhich
we stateagainherein aslightly simpli®edform

Theorem 6 (Theorem 7.1.1in [13]) Let bede nedand continuouson the strip
, nite. Furtherlet there bea constant sud that

for all andall . Thenfor every andevery there existsexactly one
function sud that

1. is continuousand continuoushydifferentiablefor
2. , for
3.
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As s in®nitely differentiableit suf®cesto prove aboundon the partialderivative of ~ with respecto

. In ourcase . FromEquation(6) we know that
— -Cov 9)
Soit is suf®cientif we prove thatwithin ary strip thevalueof and arealsouniformly
bounded.Thereis a®nite numberof exampleghus and are®nite. It remains
to shav anupperboundon . Unfortunately is not boundedon the strip sowe needto
work alittle harder
To overcomethe problemwith  potentially beingunboundedve ®x somereal number and

de®ne tobeaclippedversionof thefunction

Notethe isequalto wheneer , andis continuousaverywhere.The partial derivative
is equalto thatthatof when , zerowhen and unde®nedat . When the
magnitudeof  is boundedby . Using Equation(9) we concludethat satis®es
the conditionsof Theoremb for the strip , from which we concludethatthereis oneandonly
onefunction which satis®esoth and onthatstrip. Note howvever
that which impliesthatalso . Thusalsothe derivative
andthuswithin the range the functionis boundedn . Setting we
concludethatthe solutionof the differentialequationde®nedby is the sameasthe solutionof the
differentialequationde®nedby

Finally, a solutionexistsfor ary settingof andall of thesesolutionsmustconformto eachother

Thusthereis onesolutionof thedifferentialequationfor thewholerealline. B

B Proofof Theorem3

Proof: Theproofconsistof two parts,correspondingo thetwo caseghatthealgorithmcanfollow oneach
iteration. In eachcasewe shawv two properties.First, we shav thatthe differencein the “remainingtime”
is alwaysatleast . Secondwe shav thatthetotal decreasén the averagepotentialfrom time
until isatmost . Theparameter is chosersothattheinitial potentialis . Combining
theseclaimswe getthatthe ®nal potentialis at least . Fromthis lower boundon the ®nal potential,
usingthesameargumentasin theproofof Theorem? we ®nd thatthe errorof the®nal hypothesigs at most

Casel: Averageweightat least throughoutthe iteration

The idea of this part of the proof is the following. The initial boundaryof the differential equationis
, , , the ®nal boundaryis . We shall give a lower bounddenoted on

andthenusethefollowing integral:

- (10)

In fact, we assumen the algorithmthat . However, we usethis moregeneralproofin orderto notethatthe bounded
rangeassumptions notarequirementor the existanceof a solutionto the differentialequation.
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We now computethelower bound . Using Equationg6,7)we getthat

To boundthis sumwe boundtheabsolutevalueof eachterm. By de®nition . All theotherexpectations
canbeboundedusingthefollowing lemma.

Lemma7 Let bereal valuednumbes sud that . If ther exists
( ) sud that

then

Theproof of thelemmais givenlater

We continuewith the proof of casel. By assumptionijn this case for all
. Setting , -, noting that we canapply Lemma7 and®nd that
. Similarly, by setting Tor ~ we ®nd that
and . Combiningtheseboundswe getthat

— — - (11)
CombiningEquationsl0 and 11 we ®nd that, on iterationswherethe total weightremainsabove

As for conseration of the averagepotential,we alreadyknow, from the proof of Theorem2, thaton
iterationswherewe usethe exact solutionof the differential equationthe total potentialdoesnot change.
This completeghe prooffor casdl.

Casell: Averageweight smallerthan at somepoint within the iteration
In this casethe claim that follows directly from the constructiorof the algorithm. What
remaingo beshavn in this caseis thatthe decreasen the averagepotentialis suf®ciently small. To do this
we shav thatthe speedf thedecreasén the potentialasa functionof timeis smallerthan , asthetotal
timeis this givesthatthe maximaltotal decreasén the potentialis .

Thederiative of theaveragepotentialw.r.t. istheaverageweightbecause:

— (12)
It remainsto be shawvn thatif the averageweightat somepointis smallerthan thatit will remainsmaller

than  for when is keptunchange@nd isincreasedy aquantitysmalleror equalto (recallthat
). To this endwe usethefollowing lemma.
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Lemmas8 If and are real numbes sud that

— (13)
thenfor all
— (14)
Recallthe de®nitionsof and in Figure3. We set and ~and
~in Lemma8 andgetthatfor ary
wherethelastinequalityfollows from theconstraint whichimpliesthat . Thiscompletes
theproofof casell. &
Proof of Lemma7:
It is easyto seethatto prove thelemmait is suf®cientto shav for thecase that
- (15)
We separaté¢he sumin the LHS of Equation(15) into threeparts:
(16)
where . Notethatas , .
First,we shaw that,underthe assumptiorof thelemma,the numberof termsfor which is large.

Denotethe numberof suchtermsby |, thentheassumptiorof thelemmaimpliesthat

whichimpliesthat

Next we shav thatthe third sumin Equation(16) is smallrelative to an expressiorrelatedto the ®rst

sum.Obsene thatfor ~ thefunction is monotonicallydecreasingThus,as
we have that:

17)
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CombiningEquationsl6 and17 we get

which provesEquation(15) andcompleteghe proof of thelemma.ll
Proof of Lemma 8
We ®x andmaximizethe LHS of Equation(14) underthe constrainde®nedby Equation(13).
Note®rstthatif for some , , thenreplacing with doesnotchangeheconstrained
equationandincreasesheLHS of Equation(14). We canthusassumev.l.o.g.that , . Furthermore,
if thensetting reduceghe sumin Equation(13) andincreaseshe sumin Equation(14).
We canthusassumaew.l.0.g. that
Usingthe Lagrangemethodfor constrainednaximizationwe ®nd that,for each :

Whichimpliesthatfor all

As we assumehat thelastexpressiornis positve andmonotonicallyincreasingn . Thusthe
only extremum,which is the maximum,occurswhenall the s areequalandthusall equalto
Pluggingthis valueinto all of the sin Equation(14) completeghe proof. &

C Proofof theorem5

Proof:
The proof follows the sameline asthe proof of Theorem2. The differencehereis that ratherthan
shawving thatthe averagepotentialstayscompletelyconstantwe shav thatits decreas®n ary iterationis
small.
In whatfollows we ®x theboostingiteration . We denotethe potentialof anexample oniteration
by
erf

where is viewedastheconstanpartand is thevariablepart.
We startby focusingon the changein the potentialof a singleexample anda singleiteration .
Later, we will boundthe changein the averagepotentialover all examplesin a speci®citeration. Finally,
we will sumthe changeover all iterations. For this ®rst partwe ®x anddrop theindices and . We
concentrat®nthechangdn asafunctionof .
As hasanin®nite numberof derivativeswith respecto we canusethe Taylor expansionof third
orderto estimatat:
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where is somenumberin therange . Computingthe derivativeswe get:

— — - — (18)

Fromourchoiceof and we getthefollowing boundon for all examples

(19)

In orderto getanupperboundon the decreasén the averagepotentialoniteration we sumlnequal-
ity (18) overthe examplesn thetrainingset.We estimatehe sumfor eachpowerof in (18) separately
To boundthe sumof the®rsttermin (18) we usethede®nitionof andthefactthat

— - (20)
To upperboundthe sumof thesecondermin (18) we usetheboundon . We separatéhesum
into two partsaccordingo thevalueof . For we have
— _ - (21)
Forthecase we usethefollowing technicalemmawhoseproofis givenlater
Lemma9 If are non-ngativereal numbes sud that and then
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CombiningLemma9 with theconditionon andthesettingof givenin the statemenof thetheoremwe
get

wherethe®rstinequalityfollows from thefactthatareatmost termsin thesum.
Finally, we boundthelasttermin (18) by usingtheassumptiorthat andtheboundon givenin
Equation(19)
— — —_— — (23)

Combiningthe boundsgivenin Equations(20,21,22)and (23) we getthe following boundon the de-
creasan theaveragepotentialoniteration :

Summingthis boundover all iterations andusingthe assumptiorthat we get that the total
decreasérom theinitial potentialto the®nal potentialis

Usingthe sameargumentasin the proof of Theorenm?2 we getthe statemenof thistheorem ll
Proof of Lemma 9 We considertwo possiblerangedor .

If then
because - and

If then
because forall .1
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