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Abstract

We presenta simple algorithm for playing a repeatedgame. We shaw that a player using this
algorithmsuffers averagelossthatis guaranteedo comecloseto the minimumlossachiezable by ary
x ed stratgy. Our boundsarenon-asymptoti@ndhold for ary opponent.The algorithm,which uses
the multiplicative-weightmethodsof LittlestoneandWarmuth,is analyzedusingthe Kullback-Liebler
divergence.Thisanalysis/ieldsanew, simpleproofof theminmaxtheoremaswell asaprovablemethod
of approximatelysolvinga game.A variantof our game-playinglgorithmis provedto be optimalin a
very strongsense.

1 Intr oduction

We studythe problemof learningto play a repeatecgame. Let  bea matrix. On eachof a seriesof
rounds,oneplayerchoosesarow andthe otherchoosesa column . The selectecentry is the
losssufferedby therow player We studyplay of thegamefrom therow players perspectie, andtherefore
leave the columnplayers lossor utility unspeci ed.

A simplegoalfor therow playeris to suffer losswhich is no worsethanthe valueof thegame  (if
viewedasa zero-sungame).Suchagoalmaybeappropriatavhenit is expectedthatthe opposingcolumn
players goalis to maximizethe lossof the row player(sothatthe gameis in fact zero-sum).In this case,
therow playercando no betterthanto play usinga minmaxmixed stratg@y which canbe computedusing
linearprogrammingprovidedthattheentirematrix  is known aheadf time,andprovidedthatthe matrix
is nottoolarge. This approachasa numberof potentialdravbacks.For instance,

maybeunknawn;
maybesolargethatcomputinga minmaxstratgy usinglinear programmings infeasible;or

the columnplayermay not betruly adwersarialandmay behae in a mannerthatadmitslosssigni -
cantlysmallerthanthegamevalue.

Overcomingthesedif culties in theone-shogameis hopelessin repeategblay, however, onecanhope
to learnto play well againsthe particularopponenthatis beingfaced.

Algorithms of this type were rst proposedoy Hannan[20] and Blackwell [3], andlater algorithms
wereproposediy FosterandVohra[14, 15, 13]. Thesealgorithmshave the propertythatthe lossof the



row playerin repeateglay is guaranteedb comecloseto the minimumlossachiezablewith respecto the
sequencef playstakenby thecolumnplayer

In this papey we present simplealgorithmfor solvingthis problem,andgive a simpleanalysisof the
algorithm.Theboundsveobtainarenotasymptotiandholdfor any nite numberof rounds.Thealgorithm
andits analysisarebasedlirectly onthe“on-line prediction”method=f LittlestoneandWarmuth[25].

The analysisof this algorithmyields a new (asfar aswe know) andsimple proof of von Neumanrs
minmaxtheoremaswell asaprovablemethodof approximatelysolvingagame.We alsogive morere ned
variantsof the algorithmfor this purposeandwe shav thatoneof theseis optimalin avery strongsense.

The paperis organizedasfollows. In Section2 we de ne the mathematicaketupand notation. In
Section3 we introducethebasicmultiplicativeweightsalgorithmwhoseaverageperformanceés guaranteed
to bealmostasgoodasthatof thebest x edmixedstratgy. In Sectiord we outlinetherelationshifbetween
ourwork andsomeof theextensie existing work on theuseof multiplicativeweightsalgorithmsfor on-line
prediction.In Section5 we shov how the algorithmcanbe usedto give a simpleproof of Von-Neumanrs
min-maxtheorem.In Section6 we give a versionof the algorithmwhosedistributionsare guaranteedo
cornvergeto anoptimal mixedstratgy. We notethe possibleapplicationof this algorithmto solvinglinear
programmingproblemsandreferencentherwork thathave usedmultiplicative weightsto this end. Finally,
in Section7 we shav thatthe corvergencerate of the secondversionof the algorithmis asymptotically
optimal.

2 Playing repeatedgames

We considemon-collaboratie two-persorgamesn normalform. Thegameis de nedby amatrix  with
rowvsand columns.Therearetwo playerscalledtherow playerandcolumnplayer To playthegame,

therow playerchoosesarow , and,simultaneouslythe columnplayerchooses column . Theselected

entry is thelosssufferedby therow player The columnplayers lossor utility is unspeci ed.

For the sakeof simplicity, throughouthis papey we assumehatall the entriesof thematrix  arein
therange 0 1. Simplescalingcanbe usedto get similar resultsfor generalboundedranges.Also, we
restrictoursehesto the casewherethe numberof choicesavailableto eachplayeris nite. However, most
of the resultstranslatewith very mild additionalassumptionso casesn which the numberof choicesis
in nite. For adiscussiorof in nite matrixgamessee for instanceChapter2 in Feguson[11].

Following standarderminology we referto the choiceof a speci ¢ row or columnasa pure strategy
andto a distribution over rows or columnsasa mixedstrategy. We use to denotea mixedstratgy of the
row player and to denotea mixedstratgy of the columnplayer We use to denotethe probability
that associatewith therow , andwe write T to denotethe expectedoss(of therow
player)whenthetwo mixedstrat@iesareused.In addition,we write and to denotethe
expectedosswhenonesideusesa purestratgy andthe othera mixedstratgy. Althoughthesequantities
denoteexpectedosseswe will usuallyreferto themsimply aslosses.

If we assumehatthelossof therow playeris thegainof thecolumnplayer we canthink abouthegame
asazero-sungame.Undersuchaninterpretatiooweuse and  todenoteoptimalmixedstratgiesfor

,and to denotethevalueof thegame.

Themainsubjecbf thispaperis analgorithmfor adaptvely selectingnixedstratgies. Thealgorithmis
usedto choosea mixedstratgy for oneof theplayersin thecontext of repeatedlay. We usuallyassociate
thealgorithmwith therow player To emphasiz¢herolesof thetwo playersin our contet, we sometimes
referto therow andcolumnplayersasthelearnerandtheernvironmenirespectiely. Aninstanceof repeated
playis a sequencef roundsof interactiondbetweerthelearnerandthe environment. The gamematrix
usedn theinteractionss x edbutis unknovntothelearner Thelearnernly knowsthenumbetrof choices
thatit has,i.e.,thenumberof rows. Onround 1



1. thelearnerchoosesnixedstratgy ;
2. theervironmentchoosesnixedstratgyy  (which maybe choserwith knowledgeof )

3. thelearneris permittedto obsere the loss for eachrow ; thisis thelossit would have
sufferedhadit playedusingpurestratgy ;

4. thelearnersuffersloss

The basicgoal of the learneris to minimize its total loss 1 . If the ervironmentis
maximally adwersarialthena relatedgoalis to approximatehe optimalmixedrow stratgy . However,
in morebenignenvironmentsthe goalmay beto suffer the minimum losspossible which maybe much
betterthanthe valueof thegame.

Finally, in whatfollows,we nd it usefulto measurehedistancebetweertwo distributions 1 and
usingthe Kullback-Leiblerdivergence alsocalledtherelativeentropy, whichis de nedto be

RE 1 2 1 In !

1 2
As is well known, therelative entropyis a measureof discrepang betweerdistributionsin thatit is non-
negative andis equalto zeroif andonlyif 1 ». Forrealnumbers1 > 0 1,weusetheshorthand
RE 1 2 todenotetherelative entropybetweerBernoullidistributionswith parameters; and »,i.e.,

1
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3 The basicalgorithm

We now describeour basicalgorithmfor repeatedlay, which we call MW for “multiplicative weights:
This algorithmis a directgeneralizatiorof LittlestoneandWarmuths “weightedmajority algorithm”[25],
whichwasdiscoveredindependentlypy Fudenbeg andLevine [17].

ThelearningalgorithmMW startswith someinitial mixedstratgy 1 whichit usesfor the rst round
of thegame.After eachround , thelearnercomputes nen mixedstratgy 1 by asimplemultiplicative
rule:

where is anormalizatiorfactor:

and 0 1 isaparameteof thealgorithm.
Themaintheoremconcerninghis algorithmis thefollowing:

Theorem 1 For anymatrix M with rowsandentriesin 0 1, andfor anysequencef mixedstrategies
Q1 Q playedbytheenvironmentthesequencef mixedstrategiesPy P producedoyalgorithm
MW satis es:

MP Q min MPQ REP P
1 1

whee
In 1 1

1 1




Ourproofusesakind of “amortizedanalysis’in whichrelative entropyis usedasa“potential” function.
This methodof analysisfor on-linelearningalgorithmsis dueto KivinenandWarmuth[23]. The heartof
theproofis in the following lemma,which boundghechangen potentialbeforeandafterasingleround.

Lemma?2 For anyiteration whee MW is usedwith parameter , andfor anymixedstrategy P,

REP P, REP P |n1Mﬁ>Q n1 1 MP Q

Proof: Theproofof thelemmacanbesummarizedy thefollowing sequencef inequalities:

RE 1 RE
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1
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Line (1) follows from the de nition of relative entropy Line (3) follows from the updaterule of MWand
line (4) follows by simplealgebra.Finally, line (5) followsfrom thede nition of  combinedwith thefact

that,by cornvexity, 1 N 1 for O0and o1.m
Proof of Theorem 1: Let beary mixedrow stratgy. We rst simplify thelasttermin theinequalityof
Lemma2 by usingthefactthatin 1 for ary 1 whichimpliesthat
~ ~ 1 ~
RE 1 RE In — 1
Summingthisinequalityover 1 weget
~ ~ 1 ~
RE 1 RE 1 In — 1
1 1
NotingthatRE ~ 1 0, rearrangingheinequalityandnotingthat ~ waschoserarbitrarilygives

the statemenof thetheorem .

In orderto useMW, we needto choosetheinitial distribution 1 andthe parameter . We startwith
thechoiceof 1. In generalthecloser 1 isto agoodmixedstrategy ~, thebetterthe boundon thetotal
lossMW. However, evenif we have no prior knowledgeaboutthe goodmixed stratgies,we canachieve
reasonabl@erformancdy usingtheuniform distribution overtherows astheinitial stratgy. Thisgivesus
a performancdoundthatholdsuniformly for all gameswith  rows:
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Corollary 3 If MW is usedwith Py setto theuniformdistributionthenits total lossis boundedy

MP Q mn MPQ In
1 P

whee and areasde nedin Theoeml.

Proof: If 4 1 forall thenRE 1 In forall .H
Next we discusghe choiceof theparameter . As approache4, approaches from abore while
increaseso in nity . Ontheotherhand,if we x  andlet thenumberof rounds increasethesecond
term In becomesgligible (sinceit is x ed) relatveto . Thus,by choosing asa function of
whichapproaches for , thelearnercanensurehatits averagepertrial losswill notbemuchworse
thanthelossof thebeststratgy. Thisis formalizedin thefollowing corollary:

Corollary 4 Underthe conditionsof Theoem1 andwith setto

1
1 2In

theavemlgeper-trial losssuferedbythelearneris

1 1
-~ MPOQ min — MPQ D

1 1
whee L
21 I I
b 2ln_In_ In
Proof: It canbeshavnthat In 1 2 2 for 0 1. Applying this approximatiorandthe
givenchoiceof yieldstheresult.l
SinceD Oas , we seethatthe amountby which the averagepertrial lossof thelearner

exceeddhatof thebestmixedstratgy canbemadearbitrarily smallfor large

Notethatin theanalysisve madenoassumptiomboutthestratgy usedby theenvironment. Theoreml
guaranteeshatits cumulatve lossis not much larger thanthat of any x ed mixed stratgy. As shovn
below, thisimpliesthatthelosscannotbe muchlargerthanthegamevalue. However, if the ervironmentis
non-adersarialtheremightbeabetterrow stratey, in which casethealgorithmis guaranteetb bealmost
asgoodasthis betterstratey.

Corollary 5 Underthe conditionsof Corollary 4,

1

— MPQ D
1

whee isthevalueofthegameM.
Proof: Let beaminmaxstratgy for  sothatfor all columnstratgies |, . Then,by
Corollary4,

1 1

— — D D

1 1

|



3.1 Convergencewith probability one

Supposéhat the mixed stratgies that are generatedy MW are usedto selectone of the rows at each
iteration. FromTheoreml andCorollary4 we know thatthe expectedperiterationlossof MW approaches
theoptimalachievablevaluefor ary x edstratgy as . However, we mightwantastrongerassurance
of the performanceof MW; for example,we would like to know thatthe actual periterationlossis, with
high probability, closeto the expectedvalue. As the following lemmashaws, the pertrial loss of ary
algorithmfor therepeatedjameis, with high probability atmost 1~ awayfrom theexpectedvalue.
Theonly requiredgamepropertyis thatthegamematrix elementsareallin 0 1.

Lemma6 Letthe playersof a matrix gameuseany pair of methoddor choosingtheir mixedstrategies
oniteration basedon pastgameevents.LetP andQ denotethe mixedstratggiesusedby the players

on iteration andletM denotethe actual gameoutcomeon iteration thatis chosenat random
accodingto P andQ . Then for every 0,
1 1
Pr = M MP Q 2exp = 2
. 2
whete probability is takenwith respecto therandomchoiceof rows 1 andcolumns 1

Proof: The proof follows directly from a theoremproved by Hoefding [22] aboutthe convemgenceof a
sumof bounded-stemartingaleswvhich is commonlycalled“Azumas lemma’ Thesequenc®f random

variables isamartingalaifferencesequenceAstheentriesof  arebounded
in 0 1 we havethat 1. Thuswe candirectly apply Azumas Lemmaandgetthat,for ary 0
2
Pr 2ex —
P2
1
Substituting we getthe statemenof thelemma.ll

If we wantto have analgorithmwhoseperformancevill corvergeto the optimalperformanceve need
thevalueof to approachl asthe lengthof the sequencéncreases.Oneway of doingthis, which we
describehere,is to have the row playerdivide the time sequencénto “epochs. In eachepoch,the row
playerrestartghe algorithmMW (resettingall the row distribution to the uniform distribution) andusesa
differentvalueof whichistunedaccordingo thelengthof theepoch.We show thatsucha procedurecan
guaranteealmostsurely thatthelongtermperiterationlossis atmostthe expectedossof ary x edmixed
stratey.

We denotethe lengthof the th epochby  andthevalueof usedfor thatepochby . Onechoice
of epochghatgivesconvergencewith probabilityoneis thefollowing:

2 1

2In
1 2

Thecorvemgencepropertieof this stratgy aregivenin thefollowing theorem:

Theorem 7 Suppos¢herepeatedjameis continuedor anunboundediumberof rounds.LetP bechosen
accoding to the methodof epots with the parametersdescribedn Equation(6), andlet bechosenat
randomaccodingto P . Lettheervironmentchoose asan arbitrary stodasticfunctionof pastplays.
Then,for every 0, with probability one with respecto the randomizatiorusedby both players,the
followinginequalityholdsfor all buta nite numberof valuesof

1 M mPin 1 M P
1 1



Proof: For eachepoch we selecttheaccurag parameter 2 In . We denotethe sequencef
iterationsthatconstitutethe 'thepochby . Wecallthe thepoch‘good” if theaveragepertrial lossfor
thatepochis within ~ from its expectedvalue,i.e., if

FromLemma6 (wherewede ne  to bethemixedstratgy whichgivesprobabilityoneto ), wegetthat
theprobabilitythatthe th epochis badis boundedy

2exp > —
Thesumof thisboundoverall from1to is nite. Thus,by theBorel-Cantelllemma,we know that
with probabilityoneall buta nite numberof epochsaregood. Thusfor thesakeof computingtheaverage
lossfor we canignorethein uence of thebadepochs.
We now useCorollary4 to boundthe expectedotal loss. We applythis corollaryin thecasethat s
againde ned to bethe mixedstratgy which givesprobabilityoneto . We have from thecorollary:

min 2 In In 8

CombiningEquationg7) and(8) we nd thatif the th epochis goodthen,for ary distribution ~ over
theactionsof the algorithm

Thusthetotal lossoverthe rst  epochgignoringthe nite numberof baditerationswhosein uence is
negligible) is boundedoy

2In In 2 In
1 1 1
) 2 In 2ln In 2
1
As thetotal numberof roundsin the rst  epochsds 12 3 we nd that,afterdividing both

sidesby thenumberof rounds theerrortermdecreaset® zero.

4 Relationto on-line learning

One interestinguse of gametheoryis in the contet of predictve decisionmaking (see,for instance,
BlackwellandGirshick[4] or Feiguson[11]). On-Linedecisionmakingcanbeviewedasarepeatedjame
betweera decisionmakerandnature. The entry representshelossof (or negative utility for) the
predictionalgorithmif it choosesaction attime . The goal of the algorithmis to adaptvely generate
distributionsover actionsso thatits expectedcumulative losswill not be muchworsethanthe cumulatve
lossit would have incurredhadit beenmableto chooseasingle xed distributionwith prior knowledgeof the
wholesequencef columns.



This is a non-standardramevork for analyzingon-line decisionalgorithmsin that one makesno
statisticalassumptiongegardingthe relationshipbetweenactionsandtheir losses. The only assumption
is that thereexists some x ed mixed strat@y (distribution over actions)whoseexpectedperformances
nontrivial. This approachwas previously describedn one of our earlier papers[16]; the currentpaper
expandsandre nestheresultsgiventhere.

ThealgorithmMW wasoriginally suggestedy LittlestoneandWarmuth[25] and(in asomeavhatmore
sophisticatedorm) by Vovk [30] in the contect of on-line prediction. The algorithmwasalsodiscovered
independenthpy Fudenbay andLevine [17]. Researclon the useof the multiplicative weightsalgorithm
for on-line predictionis extensive andon-going,andit is out of the scopeof this paperto give a complete
review of it. However, we try to sketchsomeof the main connectiondetweernthe work describedn this
paperandthis expandingline of research.

Theon-linepredictionframeavork is are nementof thedecisiontheoreticframevork describedabore.
Herethe predictionalgorithmgenerateslistributionsover predictions naturechoosesn outcomeandthe
lossincurredby the predictionalgorithmis a known lossfunctionwhich mapsaction/outcomgpairsto real
values.This framework restrictsthe choicesthatcanbe madeby naturebecaus@ncethe predictionshave
been x ed,the only losscolumnsthatarepossiblearethosethatcorrespondo possibleoutcomes.Thisis
thereasorthatfor variouslossfunctionsonecanprove betterboundsthanin thelessstructuredcontext of
on-linedecisionmaking. The approachs closelyrelatedto work by Dawid [9], Foster[12] andVovk [30].

Onelossfunctionthathasreceved particularattentionis the log lossfunction. Herethe predictionis
assumedo beadistribution oversomedomain , theoutcomes anelementfrom thedomain ,
andthelossis log . This losshasseveralimportantinterpretationsvhich connectit to likelihood
analysisandto codingtheory Notethatastheprobabilityof anelementanbearbitrarilysmall,thelosscan
bearbitrarily high. On-Linealgorithmsfor makingpredictionsdn this casenave beenextensvely studiedin
informationtheoryunderthe nameuniversalcompessiornof individual sequencef32, 2§]. In particular a
well-known resultis thatthe multiplicativeweightsalgorithm,with  setto1 isanearoptimalalgorithm
in this context. It is alsointerestingto note that this versionof the multiplicative weightsalgorithmis
equialentto the Bayespredictionrule, wherethe generatedlistributionsover the rows are equalto the
Bayesiarposteriordistributions. On the otherhand,this equivalenceholdsonly for the log-loss;for other
lossfunctionsthereis no simplerelationshipbetweerthe multiplicativeweightsalgorithmandthe Bayesian
algorithm.

Cover andOrdentlich[7, 6] andlater Helmboldet al. [21] extendedthe log-lossanalysisto the design
of algorithmsfor “universalportfolios” Thereis an extensve literatureon on-line predictionwith other
speci ¢ lossfunctions. For example,for work on predictionloss, seeFedey Merhayr and Gutman[10],
Cesa-Bianchetal. [5] andfor work on moregenerafamiliesof lossfunctionsseeVovk [29] andKivinen
andWarmuth[23].

Anotherextensionof the on-line decisionproblemthatis worth mentioninghereis makingdecisions
whenthefeedbaclgivenis a singleentryof thegamematrix. In otherwords,we assumehataftertherow
playerhaschoseradistributionovertherows,asinglerow is choseratrandomaccordingo thedistribution.
Therow playersuffersthelossassociatedvith theselectedow andthecolumnchoserby its opponentand
thegamerepeats.Thegoalof therow playeris the sameasbefore—tominimizeits expectedaverageoss
over a sequencef repeatedjames.Clearly the goalis muchharderheresinceonly a singleentry of the
matrix is revealedon eachround. Auer et al. [2] studythis modelin detailandshow thata variantof the
multiplicative weightsalgorithmcorvemesto the performancef the bestrow distributionin repeategblay:.



5 Proof of the minmax theorem

Corollary5 shovsthatthelossof MW cannever exceedthevalueof thegame by morethanD . More
interestingly Corollary4 canbe usedto derive avery simpleproof of von Neumanrs minmaxtheorem.To
prove thistheoremwe needto show that

mplanaxM PQ manumM PQ 9
(Proving thatminemaxoM P Q  maxgminpM P Q isrelatiely straightforwardandsois omitted.)

Supposehatwe runalgorithmMW against maximallyadwersariakernvironmentwhichalwayschooses
stratgieswhich maximizethelearners loss. Thatis, on eachround , theenvironmentchooses

Q argmé':lxM P Q 10
Let- 1 , and 1 | .Clearly and areprobabilitydistributions.
Thenwe have:
minmaxP™M maxP' M
P Q Q Q Q
1 . N _
m(g:lx— P 'MQ by de nition of P

1

1
= maxP "MQ
1 @

| =

P TMQ by de nition of Q
1

1
min = P'TMQ D  byCorollary4
1

min P'MQ D by de nition of Q
maxminP'™MQ D
Q P

SinceD  canbemadearbitrarily closeto zero,this provesgg. (9) andthe minmaxtheorem.

6 Approximately solvinga game

Aside from yielding a proof for a famoustheoremthat by now hasmary proofs,the precedingderivation
shownsthatalgorithmMW canbeusedto nd anapproximataninmaxor maxminstratg@y. Findingthese
“optimal” stratgiesis calledsolvingthe game
We give threemethoddor solvinga gameusingexponentialeights.In Section6.1we shav how one
canusethe averageof the generatedow distributionsover iterationsasanapproximatesolutionfor the
game.Thismethodsets and asafunctionof thedesiredaccurag beforestartingtheiterative process.
In Section6.2we shawv thatif anupperbound onthevalueof the gameis known aheadof time then
onecanuseavariantof MW thatgeneratea sequencef row distributionssuchthattheexpectedossof the
th distributionapproaches. Finally, in Section6.3we describearelatedadaptve methodthatgeneratea
sparsapproximatesolutionfor the columndistribution. At theendof thepaperin Section7, we show that
thecornvergencerateof thetwo lastmethodds asymptoticallyoptimal.
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6.1 Usingthe averageof the row distrib utions

Skippingthe rst inequalityof the sequenc®f equalitiesandinequalitiesat the endof Section5, we see
that

maxM P maxminM P D D
Q Q Q P Q

Thus, the vector  is an approximateminmax stratgy in the sensethat for all column stratgies |,
N doesnot exceedthegamevalue by morethanD . SinceD canbe madearbitrarily small,
this approximatiorcanbemadearbitrarily tight.
Similarly, ignoringthelastinequalityof this deriation,we have that

mPinM PQ D

so alsois an approximatemaxminstratgy. Furthermorejt canbe shovn thata columnstrateyy
satisfyingEq. (10) canalwaysbechoserno beapurestratgy (i.e.,amixedstratg@y concentratednasingle
columnof ). Thereforethe approximatemaxminstratgy  hasthe additionalfavorablepropertyof
beingsparsen thesensahatatmost of its entrieswill benonzero.

6.2 Usingthe nal row distrib ution

In theanalysigoresentedofar we have shavn thattheavemlgeof the stratgiesusedby MW corvergesto

anoptimalstratgy. Now we shaw thatif therow playerknowvs anupperbound onthevalueof thegame
thenit canusea variantof MW to generate sequencef mixedstratgiesthatapproacta stratgy which

achieresloss .! To dothatwe have thealgorithmselecta differentvalueof ~ for eachroundof thegame.

If the expectedossonthe th iteration is lessthan , thentherow playerdoesnot changethe
mixedstratgy, becausein a senseijt is “good enough. However, if thentherow player
usesMW with parameter
1
1

We call this algorithmvMW (the*v” standdfor “variable”). For this algorithm,asthe following theorem
shaws, the distancebetween andary mixed strat@y thatachieres decreaseby anamountthatis a
functionof thedivergencebetween and .

Theorem 8 Let P beanymixedstrategy for the rowssuch thatmaxg M E’ Q . Thenon anyiteration
of algorithmvMW in whichM P Q therelativeentropybetweerP andP ; satis es

REP P, REP P RE MP Q

Proof: Notethatwhen we getthat 1. Combiningthis obsenationwith thede nition
of andthestatemenbf Lemma2 we getthat

RE 1 RE

In1 n1 1 (12)
In1 n1 1

LIf no suchupperboundis known, onecanusethe standardrick of solvingthelarger gamematrix

T

whosevalueis alwayszero.
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Thechoiceof waschoserto minimizethelastexpression.Pluggingthe givenchoiceof into thislast
expressionwe getthe statemenof thetheorem .l

Suppose for all . Thenthemaininequalityof this theoremcanbeappliedrepeatedly
yieldingthebound

RE ~ 1. RE ~ 1 RE
1

Sincerelative entropyis nonngative, andsincetheinequalityholdsfor all , we have

RE RE 1 12

1
AssumingthatRE ~ 1 is nite (asit will be,for example,if 1 isuniform),thisinequalityimplies,
for instancethat canexceed atmost nitely oftenfor ary 0. More speci cally, we

canprove thefollowing:

Corollary 9 Suppos¢hatvMW is usedto play a gameM whosevalueis knownto beat most . Suppose
alsothatwechooseP; to betheuniformdistribution. Thenfor anysequencefcolumnstrategiesQ; Q2

thenumberof roundsonwhich thelossM P Q is at most
In
RE
Proof: Sinceroundson which areeffectively ignoredby vMW, we assumevithout loss
of generalitythat for all rounds . Let : bethe setof rounds
for whichthelossis atleast ,andlet  beaminmaxstratgy. By Eq.(12), we have that
RE RE
RE
1
RE 1 In
Therefore,
In
RE
|

In Section7, we show thatthisdependencen , and cannotbeimprovedby ary constanfactor

6.3 Convergenceof a column distrib ution

When is x ed,we shavedin Section6.1thattheaverage ofthe 'sisanapproximatesolutionof the

game,i.e., thatthereareno rows for which ~ islessthan D . Forthealgorithmdescribed

above in which  varies,we canderive a morere ned boundof this kind for a weightedmixture of the
's.
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Theorem 10 Assumehaton everyiteration of algorithmvMW, wehavethatM P Q . Let

d 1QIn1l
1In1
Then
P exp RE MP Q
M O 1
Proof: If = ,then,combiningEq.11for 1 ., we have
RE ~ . RE ~ 0 ) In 1 n1 1
1 1
o In 1 n1 1
1 1
In 1 n1 1
1 1
RE
1
for our choiceof . In particularif is arow for which ) ,then,setting~ to theassociated
purestrategy, we get
In ! RE
1 1
S0
1 1 &Xp RE
° ° 1
exp RE

since 1 is adistribution.
Thus, if is boundedaway from , thefraction of rows (asmeasuredy 1) for which
) dropsto zeroexponentiallyfast. This will bethe case for instancejf Eqg. (10) holdsand
forsome  Owhere isthevalueof

Thusa singleapplicationof the exponentialweightsalgorithmyields approximatesolutionsfor both
the columnandrow players. The solutionfor the row playerconsistsof the multiplicative weights,while
the solutionfor the column player consistsof the distribution on the obsered columnsas describedn
TheoremlO.

Givenagamematrix , we have achoiceof whetherto solve  or T Onenaturalchoicewould
be to choosethe orientationwhich minimizesthe numberof rows. In a relatedpaper[16], we studied
therelationshipbetweersolving  or T usingthe multiplicative weightsalgorithmin the context of
machinelearning. In that contet, the solutionfor gamematrix  is relatedto the on-line prediction
problemdescribedn Section4, while the “dual” solutionfor T correspondso a methodof learning
called"boosting”
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6.4 Application to linear programming

It is well known thatary linear programmingproblemcanbe reducedto the problemof solving a game
(seefor instanceQOwen[26, Theoremlll.2.6]). Thus,the algorithmswe have presentedor approximately
solvingagamecanbe appliedmoregenerallyfor approximatdinearprogramming.

Similar andcloselyrelatedmethod=of approximatelysolvinglinear programmingoroblemshave pre-
viously appearedior instancejn thework of Young[31], GrigoriadisandKhachiyan[18, 19] andPlotkin,
ShmoysandTardos[27].

Although,in principle,our algorithmsareapplicableto generalinearprogrammingoroblemsthey are
bestsuitedto problemsof a particularform. Speci cally, they may be mostappropriatefor the setting
we have describef approximatelysolvinga gamewhenan oracleis availablefor choosingcolumnsof
the matrix on every round. Whensuchan oracleis available,our algorithmcanbe appliedevenwhenthe
numberof columnsof the matrix is very large or evenin nite, a settingthatis clearlyinfeasiblefor some
of the other moretraditionallinearprogrammingalgorithms.Solvinglinearprogrammingoroblemsn the
presencef suchanoraclewasalsostudiedby Young[31] andPlotkin, ShmoysandTardos[27]. Seealso
our earlierpaper[16] for detailedexamplesof problemsarisingnaturallyin the eld of machinelearning
with exactly thesecharacteristics.

7 Optimality of the convergencerate

In Corollary9, weshavedthatusingthealgorithmvMW startingfrom theuniformdistributionovertherows
guaranteethatthenumberof timesthat canexceed isboundedy In RE
where is aknown upperboundonthevalueof thegame . In thissectionwe shav thatthisdependence
of therateof corvergenceon , and isoptimalin thesensehatnoadaptve game-playinglgorithmcan
beatthis boundevenby a constanfactor Thisresultis formalizedby Theoreml1 below.

A relatedowerboundresultis provedby Klein andYoung[24] in the contet of approximatelysolving
linearprograms.

Theorem 11 Let 0 1, andlet bea sufciently large integer Thenfor any adaptive
game-playingalgorithm , there existsa gamematrix M of rowsand a sequencef columnstrategies
sud that:

1. thevalueof gameM is at most ; and

2. thelossM P Q suferedby onead round 1 is at least , Whee
In 5Inin 1 1 In
RE RE

Proof: The proof usesa probabilisticagumentto shav thatfor ary algorithm,thereexists a matrix (and
sequencef columnstratgies)with the propertiesstatedin the theorem. Thatis, for the purposeof the
proof,weimaginechoosinghematrix  atrandomaccordingo anappropriatalistribution,andwe shav
thatthe statedpropertieshold with strictly positive probability, implying thattheremustexist at leastone
matrix for which they hold.

Let . Therandommatrix has rowsand columnsandischoserby selectingeachentry

independentlyo be 1 with probability , and0 with probabilityl . Onround , therow player

(algorithm ) choosesrow distribution , and,for the purpose®f our constructionye assumehatthe
columnplayerrespondsvith column . Thatis, thecolumnstratgly =~ choseronround is concentrated
oncolumn .
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Giventhis randomconstructionwe needto show thatpropertiesl and2 hold with positive probability
for sufciently large.

We begin with property2. Onround , therow playerchooses distribution , andthe columnplayer
respondswith column . We requirethatthe loss be at least . Sincethe matrix
is chosenat random,we needa lower boundon the probability that . Moreover, because
therow playerhassolecontrolover the choiceof , we needa lower boundon this probabilitywhich is
independendf . To thisend,we prove thefollowing lemma:

Lemmal2 For every 0 1, there existsa number 0 with thefollowing property: Let beany
positiveinteger, andlet 1 be nonngative numberssud that 1 1 Let 1 be
independenBernoullirandomvariableswith Pr| 1] andPr| 0] 1 .Then

Pr 0

Proof: Seeappendix.ll
To applythelemma,let andlet . Thenthelemmaimpliesthat

Pr

where is apositve numberwhichdepend®n butwhichisindependendf and . It followsthat

Pr

In otherwords,property2 holdswith probabilityatleast
We next shav thatpropertyl failsto holdwith probabilitystrictly smallerthan  sothatbothproperties
musthold simultaneouslyvith positive probability

De ne theweightof row , denoted , to bethefractionof 1'sin therow: 1 .
We saythatarow is light if 1 .Let bearow distributionwhichis uniform overthelight
rows andzeroontheheary rows. We will shav that, with high probability, max , implying

anupperboundof onthevalueof game
Let denotetheprobabilitythatagivenrow is light; thiswill bethesameprobabilityfor all rows. Let
bethe numberof light rows.
We shawv rst that 2 with high probability Theexpectedvalueof is . Usingaform of
Chernof boundsproved by Angluin andValiant[1], we have that

Pr 2 ep 8 13
We next upperboundthe probabilitythat exceeds for ary column . Conditionalon being
alight row, theprobabilitythat lisatmost 1 . Moreover, if ;and ; aredistinctrows,then

1 and 2 areindependengvenif we conditionon bothbeinglight rows. Thereforeapplying
Hoefiding's inequality[22] to column andthe light rows, we have that,for all

2

Pr 2

Thus,
Pr max 2
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andso
Pr max 2

Combinedwith Eq. (13), thisimpliesthat
Pr max 2 ’ 1

for 3.
Thereforethe probabilitythateitherof propertiesl or 2 fails to holdis at most

2

1 1

If thisquantityis strictly lessthanl, thentheremustexist atleastonematrix  for whichbothpropertiesl
and?2 hold. Thiswill bethecasef andonly if

— In1 In 1 14

Thereforeto completethe proof, we needonly prove Eq. (14) by lowerbounding .
We have that

Pr 1

——exp RE 1
——exp RE 2

Thesecondnequalityfollows from Cover andThomag8, Theoreml2.1.4].
By straightforwardalgebra,

RE 2 RE RE 2
1 2
1 2
RE

2In

for sufciently large,where istheconstant

1 2

2
N7 2

Thus,

andtherefore EqQ. (14) holdsif
RE In In 2 1 In1 In 1

By ourchoiceof ,wehavethattheleft handsideof thisinequalityis atmostin 5Inln , andtheright
handsideis In 4 1 InIln . Thereforetheinequalityholdsfor sufciently large. &
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A Proofof Lemmal12

Let
1
2
1
Ourgoalis to derive alower boundon Pr|[ 0]. Let 1 . It canbeeasilyveri ed thatE 0
andVar . In addition,by Hoeffding's inequality[22], it canbeshawn that,for all 0,
Pr[ ] 2% 15
and ,
Pr ] 2
For , let Pr[ ]. Throughouthisproof,weuse todenotesummatiorovera nite
setof 'swhichincludesall for which 0. Restrictedsummationgsuchas o) arede ned
analogously

Let 0 beary number We de ne thefollowing quantities:

We praove thelemmaby derving alower boundon Pr[ 0].
Theexpectedvalueof is:

0 E

Thus,

Next, we have that

Var 2
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Combinedwith Eq. (16), it followsthat
272 1 2 3 17

We next upperbound 1, »and 3. Thiswill allow ustoimmediatelylowerbound usingEq.(17).
Tobound 4, notethat

1 2 3 18
To bound 3, let 0 1 beasequencef numberssuchthatif Oand
then for some . In otherwords,every with positive probabilityis representetty some
Let . By Eq.(15), 2 % for 0. We cancompute 3 asfollows:
2 2
3
0
1
2 2 2
0 1
0 0 1
1
2 2 2
0 0 1 1
0
1
2 22 2 2 22,

To boundthe summationnotethat
1 1 L

2 L 2 22, 2 2%,
0 0
1 12 -
0
2 2°
0
1 22 22 1 22
2 2
Thus, 3 2 12 2° Aboundon ;followsby symmetry
Combiningwith Egs.(17) and(18), we have
22 32 12 ?2°
andso , 2
3 12
Pr[ 0] 52
Sincethis holdsfor all , we have thatPr| 0] where
32 12 2°
su
3 22
and 1 . Thisnumberis clearlypositive sincethe numeratoof theinsideexpressiorcanbemade

positive by choosing sufciently large. (Forinstanceit canbeshowvn thatthis expressioris positve when

we set 1 .)n
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