
Games and Economic Behavior, 29:79-103, 1999.

Adaptive gameplayingusingmultiplicativeweights

Yoav Freund RobertE. Schapire
AT&T Labs

ShannonLaboratory
180ParkAvenue

FlorhamPark,NJ 07932­0971
�

yoav, schapire� @research.att.com
http://www.research.att.com/�

�

yoav, schapire�

April 30,1999

Abstract

We presenta simple algorithm for playing a repeatedgame. We show that a player using this
algorithmsuffersaveragelossthat is guaranteedto comecloseto theminimumlossachievableby any
�x edstrategy. Our boundsarenon­asymptoticandhold for any opponent.Thealgorithm,which uses
themultiplicative­weightmethodsof LittlestoneandWarmuth,is analyzedusingtheKullback­Liebler
divergence.Thisanalysisyieldsanew, simpleproofof theminmaxtheorem,aswell asaprovablemethod
of approximatelysolvinga game.A variantof ourgame­playingalgorithmis provedto beoptimalin a
verystrongsense.

1 Intr oduction

We studythe problemof learningto play a repeatedgame. Let � be a matrix. On eachof a seriesof
rounds,oneplayerchoosesa row � andthe otherchoosesa column � . The selectedentry �����
	��
� is the
losssufferedby therow player. Westudyplayof thegamefrom therow player'sperspective,andtherefore
leave thecolumnplayer's lossor utility unspeci�ed.

A simplegoal for therow playeris to suffer losswhich is no worsethanthevalueof thegame� (if
viewedasa zero-sumgame).Suchagoalmaybeappropriatewhenit is expectedthattheopposingcolumn
player's goal is to maximizethe lossof therow player(sothatthegameis in fact zero-sum).In this case,
therow playercando no betterthanto play usinga minmaxmixedstrategy which canbecomputedusing
linearprogramming,providedthattheentirematrix � is known aheadof time,andprovidedthatthematrix
is not too large. Thisapproachhasa numberof potentialdrawbacks.For instance,

�

� maybeunknown;

�

� maybesolargethatcomputingaminmaxstrategy usinglinearprogrammingis infeasible;or

� thecolumnplayermaynot betruly adversarialandmaybehave in a mannerthatadmitslosssigni�-
cantlysmallerthanthegamevalue.

Overcomingthesedif�culties in theone-shotgameis hopeless.In repeatedplay, however, onecanhope
to learnto playwell againsttheparticularopponentthatis beingfaced.

Algorithms of this type were�rst proposedby Hannan[20] andBlackwell [3], and later algorithms
wereproposedby FosterandVohra[14, 15, 13]. Thesealgorithmshave thepropertythat the lossof the
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row playerin repeatedplay is guaranteedto comecloseto theminimumlossachievablewith respectto the
sequenceof playstakenby thecolumnplayer.

In this paper, we presenta simplealgorithmfor solvingthis problem,andgive a simpleanalysisof the
algorithm.Theboundsweobtainarenotasymptoticandholdfor any �nite numberof rounds.Thealgorithm
andits analysisarebaseddirectlyon the“on-line prediction”methodsof LittlestoneandWarmuth[25].

Theanalysisof this algorithmyields a new (asfar aswe know) andsimpleproof of von Neumann's
minmaxtheorem,aswell asaprovablemethodof approximatelysolvingagame.Wealsogivemorere�ned
variantsof thealgorithmfor this purpose,andwe show thatoneof theseis optimalin a verystrongsense.

The paperis organizedas follows. In Section2 we de�ne the mathematicalsetupandnotation. In
Section3 weintroducethebasicmultiplicativeweightsalgorithmwhoseaverageperformanceis guaranteed
to bealmostasgoodasthatof thebest�x edmixedstrategy. In Section4 weoutlinetherelationshipbetween
ourworkandsomeof theextensiveexistingworkontheuseof multiplicativeweightsalgorithmsfor on-line
prediction.In Section5 we show how thealgorithmcanbeusedto give a simpleproof of Von-Neumann's
min-maxtheorem.In Section6 we give a versionof thealgorithmwhosedistributionsareguaranteedto
convergeto anoptimalmixedstrategy. We notethepossibleapplicationof this algorithmto solvinglinear
programmingproblemsandreferenceotherwork thathave usedmultiplicativeweightsto thisend.Finally,
in Section7 we show that the convergencerateof the secondversionof the algorithmis asymptotically
optimal.

2 Playing repeatedgames

We considernon-collaborativetwo-persongamesin normalform. Thegameis de�nedby amatrix � with
� rowsand � columns.Therearetwo playerscalledtherow playerandcolumnplayer. To play thegame,
therow playerchoosesa row � , and,simultaneously, thecolumnplayerchoosesa column � . Theselected
entry ����� 	 � � is thelosssufferedby therow player. Thecolumnplayer's lossor utility is unspeci�ed.

For thesakeof simplicity, throughoutthis paper, we assumethatall theentriesof thematrix � arein
the range

�

0 	 1� . Simplescalingcanbe usedto get similar resultsfor generalboundedranges.Also, we
restrictourselvesto thecasewherethenumberof choicesavailableto eachplayeris �nite. However, most
of the resultstranslatewith very mild additionalassumptionsto casesin which thenumberof choicesis
in�nite. For a discussionof in�nite matrixgamessee,for instance,Chapter2 in Ferguson[11].

Following standardterminology, we refer to thechoiceof a speci�c row or columnasa pure strategy
andto a distributionover rows or columnsasa mixedstrategy. We use� to denotea mixedstrategy of the
row player, and � to denotea mixedstrategy of thecolumnplayer. We use � ����� to denotetheprobability
that � associateswith therow � , andwe write ����� 	�� �	�
�

T
��� to denotetheexpectedloss(of therow

player)whenthetwo mixedstrategiesareused.In addition,we write ����� 	 � � and �����
	�� � to denotethe
expectedlosswhenonesideusesa purestrategy andtheothera mixedstrategy. Althoughthesequantities
denoteexpectedlosses,wewill usuallyreferto themsimplyaslosses.

If weassumethatthelossof therow playeris thegainof thecolumnplayer, wecanthinkaboutthegame
asazero-sumgame.Undersuchaninterpretationweuse��
 and ��
 to denoteoptimalmixedstrategiesfor

� , and ��� �����




	��




� to denotethevalueof thegame.
Themainsubjectof thispaperis analgorithmfor adaptivelyselectingmixedstrategies.Thealgorithmis

usedto chooseamixedstrategy for oneof theplayersin thecontext of repeatedplay. Weusuallyassociate
thealgorithmwith therow player. To emphasizetherolesof thetwo playersin our context, we sometimes
referto therow andcolumnplayersasthelearnerandtheenvironment, respectively. An instanceof repeated
play is a sequenceof roundsof interactionsbetweenthelearnerandtheenvironment.Thegamematrix �

usedin theinteractionsis �x edbut is unknown to thelearner. Thelearneronly knowsthenumberof choices
thatit has,i.e., thenumberof rows. Onround ��� 1 	������ 	�� :
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1. thelearnerchoosesmixedstrategy ��� ;

2. theenvironmentchoosesmixedstrategy ��� (whichmaybechosenwith knowledgeof ��� )

3. the learneris permittedto observe the loss ����� 	���� � for eachrow � ; this is the lossit would have
sufferedhadit playedusingpurestrategy � ;

4. thelearnersuffersloss ������� 	���� � .

The basicgoal of the learneris to minimize its total loss
���

��� 1 �����	��	��
��� . If the environment is
maximallyadversarialthena relatedgoal is to approximatetheoptimalmixedrow strategy �


 . However,
in morebenignenvironments,thegoalmaybe to suffer theminimumlosspossible,which maybe much
betterthanthevalueof thegame.

Finally, in whatfollows,we �nd it usefulto measurethedistancebetweentwo distributions � 1 and � 2

usingtheKullback­Leiblerdivergence, alsocalledtherelativeentropy, which is de�ned to be

RE ��� 1 �

� 2 


�

�

�

� �

� 1

� 1 ��� � ln �

� 1 ��� �

� 2 ��� ���

�

As is well known, therelative entropyis a measureof discrepancy betweendistributionsin that it is non-
negativeandis equalto zeroif andonly if � 1 �
� 2. For realnumbers� 1 	�� 2 �

�

0 	 1� , weusetheshorthand
RE

�

� 1 �

� 2



to denotetherelativeentropybetweenBernoullidistributionswith parameters� 1 and� 2, i.e.,

RE ��� 1 �

� 2 


�

��� 1 ln �

� 1

� 2 ���

� 1 ��� 1 � ln �

1 ��� 1

1 ��� 2 �

�

3 The basicalgorithm

We now describeour basicalgorithmfor repeatedplay, which we call MW for “multiplicative weights.”
Thisalgorithmis a directgeneralizationof LittlestoneandWarmuth's “weightedmajorityalgorithm” [25],
whichwasdiscoveredindependentlyby Fudenberg andLevine [17].

ThelearningalgorithmMW startswith someinitial mixedstrategy � 1 which it usesfor the�rst round
of thegame.After eachround � , thelearnercomputesanew mixedstrategy �
��� 1 by asimplemultiplicative
rule:

�
��� 1 � �����
�

�
�������! #"

�%$ &('�)

*

�

where
*

� is a normalizationfactor:
*

�
�

�

�

�

� 1

�
�

��� �

�

 �"

�%$ &
'

)

	

and
�

�

�

0 	 1� is a parameterof thealgorithm.
Themaintheoremconcerningthisalgorithmis thefollowing:

Theorem 1 For anymatrix M with � rowsandentriesin
�

0 	 1� , andfor anysequenceof mixedstrategies
Q1 	������ 	 Q � playedbytheenvironment,thesequenceof mixedstrategiesP1 	������ 	 P� producedbyalgorithm
MW satis�es:

�

�

��� 1

M � P� 	 Q ���,+ min
P -/.10

�

�

��� 1

M � P 	 Q � �

��2

0

RE � P
�

P1 
43

where

.50

�

ln � 16

�

�

1 �

�

2

0

�

1
1 �

�

�
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Ourproofusesakind of “amortizedanalysis”in whichrelativeentropyis usedasa“potential” function.
This methodof analysisfor on-linelearningalgorithmsis dueto KivinenandWarmuth[23]. Theheartof
theproof is in thefollowing lemma,whichboundsthechangein potentialbeforeandaftera singleround.

Lemma 2 For anyiteration � where MW is usedwith parameter
�

, andfor anymixedstrategy P̃,

RE � P̃
�

P�%� 1 �

� RE � P̃
�

P�

�

+

�

ln
1

�

�

M � P̃	 Q ���

�

ln
�

1 � � 1 �

�

� M � P� 	 Q ���




�

Proof: Theproof of thelemmacanbesummarizedby thefollowing sequenceof inequalities:

RE �
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Line (1) follows from thede�nition of relative entropy. Line (3) follows from theupdaterule of MWand
line (4) followsby simplealgebra.Finally, line (5) followsfrom thede�nition of

*

� combinedwith thefact
that,by convexity,

���

+ 1 � � 1 �

�

��� for
���

0 and �

�

�

0 	 1� .
Proof of Theorem 1: Let ˜

� beany mixedrow strategy. We �rst simplify thelast termin theinequalityof
Lemma2 by usingthefact thatln � 1 ��� �,+ �	� for any ��
 1 which impliesthat
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Summingthis inequalityover ��� 1 	������ 	 � weget
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1
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NotingthatRE �

˜
�

�

�

�

� 1 �

�

0, rearrangingtheinequalityandnotingthat ˜
� waschosenarbitrarilygives

thestatementof thetheorem. .
In orderto useMW, we needto choosethe initial distribution � 1 andtheparameter

�

. We startwith
thechoiceof � 1. In general,thecloser � 1 is to a goodmixedstrategy ˜

� , thebettertheboundon thetotal
lossMW. However, evenif we have no prior knowledgeaboutthegoodmixedstrategies,we canachieve
reasonableperformanceby usingtheuniformdistributionover therowsastheinitial strategy. Thisgivesus
a performanceboundthatholdsuniformly for all gameswith � rows:

4



Corollary 3 If MW is usedwith P1 setto theuniformdistributionthenits total lossis boundedby
�

�

��� 1

M � P� 	 Q � �,+

.50

min
P

�

�

��� 1

M � P 	 Q � �

� 2

0

ln �

where
.10

and
2

0

are asde�nedin Theorem1.

Proof: If � 1 � ����� 16

� for all � thenRE � �

�

� 1 


+ ln � for all � .
Next we discussthechoiceof theparameter

�

. As
�

approaches1,
. 0

approaches1 from above while

2

0

increasesto in�nity . On theotherhand,if we �x
�

andlet thenumberof rounds� increase,thesecond
term

2

0

ln � becomesnegligible (sinceit is �x ed) relative to � . Thus,by choosing
�

asa functionof �

whichapproaches1 for ����� , thelearnercanensurethatits averageper-trial losswill notbemuchworse
thanthelossof thebeststrategy. This is formalizedin thefollowing corollary:

Corollary 4 Undertheconditionsof Theorem1 andwith
�

setto

1

1
�

�

2ln �

�

	

theaverageper­trial losssufferedby thelearneris

1
�

�

�

��� 1

M � P�
	 Q �

�,+ min
P

1
�

�

�

�%� 1

M � P 	 Q �
�

�

D�

$

�

where

D�

$

�

���

2 ln �

�
�

ln �

�

����	 
��

ln �

�
� �

�

Proof: It canbeshown that � ln
�

+ � 1 �

�

2
� 6 � 2

�

� for
�

�

� 0 	 1� . Applying this approximationandthe
givenchoiceof

�

yieldstheresult.
SinceD�

$

�

� 0 as ����� , we seethat theamountby which theaverageper-trial lossof the learner
exceedsthatof thebestmixedstrategy canbemadearbitrarilysmallfor large � .

Notethatin theanalysiswemadenoassumptionaboutthestrategy usedby theenvironment.Theorem1
guaranteesthat its cumulative loss is not much larger than that of any �x ed mixed strategy. As shown
below, this impliesthatthelosscannotbemuchlargerthanthegamevalue.However, if theenvironmentis
non-adversarial,theremightbeabetterrow strategy, in whichcasethealgorithmis guaranteedto bealmost
asgoodasthisbetterstrategy.

Corollary 5 Undertheconditionsof Corollary 4,

1
�

�

�

��� 1

M � P� 	 Q � �(+ �

�

D�

$

�

where � is thevalueof thegameM.

Proof: Let � 
 bea minmaxstrategy for � sothatfor all columnstrategies � , ����� 
 	�� �(+ � . Then,by
Corollary4,

1
�

�

�

��� 1

�����	� 	���� �,+

1
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�

�

��� 1

�����




	������

�

D�

$

�

+ �

�

D�

$
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3.1 Convergencewith probability one

Supposethat the mixed strategies that aregeneratedby MW are usedto selectoneof the rows at each
iteration.FromTheorem1 andCorollary4 weknow thattheexpectedper-iterationlossof MW approaches
theoptimalachievablevaluefor any �x edstrategy as����� . However, wemightwantastrongerassurance
of theperformanceof MW; for example,we would like to know that theactualper-iterationlossis, with
high probability, closeto the expectedvalue. As the following lemmashows, the per-trial loss of any
algorithmfor therepeatedgameis, with highprobability, atmost � � 16�� � � awayfrom theexpectedvalue.
Theonly requiredgamepropertyis thatthegamematrixelementsareall in

�

0 	 1� .

Lemma 6 Let the playersof a matrix gameuseany pair of methodsfor choosingtheir mixedstrategies
on iteration � basedon pastgameevents. Let P� and Q � denotethemixedstrategiesusedby theplayers
on iteration � and let M ��� � 	�� � � denotethe actual gameoutcomeon iteration � that is chosenat random
according to P� andQ � . Then,for every ��� 0,

Pr
-

1
�

�

�

�

�

�

�

�

�%� 1

� M ��� � 	 � � � � M � P� 	 Q � �




�

�

�

�

�

���

3

+ 2exp � �

1
2

���

2

�

	

where probability is takenwith respectto therandomchoiceof rows � 1 	������
	 �

� andcolumns� 1 	������ 	 �

� .

Proof: The proof follows directly from a theoremproved by Hoeffding [22] aboutthe convergenceof a
sumof bounded-stepmartingaleswhich is commonlycalled“Azuma's lemma.” Thesequenceof random
variables� � � ����� � 	�� � � � �����	��	��
��� is amartingaledifferencesequence.As theentriesof � arebounded
in

�

0 	 1� we have that 	 � �
	 + 1. ThuswecandirectlyapplyAzuma's Lemmaandgetthat,for any
.

� 0

Pr
-

�

�

�

�

�

�

�

��� 1

�
�

�

�

�

�

�

�

.

3

+ 2exp

�

�

.

2

2�
�

�

Substituting
.

��� � wegetthestatementof thelemma.
If we wantto have analgorithmwhoseperformancewill convergeto theoptimalperformancewe need

the valueof
�

to approach1 asthe lengthof the sequenceincreases.Oneway of doing this, which we
describehere,is to have the row playerdivide the time sequenceinto “epochs.” In eachepoch,the row
playerrestartsthealgorithmMW (resettingall therow distribution to theuniform distribution)andusesa
differentvalueof

�

whichis tunedaccordingto thelengthof theepoch.Weshow thatsuchaprocedurecan
guarantee,almostsurely, thatthelongtermper-iterationlossis atmosttheexpectedlossof any �x edmixed
strategy.

We denotethelengthof the � th epochby ��� andthevalueof
�

usedfor thatepochby
�

� . Onechoice
of epochsthatgivesconvergencewith probabilityoneis thefollowing:

��� ���

2
	

�

� �

1

1
�

�

2ln �

�

2

� � 6�

Theconvergencepropertiesof thisstrategy aregivenin thefollowing theorem:

Theorem 7 Supposetherepeatedgameis continuedfor anunboundednumberof rounds.LetP � bechosen
according to themethodof epochs with theparametersdescribedin Equation(6), and let � � bechosenat
randomaccording to P� . Let theenvironmentchoose� � as an arbitrary stochasticfunctionof pastplays.
Then,for every �
� 0, with probability onewith respectto the randomizationusedby both players,the
following inequalityholdsfor all but a �nite numberof valuesof � :

1
�

�

�

��� 1

M ��� � 	�� � �,+ min
P

1
�

�

�

��� 1

M � P 	�� � �

�

���
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Proof: For eachepoch � we selecttheaccuracy parameter� � � 2� ln � 6 � . We denotethe sequenceof
iterationsthatconstitutethe � ' th epochby

�

� . We call the � th epoch“good” if theaveragepertrial lossfor
thatepochis within � � from its expectedvalue,i.e., if

�

�������

��� � � 	�� � �,+

�

���	�
�

����� � 	 � � �

�

� � � � � � 7�

FromLemma6 (wherewede�ne � � to bethemixedstrategy whichgivesprobabilityoneto � � ), wegetthat
theprobabilitythatthe � th epochis badis boundedby

2exp
�

�

1
2

��� �

2
�

�

�

2
�

2 �

Thesumof this boundover all � from 1 to � is �nite. Thus,by theBorel-Cantellilemma,we know that
with probabilityoneall but a �nite numberof epochsaregood.Thusfor thesakeof computingtheaverage
lossfor ����� wecanignorethein�uence of thebadepochs.

We now useCorollary4 to boundtheexpectedtotal loss.We applythis corollaryin thecasethat � � is
againde�ned to bethemixedstrategy whichgivesprobabilityoneto �5� . We have from thecorollary:

�

�����
�

�����	� 	�� � �,+ min�

�

�����
�

����� 	 ��� �

�




2��� ln �

�

ln �

� � 8�

CombiningEquations(7) and(8) we �nd thatif the � th epochis goodthen,for any distribution ˜
� over

theactionsof thealgorithm
�

�������

����� ��	�� � � +

�

�������

���

˜
� 	�� � �

�




2��� ln �

�

ln �

�

��� � �

+

�

�������

���

˜
� 	�� � �

�

�

� 2 ln �

�

ln �

�

2�

� ln � �

Thusthetotal lossover the �rst � epochs(ignoringthe�nite numberof baditerationswhosein�uence is
negligible) is boundedby

�

���	� 1 ������� �

���

����� � 	 ��� � +

�

����� 1 ������� �

���

���

˜
� 	�� ���

�

�

�

� � 1

�

�

� 2 ln �

�

ln �

�

2�

� ln ���

+

�

����� 1 ������� �

�
�

���

˜
� 	��

�
�

�

�

2
� ln �

�

� 2 ln �

�

ln �

�

2� �

As thetotal numberof roundsin the�rst � epochsis
�

�

� � 1 �

2
� � ���

3
� we �nd that,afterdividing both

sidesby thenumberof rounds,theerrortermdecreasesto zero.

4 Relation to on­line learning

One interestinguseof gametheory is in the context of predictive decisionmaking (see,for instance,
BlackwellandGirshick[4] or Ferguson[11]). On-Linedecisionmakingcanbeviewedasarepeatedgame
betweena decisionmakerandnature.Theentry ��� � 	 � � representsthe lossof (or negative utility for) the
predictionalgorithmif it choosesaction � at time � . The goal of the algorithmis to adaptively generate
distributionsover actionssothat its expectedcumulative losswill not bemuchworsethanthecumulative
lossit wouldhave incurredhadit beenableto chooseasingle�xed distributionwith prior knowledgeof the
wholesequenceof columns.
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This is a non-standardframework for analyzingon-line decisionalgorithmsin that one makesno
statisticalassumptionsregardingthe relationshipbetweenactionsandtheir losses.The only assumption
is that thereexists some�x ed mixed strategy (distribution over actions)whoseexpectedperformanceis
nontrivial. This approachwaspreviously describedin oneof our earlierpapers[16]; the currentpaper
expandsandre�nes theresultsgiventhere.

ThealgorithmMW wasoriginally suggestedby LittlestoneandWarmuth[25] and(in asomewhatmore
sophisticatedform) by Vovk [30] in thecontext of on-lineprediction. Thealgorithmwasalsodiscovered
independentlyby Fudenberg andLevine [17]. Researchon theuseof themultiplicativeweightsalgorithm
for on-linepredictionis extensive andon-going,andit is out of thescopeof this paperto give a complete
review of it. However, we try to sketchsomeof themainconnectionsbetweenthework describedin this
paperandthis expandingline of research.

Theon-linepredictionframework is a re�nementof thedecisiontheoreticframework describedabove.
Herethepredictionalgorithmgeneratesdistributionsover predictions, naturechoosesanoutcomeandthe
lossincurredby thepredictionalgorithmis a known lossfunctionwhichmapsaction/outcomepairsto real
values.This framework restrictsthechoicesthatcanbemadeby naturebecauseoncethepredictionshave
been�x ed,theonly losscolumnsthatarepossiblearethosethatcorrespondto possibleoutcomes.This is
thereasonthatfor variouslossfunctionsonecanprove betterboundsthanin thelessstructuredcontext of
on-linedecisionmaking.Theapproachis closelyrelatedto work by Dawid [9], Foster[12] andVovk [30].

Onelossfunctionthathasreceived particularattentionis the log lossfunction. Herethepredictionis
assumedto bea distribution � over somedomain � , theoutcomeis anelementfrom thedomain �

�

� ,
andthe lossis � log � � � � . This losshasseveral importantinterpretationswhich connectit to likelihood
analysisandto codingtheory. Notethatastheprobabilityof anelementcanbearbitrarilysmall,thelosscan
bearbitrarilyhigh. On-Linealgorithmsfor makingpredictionsin thiscasehavebeenextensively studiedin
informationtheoryunderthenameuniversalcompressionof individualsequences[32, 28]. In particular, a
well-known resultis thatthemultiplicativeweightsalgorithm,with

�

setto 16�� is anear-optimalalgorithm
in this context. It is also interestingto note that this versionof the multiplicative weightsalgorithm is
equivalentto the Bayespredictionrule, wherethe generateddistributionsover the rows areequalto the
Bayesianposteriordistributions. On theotherhand,this equivalenceholdsonly for the log-loss;for other
lossfunctionsthereis nosimplerelationshipbetweenthemultiplicativeweightsalgorithmandtheBayesian
algorithm.

Cover andOrdentlich[7, 6] andlaterHelmboldet al. [21] extendedthelog-lossanalysisto thedesign
of algorithmsfor “universalportfolios.” Thereis an extensive literatureon on-linepredictionwith other
speci�c loss functions. For example,for work on predictionloss,seeFeder, Merhav andGutman[10],
Cesa-Bianchiet al. [5] andfor work on moregeneralfamiliesof lossfunctionsseeVovk [29] andKivinen
andWarmuth[23].

Anotherextensionof theon-linedecisionproblemthat is worth mentioninghereis makingdecisions
whenthefeedbackgivenis a singleentryof thegamematrix. In otherwords,we assumethataftertherow
playerhaschosenadistributionovertherows,asinglerow ischosenatrandomaccordingto thedistribution.
Therow playersuffersthelossassociatedwith theselectedrow andthecolumnchosenby its opponent,and
thegamerepeats.Thegoalof therow playeris thesameasbefore—tominimizeits expectedaverageloss
over a sequenceof repeatedgames.Clearly, thegoal is muchharderheresinceonly a singleentryof the
matrix is revealedon eachround. Auer et al. [2] studythis modelin detailandshow thata variantof the
multiplicativeweightsalgorithmconvergesto theperformanceof thebestrow distributionin repeatedplay.
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5 Proof of the minmax theorem

Corollary5 showsthatthelossof MW canneverexceedthevalueof thegame� by morethanD�

$

� . More
interestingly, Corollary4 canbeusedto deriveaverysimpleproofof vonNeumann'sminmaxtheorem.To
prove this theorem,we needto show that

min
P

max
Q

M � P 	 Q � + max
Q

min
P

M � P 	 Q ��� � 9�

(Proving thatminP maxQ M � P 	 Q �

�

maxQ minP M � P 	 Q � is relatively straightforwardandsois omitted.)
SupposethatwerunalgorithmMW againstamaximallyadversarialenvironmentwhichalwayschooses

strategieswhichmaximizethelearner's loss.Thatis, oneachround � , theenvironmentchooses

Q � � argmax
Q

M � P� 	 Q � � � 10�

Let � �

1
�

�#�

��� 1 �	� and � �

1
�

���

��� 1 �
� . Clearly, � and � areprobabilitydistributions.
Thenwehave:

min
P

max
Q

PTMQ + max
Q

PTMQ

� max
Q

1
�

�

�

�%� 1

P�

TMQ by de�nition of P

+

1
�

�

�

��� 1

max
Q

P�

TMQ

�

1
�

�

�

��� 1

P�

TMQ � by de�nition of Q �

+ min
P

1
�

�

�

��� 1

PTMQ �

�

D�

$

� by Corollary4

� min
P

PTMQ
�

D�

$

� by de�nition of Q

+ max
Q

min
P

PTMQ
�

D�

$

�

�

SinceD�

$

� canbemadearbitrarilycloseto zero,this provesEq.(9) andtheminmaxtheorem.

6 Approximately solvinga game

Asidefrom yielding a proof for a famoustheoremthatby now hasmany proofs,theprecedingderivation
shows thatalgorithmMW canbeusedto �nd anapproximateminmaxor maxminstrategy. Findingthese
“optimal” strategiesis calledsolvingthegame� .

We give threemethodsfor solvinga gameusingexponentialweights.In Section6.1we show how one
canusetheaverageof thegeneratedrow distributionsover � iterationsasanapproximatesolutionfor the
game.Thismethodsets� and

�

asa functionof thedesiredaccuracy beforestartingtheiterativeprocess.
In Section6.2we show thatif anupperbound� on thevalueof thegameis known aheadof time then

onecanuseavariantof MW thatgeneratesasequenceof row distributionssuchthattheexpectedlossof the
� th distributionapproaches� . Finally, in Section6.3wedescribearelatedadaptivemethodthatgeneratesa
sparseapproximatesolutionfor thecolumndistribution. At theendof thepaper, in Section7, weshow that
theconvergencerateof thetwo lastmethodsis asymptoticallyoptimal.
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6.1 Using the averageof the row distrib utions

Skippingthe�rst inequalityof thesequenceof equalitiesandinequalitiesat theendof Section5, we see
that

max
Q

M � P	 Q � + max
Q

min
P

M � P 	 Q �

�

D�

$

�

� �

�

D�

$

�

�

Thus, the vector � is an approximateminmax strategy in the sensethat for all column strategies � ,
��� � 	�� � doesnot exceedthegamevalue � by morethanD�

$

� . SinceD�

$

� canbemadearbitrarily small,
thisapproximationcanbemadearbitrarily tight.

Similarly, ignoringthelastinequalityof this derivation,we have that

min
P

M � P 	 Q �

�

� � D�

$

�

so � alsois an approximatemaxminstrategy. Furthermore,it canbe shown that a columnstrategy � �

satisfyingEq.(10)canalwaysbechosento beapurestrategy (i.e.,amixedstrategy concentratedonasingle
columnof � ). Therefore,the approximatemaxminstrategy � hasthe additionalfavorablepropertyof
beingsparsein thesensethatat most � of its entrieswill benonzero.

6.2 Using the �nal row distrib ution

In theanalysispresentedsofar we have shown thattheaverageof thestrategiesusedby MW convergesto
anoptimalstrategy. Now weshow thatif therow playerknowsanupperbound � on thevalueof thegame

� thenit canusea variantof MW to generateasequenceof mixedstrategiesthatapproacha strategy which
achievesloss � .1 To do thatwe have thealgorithmselecta differentvalueof

�

for eachroundof thegame.
If theexpectedlosson the � th iteration ����� � 	������ is lessthan � , thentherow playerdoesnot changethe
mixedstrategy, because,in a sense,it is “good enough.” However, if ��� �
� 	���� �

�

� thentherow player
usesMW with parameter

�

� �

� � 1 � ��� �	� 	���� � �

� 1 � � �
�����	��	��
���

�

We call this algorithmvMW (the“v” standsfor “variable”). For this algorithm,asthefollowing theorem
shows, thedistancebetween��� andany mixedstrategy that achieves � decreasesby an amountthat is a
functionof thedivergencebetween��� ��� 	��
��� and � .

Theorem 8 Let P̃ beanymixedstrategy for therowssuch that maxQ M � P̃ 	 Q �,+ � . Thenon anyiteration
of algorithmvMW in which M � P� 	 Q � �

�

� therelativeentropybetweeñP andP��� 1 satis�es

RE � P̃
�

P��� 1 �

+ RE � P̃
�

P�

�

� RE
�

�

�

M � P� 	 Q � �




�

Proof: Notethatwhen ��+ ��� � � 	���� � wegetthat
�

� + 1. Combiningthisobservationwith thede�nition
of ˜

� andthestatementof Lemma2 we getthat

RE �

˜
�

�

�	��� 1 �

� RE �

˜
�

�

�	�

�

+ ���

˜
� 	��

�
� ln � 16

�

�
�

�

ln
�

1 � � 1 �

�

�
� ��� �

�
	��

�
�




(11)

+ � ln � 16

�

���

�

ln
�

1 � � 1 �

�

��� �����	� 	������




�

1If no suchupperboundis known, onecanusethestandardtrick of solvingthelargergamematrix

�

� �

� ��� T
�

�

whosevalueis alwayszero.
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Thechoiceof
�

� waschosento minimizethelastexpression.Pluggingthegivenchoiceof
�

� into this last
expressionwe getthestatementof thetheorem.

Suppose����� � 	�� � �

�

� for all � . Thenthemaininequalityof this theoremcanbeappliedrepeatedly
yielding thebound

RE �

˜
�

�

�

�

� 1 �

+ RE �

˜
�

�

� 1 �

�

�

�

��� 1

RE
�

�

�

����� � 	��
���




�

Sincerelativeentropyis nonnegative,andsincetheinequalityholdsfor all � , wehave
�

�

��� 1

RE � �

�

����� � 	��
���




+ RE �

˜
�

�

� 1 �

� � 12�

AssumingthatRE �

˜
�

�

� 1 �

is �nite (asit will be,for example,if � 1 is uniform),this inequalityimplies,
for instance,that ����� � 	������ canexceed�

�

� at most�nitely oftenfor any � � 0. More speci�cally, we
canprove thefollowing:

Corollary 9 Supposethat vMW is usedto playa gameM whosevalueis knownto beat most � . Suppose
alsothatwechooseP1 tobetheuniformdistribution. Thenfor anysequenceofcolumnstrategiesQ1 	 Q2 	������ ,
thenumberof roundsonwhich thelossM � P� 	 Q ���

�

�

�

� is at most

ln �

RE � �

�

�

�

�




�

Proof: Sinceroundson which ��� ����	������ 
 � areeffectively ignoredby vMW, we assumewithout loss
of generalitythat ������� 	��
���

�

� for all rounds� . Let
�

�

�

� : ������� 	��
���

�

�

�

��� bethesetof rounds
for which thelossis at least�

�

� , andlet �


 bea minmaxstrategy. By Eq.(12),we have that
�

�����

RE � �

�

�

�

�




+

�

���	�

RE � �

�

�����	� 	������




+

�

�

��� 1

RE
�

�

�

�����	� 	������




+ RE
�

�




�

� 1



+ ln �

�

Therefore,

	

�

	1+

ln �

RE � �

�

�

�

�




�

In Section7, we show thatthis dependenceon � , � and � cannotbeimprovedby any constantfactor.

6.3 Convergenceof a column distrib ution

When
�

is �x ed,we showedin Section6.1thattheaverage� of the � � 's is anapproximatesolutionof the
game,i.e., that thereareno rows � for which ��� � 	 � � is lessthan ��� D�

$

� . For thealgorithmdescribed
above in which

�

� varies,we canderive a morere�ned boundof this kind for a weightedmixture of the
��� 's.
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Theorem 10 Assumethat oneveryiterationof algorithmvMW, wehavethat M � P � 	 Q ���

�

� . Let

Q̂ �

�#�

��� 1 Q � ln � 16

�

���

���

��� 1 ln � 16

�

� �

�

Then
�

�

:M
"

�%$

Q̂

)

���

P1 � ��� + exp

�

�

�

�

��� 1

RE
�

�

�

M � P� 	 Q ���




�

�

Proof: If ���

˜
� 	

ˆ
� �(+ � , then,combiningEq.11 for ��� 1 	������ 	�� , we have

RE �

˜
�

�

�

�

� 1 �

� RE �

˜
�

�

� 1 �

+

�

�

��� 1

���

˜
� 	���� � ln � 16

�

� �

�

�

�

�%� 1

ln � 1 � � 1 �

�

��� �����	� 	������




� ���

˜
� 	

ˆ
� �

�

�

�%� 1

ln � 16

�

� �

�

�

�

�%� 1

ln � 1 � � 1 �

�

��� �����	� 	������




+ ���

�

�

��� 1

ln � 16

�

� �

�

�

�

��� 1

ln
�

1 � � 1 �

�

��� ����� � 	��
���




� �

�

�

�%� 1

RE � �

�

��� �	� 	���� �




for our choiceof
�

� . In particular, if � is a row for which ����� 	

ˆ
� �	+ � , then,setting ˜

� to theassociated
purestrategy, we get

ln
�

� 1 � ���

�

�

� 1 ��� �

�

+ �

�

�

��� 1

RE
�

�

�

�����
�

	��
�

�




so

�

�

:
 #"

�%$

ˆ

&()

���

� 1 ����� +

�

�

:
 #"

�%$

ˆ

&()

���

�

�

� 1 � ��� exp

�

�

�

�

��� 1

RE � �

�

����� � 	��
���




�

+ exp

�

�

�

�

��� 1

RE
�

�

�

����� � 	��
���




�

since�

�

� 1 is a distribution.
Thus,if ����� � 	��
��� is boundedaway from � , the fraction of rows � (asmeasuredby � 1) for which

�����
	

ˆ
� ��+ � dropsto zeroexponentiallyfast. This will be the case,for instance,if Eq. (10) holdsand

��+ �	� � for some� � 0 where� is thevalueof � .
Thusa singleapplicationof theexponentialweightsalgorithmyields approximatesolutionsfor both

thecolumnandrow players.Thesolutionfor therow playerconsistsof themultiplicativeweights,while
the solution for the columnplayerconsistsof the distribution on the observed columnsas describedin
Theorem10.

Givena gamematrix � , we have a choiceof whetherto solve � or � �

T. Onenaturalchoicewould
be to choosethe orientationwhich minimizesthe numberof rows. In a relatedpaper[16], we studied
the relationshipbetweensolving � or � �

T usingthemultiplicative weightsalgorithmin thecontext of
machinelearning. In that context, the solution for gamematrix � is relatedto the on-line prediction
problemdescribedin Section4, while the “dual” solutionfor � �

T correspondsto a methodof learning
called“boosting.”
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6.4 Application to linear programming

It is well known that any linear programmingproblemcanbe reducedto theproblemof solvinga game
(see,for instance,Owen[26, TheoremIII.2.6]). Thus,thealgorithmswe have presentedfor approximately
solvinga gamecanbeappliedmoregenerallyfor approximatelinearprogramming.

Similar andcloselyrelatedmethodsof approximatelysolvinglinearprogrammingproblemshave pre-
viouslyappeared,for instance,in thework of Young[31], GrigoriadisandKhachiyan[18, 19] andPlotkin,
ShmoysandTardos[27].

Although,in principle,our algorithmsareapplicableto generallinearprogrammingproblems,they are
bestsuitedto problemsof a particularform. Speci�cally, they may be mostappropriatefor the setting
we have describedof approximatelysolvinga gamewhenanoracleis availablefor choosingcolumnsof
thematrix on every round. Whensuchanoracleis available,our algorithmcanbeappliedevenwhenthe
numberof columnsof thematrix is very largeor evenin�nite, a settingthat is clearly infeasiblefor some
of theother, moretraditionallinearprogrammingalgorithms.Solvinglinearprogrammingproblemsin the
presenceof suchanoraclewasalsostudiedby Young[31] andPlotkin,ShmoysandTardos[27]. Seealso
our earlierpaper[16] for detailedexamplesof problemsarisingnaturallyin the �eld of machinelearning
with exactly thesecharacteristics.

7 Optimality of the convergencerate

In Corollary9,weshowedthatusingthealgorithmvMW startingfromtheuniformdistributionovertherows
guaranteesthatthenumberof timesthat ����� � 	��
��� canexceed�

�

� is boundedby � ln �

�46 RE � �

�

�

�

�




where� is aknown upperboundonthevalueof thegame� . In thissection,weshow thatthisdependence
of therateof convergenceon � , � and � is optimalin thesensethatnoadaptivegame-playingalgorithmcan
beatthis boundevenby a constantfactor. This resultis formalizedby Theorem11below.

A relatedlowerboundresultis provedby Klein andYoung[24] in thecontext of approximatelysolving
linearprograms.

Theorem 11 Let 0 
 � 
 �

�

� 
 1, and let � be a suf�ciently large integer. Thenfor any adaptive
game­playingalgorithm � , there existsa gamematrix M of � rowsand a sequenceof columnstrategies
such that:

1. thevalueof gameM is at most� ; and

2. thelossM � P� 	 Q � � sufferedby � oneach round ��� 1 	������ 	 � is at least �

�

� , where

� �

�

ln �

� 5 ln ln �

RE
�

�

�

�

�

�


��

�

� 1 ���
� 1�
� ln �

RE
�

�

�

�

�

�




�

Proof: Theproof usesa probabilisticargumentto show that for any algorithm,thereexistsa matrix (and
sequenceof columnstrategies)with thepropertiesstatedin the theorem.That is, for thepurposesof the
proof,we imaginechoosingthematrix � at randomaccordingto anappropriatedistribution,andweshow
that thestatedpropertieshold with strictly positive probability, implying that theremustexist at leastone
matrix for which they hold.

Let � � �

�

� . Therandommatrix � has� rowsand � columns,andis chosenby selectingeachentry
�����
	��
� independentlyto be1 with probability � , and0 with probability1 ��� . On round � , therow player
(algorithm � ) choosesa row distribution � � , and,for thepurposesof our construction,we assumethatthe
columnplayerrespondswith column � . Thatis, thecolumnstrategy �

� chosenon round � is concentrated
oncolumn � .
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Giventhis randomconstruction,we needto show thatproperties1 and2 holdwith positiveprobability
for � suf�ciently large.

We begin with property2. Onround � , therow playerchoosesa distribution � � , andthecolumnplayer
respondswith column � . We requirethat the loss ��� � � 	�� � be at least � � �

�

� . Sincethe matrix �

is chosenat random,we needa lower boundon the probability that �����
� 	�� �

�

� . Moreover, because
therow playerhassolecontrolover thechoiceof � � , we needa lower boundon this probabilitywhich is
independentof � � . To thisend,we prove thefollowing lemma:

Lemma 12 For every �

�

� 0 	 1� , there existsa number��� � 0 with thefollowing property: Let � beany
positiveinteger, and let � 1 	������
	��

� be nonnegativenumberssuch that
�

�

�

� 1 �

�

� 1. Let � 1 	������ 	 �

� be
independentBernoulli randomvariableswith Pr[ �

�

� 1] � � andPr[ �

�

� 0] � 1 ��� . Then

Pr
-

�

�

�

� 1

�

�

�

�

�

�

3

�

��� � 0 �

Proof: Seeappendix.
To applythelemma,let �

�

�
�	� ��� � andlet �

�

� ����� 	�� � . Thenthelemmaimpliesthat

Pr � ����� � 	�� �

�

���

�

�	�

where��� is apositivenumberwhichdependson � but which is independentof � and �
� . It follows that

Pr
��


� : �����
�

	�� �

�

�

�

�

�

�

�

�

In otherwords,property2 holdswith probabilityat least�

�

�

.
Wenext show thatproperty1fails toholdwith probabilitystrictlysmallerthan�

�

�

sothatbothproperties
mustholdsimultaneouslywith positiveprobability.

De�ne theweightof row � , denoted� ����� , to bethefractionof 1's in therow: � � �����

�

�




� 1 ��� � 	��
�46 � .
We saythatarow is light if � �����,+ � � 16 � . Let ��� bearow distributionwhich is uniformover thelight
rows andzeroon theheavy rows. We will show that,with highprobability, max


�����

�

	��
� + � , implying
anupperboundof � on thevalueof game� .

Let � denotetheprobabilitythatagivenrow � is light; thiswill bethesameprobabilityfor all rows. Let
�

� bethenumberof light rows.
We show �rst that �

�

�

�

�

6 2 with high probability. Theexpectedvalueof �

� is �

� . Usinga form of
Chernoff boundsprovedby Angluin andValiant[1], wehave that

Pr �

�

�


��

�

6 2�(+ exp � ���

�

6 8��� � 13�

Wenext upperboundtheprobabilitythat �����

�

	 �
� exceeds� for any column� . Conditionalon � being
alight row, theprobabilitythat �����
	��
� � 1 is atmost �(� 16 � . Moreover, if � 1 and � 2 aredistinctrows,then

����� 1 	��
� and ��� � 2 	 �
� areindependent,evenif weconditiononbothbeinglight rows. Therefore,applying
Hoeffding's inequality[22] to column� andthe �

� light rows,wehave that,for all � ,

Pr � �����

�

	��
� � � 	

�

�

�(+ ���

2�����

� 2
�

Thus,

Pr � max



�����

�

	��
� � � 	

�

���

+ � �

�

2�

�

�

� 2
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andso
Pr � max




�����

�

	��
� � � 	

�

�

�

�

�

6 2�

+ � �����

� �

� 2
�

Combinedwith Eq.(13), this impliesthat

Pr � max



�����

�

	��
� � �

�

+ � ���

� � 2

�

� � ���

���

� 2
+ � �

�

1� � ���

� �

� 2

for �

�

3.
Therefore,theprobabilitythateitherof properties1 or 2 fails to hold is at most

� �

�

1� � ���

� �

� 2

�

1 � �

�

�

�

If thisquantityis strictly lessthan1, thentheremustexist at leastonematrix � for whichbothproperties1
and2 hold. Thiswill bethecaseif andonly if

� �

�

2

�

�

� ln � 16 ��� �

�

ln � �

�

1�




� � 14�

Therefore,to completetheproof,weneedonly prove Eq.(14)by lowerbounding� .
We have that

� � Pr
�

� � ��� � � + � ��� 1
�

�

Pr
�

� � ��� � � �

�

� ��� 1�

�

�

1
�

�

1
exp

�

� � � RE
�

�

� ��� 1� 6 �

�

�

�

�


 


�

1
�

�

1
exp

�

� � � RE
�

� � 26 �

�

�

�

�


 


�

Thesecondinequalityfollowsfrom Cover andThomas[8, Theorem12.1.4].
By straightforwardalgebra,

� � RE
�

� � 26 �

�

�

�

�




� � � � RE
�

�

�

�

�

�




� RE
�

�

�

� � 26 �




�

�

2 ln
�

1 � �

�

26 �

1 � ��� �

�

�

�

�

��� 26 �

�

+ � � RE � �

�

�

�

�




�

�

for � suf�ciently large,where
�

is theconstant

�

� 2 ln
�

1 � � 6 2
1 � � � �

�

�

�

�

� 6 2
�

�

Thus,

�

�

�

���

�

�

1
exp

�

� � � RE
�

�

�

�

�

�


 


andtherefore,Eq.(14)holdsif

� � RE
�

�

�

�

�

�





 ln �

�

�

� ln �
�

2
� �

�

1� � � ln � 16 ��� �

�

ln � �

�

1�
�

�

�

By ourchoiceof � , wehavethattheleft handsideof this inequalityis atmostln �

� 5 ln ln � , andtheright
handsideis ln �

� � 4
�

� � 1� � ln ln � . Therefore,theinequalityholdsfor � suf�ciently large.
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A Proof of Lemma 12
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Our goalis to derive a lowerboundonPr[ �
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0]. Let � � �
� 1 ��� � . It canbeeasilyveri�ed thatE� � 0
andVar � ��� . In addition,by Hoeffding's inequality[22], it canbeshown that,for all � � 0,
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Combinedwith Eq.(16), it followsthat

��+ 2�

2 �

�

�

�

1
�

�

2
�

�

3 � � 17�
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and � � �
� 1 � � � . Thisnumberis clearlypositivesincethenumeratorof theinsideexpressioncanbemade
positiveby choosing� suf�ciently large. (For instance,it canbeshown thatthisexpressionis positivewhen
we set ���




16 � .)

19


